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We discuss the Hölder continuity property for the inverse mapping that identifies
the diffusivity matrix A(x) in the main part of anisotropic p-Laplace equation as a
function of resolvent operator. In particular, we prove that, within a chosen class of
non-smooth admissible matrices the resolvent determines the anisotropic diffusivity
in a unique manner and the correspondent inverse mapping is Hölder continuous
in suitable topologies.
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1. Introduction

Throughout the paper Ω is a bounded open subset of RN , N > 2, for which
Poincaré’s inequality holds, p > 2, 1/p + 1/q = 1. Let SN := R

N(N+1)
2 be the set

of all symmetric matrices A = [aij ]
N
i,j=1, (aij = aji ∈ R). We suppose that SN

is endowed with the Euclidian scalar product A · B = tr(AB) = aijbij and with
the corresponding Euclidian norm ‖A‖SN = (A · A)1/2. We also make use of the
so-called spectral norm ‖A‖2 := sup

{
|Aξ| : ξ ∈ RN with |ξ| = 1

}
of matrices

A ∈ SN , which is different from the Euclidean norm ‖A‖SN . However, the relation
‖A‖2 6 ‖A‖SN 6

√
N‖A‖2 holds true for all A ∈ SN .

Admissible matrices Let α and β be given distributions from L∞(Ω) such that

α > 0 a.e. in Ω, α2 6 β a.e. in Ω, and α−q ∈ L1(Ω). (1.1)

Let us define the following class of matrices

M(Ω) =
{
A(x) ∈ L∞(Ω; SN ) : α2(x)I 6 A(x) 6 β(x)I a.e. in Ω

}
, (1.2)

————————————————–
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where inequalities in (1.2) should be considered in the sense of the corresponding
quadratic forms. The norm of A(x) we further define as a spectral one ‖A(x)‖2.
We say that A = [aij ]

N
i,j=1 is a matrix of anisotropic diffusivity if A ∈M(Ω).

In this paper we derive some sensitivity estimates for the solutions to the
following boundary value problem for the degenerate quasi-linear elliptic equation
(in what follows we shall call (1.3) the anisotropic p-Laplace equation)

−div
(
|(A∇y,∇y)RN |

p−2
2 A∇y

)
= f in Ω, (1.3)

y = 0 on ∂Ω, (1.4)

where A ∈M(Ω), f = −divg, g ∈ L∞(Ω) is a given distribution.
Our main goal is to analyze the inverse problem of identifying the matrix of

anisotropic diffusivity A(x) in the principle part of quasi-linear elliptic equation
(1.3) as a function of resolvent operator. In particular, we prove that, within
the class of admissible matrices M(Ω), the resolvent determines the anisotropic
diffusivity in a unique manner. Furthermore we prove that the inverse mapping
from resolvent to the matrix A is Hölder continuous in suitable topologies.

Our main results can be stated as follows.

Theorem 1.1. Let A and B be given elements fromM(Ω) such that

∗[B−
1
2 ]AB−

1
2 ∈ L∞(Ω; SN ) and

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p2
L∞(Ω;SN )

6 1.

Let f = −divg for some g ∈ L∞(Ω;RN ). Then

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

6


‖RB(f)−RA(f)‖H2

A
(Ω), for p = 2,[

1 + ‖RB(f) +RA(f)‖
p−2
2

H
p
A

(Ω)
‖RA(f)‖Hp

A
(Ω)

]
‖RB(f)−RA(f)‖Hp

A
(Ω), for p ∈ (2; 4],[

1 +
p− 2

2

(
‖RA(f)‖Hp

A
(Ω) + 1

)p−2
]
‖RB(f)−RA(f)‖Hp

A
(Ω), for p > 4

where the weighted Sobolev space Hp
A(Ω) is defined in (3.1), by RA we denote the

inverse or resolvent operator for problem (1.3)–(1.4), which is uniquely determined
by the matrix A ∈M(Ω) and maps continuously

(
Hp
A(Ω)

)∗ into Hp
A(Ω), while the

value 1 −
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

one can interpret as a measure of closedness

between matrices A and B (see Remark 4.2).

Theorem 1.2. Let A, B ∈ (M)(Ω) be given matrices such that

∗[B−
1
2 ]AB−

1
2 , ∗[A−

1
2 ](A−B)B−

1
2 ∈ L∞(Ω; SN ).
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Then for p > 2 and f = −divg, g ∈ L∞(Ω;RN ), we have

Cp‖RB(f)−RA(f)‖p−1
Hp
A(Ω)

6 C(A,B, g, α−1)

 ‖∗[B−
1
2 ](A−B)B−

1
2 ‖

p−2
2

L∞(Ω;SN )
, p ∈ [2, 4],

‖∗[B−
1
2 ](A−B)B−

1
2 ‖L∞(Ω;SN ), p > 4,

for some constant C = C(A,B, g, α−1) (see Lemma 3.1 for the details of its
identification).

The results under discussion are close to the questions of stability and sensiti-
vity analysis for boundary value problems and optimization problems associated
with them. Stability refers to the continuous behavior of solutions under small
perturbations of the problem data, while sensitivity indicates a differentiable
dependence (see, [8]). It is worth to notice that, by analogy with a linear case [9],
this result plays a key role when applying greedy algorithms to the approximation
of parameter-dependent quasi-linear elliptic problems with anisotropic p-laplacian
in an uniform and robust manner, independent of the given source terms (see, for
instance, [2–4]).

2. Physical Motivation

To begin with we note that equation (1.3) can be viewed as the Euler equation
for the variational integral

J(u) =
1

p

ˆ
Ω
|(A∇u,∇u)RN |

p
2 dx−

ˆ
Ω

(g,∇u)RN dx→ inf (2.1)

and its interest arises from various applied context related to composite materials
(such as nonlinear dielectric composites), whose nonlinear behavior is modeled by
the so-called power law.

Another application of the energy functional (2.1) and, therefore, equation
(1.3), can be found in the shape optimization theory. Indeed, let D be a given
nonempty domain in RN , and let

P(D) = {Ω : Ω ⊂ D, Ω is open}

be the set of all open subsets of D. Let V : [0, τ ]×RN → RN be a given velocity
field. Consider the transformations {Tt : RN → RN , t ∈ [0, τ ]} defined as

x→ Tt(x) := y(t, x),

where y(t, x) is a solution (flow) of the differential equation

d y(t, x)

dt
= V (t, y(t, x)), t > 0,

y(0, x) = x.
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Then, for a given domain Ω ⊂ D, we can associate with t > 0 the new set (certain
perturbation of Ω)

Ωt := Tt(Ω) = {Tt(x), ∀x ∈ Ω},

i.e. some transport of the set Ω by the velocity field V . This type of perturbations
of the initial domain Ω plays a crucial role in the study of shape optimization
problems.

So, if we assume that the p-Laplace equation

−div
(
|∇ y|p−2∇ y

)
= f in W 1,p

0 (Ω) (2.2)

is defined on a given bounded Lipschitz domain Ω and the associated energy is
given by

J(0, ϕ) =
1

p

ˆ
Ω
|∇ϕ|p dx−

ˆ
Ω
f ϕ dx, ∀ϕ ∈W 1,p

0 (Ω),

then the energy on a perturbed domain Ωt can be expressed as follows (see Delfour,
Zolessio for the details)

J̃(t, ϕ) =
1

p

ˆ
Ωt=Tt(Ω)

|∇ϕ|p dx−
ˆ
Tt(Ω)

f ϕ dx

=
1

p

ˆ
Ω
λt|∗[DTt]−1∇ ϕ̃|p dx−

ˆ
Ω
f λtϕ̃ dx, (2.3)

where DTt is the Jacobian matrix of Tt, ∗[DTt]−1 is the transpose of [DTt]−1,
λt = |detDTt|, and ϕ̃ = ϕ◦Tt. Hence, the minimization of J̃(t, ·) overW 1,p

0 (Tt(Ω))

is equivalent to the minimization of J(t, ϕ) = J̃(t, ϕ̃ ◦ T−1
t ) over W 1,p

0 (Ω).
As a result, the corresponding Euler equation for (2.3) takes the form

−div
(
|G(t)∇ yt|p−2 ∗[G(t)]G(y)∇ yt

)
= λt f ◦ Tt in Ω,

yt = 0 on ∂Ω,

where G(t) := p
√
λt
∗[DTt]−1. Thus, having put A = ∗[G]G, we arrive at the

anisotropic p-Laplace equation (1.3)–(1.4).

3. Preliminaries and Auxiliary Results

Weighted Sobolev spaces. In order to furnish the boundary value problem (1.3)–
(1.4) by some functional space description, we associate with each matrix A ∈
M(Ω) the weighted Sobolev space

Hp
A(Ω) = W 1,p

0 (Ω;Adx),

which we define as the closure of C∞0 (Ω) with respect to the norm

‖y‖A =

(ˆ
Ω
|y|p dx+

ˆ
Ω
|(A∇ y,∇ y)RN |

p
2 dx

) 1
p

. (3.1)
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Note that, due to inequalities (1.2) and estimates

ˆ
Ω
|y| dx 6

(ˆ
Ω
|y|p
)1/p

|Ω|1/q 6 C‖y‖A,
ˆ

Ω
|∇ y| dx 6

(ˆ
Ω
|∇y|pαpdx

)1/p(ˆ
Ω
α−q dx

)1/q

6 ‖α−q‖1/q
L1(Ω)

(ˆ
Ω
|A

1
2∇ y|p dx

)1/p

= C

(ˆ
Ω
|(A∇ y,∇ y)RN |p/2dx

)1/p

6 C‖y‖A,

the space Hp
A(Ω) is complete with respect to the norm ‖ · ‖A (see [1]). Moreover,

following [6], we have the following result: if there exists a real ν ∈
(
N
p ,+∞

)
∩[

1
p−1 ,+∞

)
such that α−νp ∈ L1(Ω), then the expression

‖y‖Hp
A(Ω) =

(ˆ
Ω
|(A(x)∇ y,∇ y)RN |p/2 dx

)1/p

can be considered as a norm on Hp
A(Ω) and it is equivalent to the norm (3.1).

Besides, in this case the embedding Hp
A(Ω) ↪→ Lp(Ω) is compact.

Hereinafter we denote by 〈·, ·〉−1;1 the duality paring between
(
Hp
A(Ω)

)∗ and
Hp
A(Ω).
Anisotropic p-Laplacian. Before proceeding further, we indicate some well-

known properties of the operator

AA(y) = −div
(
|(A∇y,∇y)RN |

p−2
2 A∇y

)
.

1. For every A ∈M(Ω) the operator AA acts from Hp
A(Ω) to

(
Hp
A(Ω)

)∗ and
〈AA(y), v〉−1;1 =

ˆ
Ω
|(A∇y,∇y)RN |

p−2
2 (A∇y,∇ v)RN dx

=

ˆ
Ω
|A

1
2∇y|p−2(A

1
2∇y,A

1
2∇ v)RN dx

6

(ˆ
Ω
|A

1
2∇y|p

) p−1
p
(ˆ

Ω
|A

1
2∇v|p

) 1
p

= ‖y‖p−1
Hp
A(Ω)
‖v‖Hp

A(Ω). (3.2)

2. The function R 3 t → 〈A(y + tv), w〉−1;1 is continuous for all y, v, w ∈
Hp
A(Ω), i.e. semi-continuity property holds for AA.
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3. Operator AA is strictly monotone. Indeed, this property follows from the
well-known estimates

(|ξ|p−2ξ−|η|p−2η)(ξ−η) >

{
Cp|ξ − η|p, p > 2,

Cp (|ξ|+ |η|)p−2 |ξ − η|2, 1 < p 6 2,
(3.3)

for all ξ, η ∈ RN , where the constant Cp = 22−p for p > 2 and Cp = 1 for
1 < p < 2.

4. The operator AA is coercive in the following sense

lim
‖y‖

H
p
A

(Ω)
→∞

〈AA(y), y〉−1;1

‖y‖Hp
A(Ω)

= +∞. (3.4)

Indeed, following the definition of AA, we have

〈AA(y), y〉−1;1 =

ˆ
Ω
|(A∇y,∇y)RN |

p−2
2 (A∇y,∇ y)RN dx

=

ˆ
Ω
|A

1
2∇y|p dx = ‖y‖p

Hp
A(Ω)

,

therefore (3.4) becomes obvious.

Let f ∈
(
Hp
A(Ω)

)∗ be a given distribution. We consider the following variational
problem

Find y ∈ Hp
A(Ω) such thatˆ

Ω
|(A∇y,∇y)RN |

p−2
2 (A∇y,∇ϕ)RN dx = 〈f, ϕ〉−1;1, ∀ϕ ∈ C∞0 (Ω).

(3.5)

According to the well-known theorem on nonlinear operator equations with mo-
notone operators, (3.5) has a unique solution y ∈ Hp

A(Ω) for every A ∈ M(Ω).
Moreover, the energy equality

ˆ
Ω
|A

1
2∇y|p dx = 〈f, y〉−1;1

implies ˆ
Ω
αp|∇ y|p dx 6

ˆ
Ω
|A

1
2∇y|p dx 6 ‖f‖(Hp

A(Ω))
∗‖y‖Hp

A(Ω).

Hence,
‖y‖Hp

A(Ω) 6 ‖f‖
1/(p−1)

(Hp
A(Ω))

∗ . (3.6)

Thus, the matrix A ∈M(Ω) determines uniquely the inverse or resolvent operator
RA, which maps continuously

(
Hp
A(Ω)

)∗ into Hp
A(Ω). We address the inverse

problem consisting on identifying the matrix A in terms of the resolvent RA.
We begin with the following result.
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Lemma 3.1. Let A, B ∈ (M)(Ω) be given matrices such that

∗[B−
1
2 ]AB−

1
2 , ∗[A−

1
2 ](A−B)B−

1
2 ∈ L∞(Ω; SN ).

Then for p > 2 and f = −divg, g ∈ L∞(Ω;RN ) we have

Cp‖yA − yB‖p−1
Hp
A(Ω)

6 C(A,B, g, α−1)

 ‖∗[B−
1
2 ](A−B)B−

1
2 ‖

p−2
2

L∞(Ω;SN )
, p ∈ [2, 4],

‖∗[B−
1
2 ](A−B)B−

1
2 ‖L∞(Ω;SN ), p > 4,

where for the each case the constant C = C(A,B, g, α−1) will be identified later
on.

Proof. From (3.5) we have
ˆ

Ω
|(A∇yA,∇yA)RN |

p−2
2 (A∇yA,∇ϕ)RN dx

=

ˆ
Ω
|(B∇yB,∇yB)RN |

p−2
2 (B∇yB,∇ϕ)RN dx, ∀ϕ ∈ C∞0 (Ω), (3.7)

where yA = RA(f) and yB = RB(f).
Since Hp

A(Ω) ⊂W 1,1
0 (Ω), Hp

B(Ω) ⊂W 1,1
0 (Ω), and C∞0 (Ω) is dense in W 1,1

0 (Ω),
it follows that integral identity (3.7) can be extended (by continuity) to the
particular choice of ϕ = yA − yB. As a result, we deduce from (3.7) the following
relationˆ

Ω

(
|A

1
2∇yA|p−2A∇yA − |A

1
2∇yB|p−2A∇ yB,∇ yA −∇ yB

)
RN

dx

+

ˆ
Ω
|A

1
2∇yB|p−2(A∇ yB −B∇yB,∇ yA −∇ yB)RN dx

+

ˆ
Ω

(
|A

1
2∇yB|p−2 − |B

1
2∇yB|p−2

)
(B∇ yB,∇ yA −∇ yB)RN dx

= I1 + I2 + I3 = 0. (3.8)

Then, the strict monotonicity property (3.4) and the fact that A = ∗[A
1
2 ]A

1
2 , we

have

I1 =

ˆ
Ω

(
|A

1
2∇yA|p−2A

1
2∇yA − |A

1
2∇yB|p−2A

1
2∇ yB,∇A

1
2 yA −A

1
2∇ yB

)
RN

dx

> Cp

ˆ
Ω
|A

1
2∇ yA −A

1
2∇ yB|pdx = Cp‖yA − yB‖pHp

A(Ω)
. (3.9)

In order to estimate the term I2 we make use of the Hölder inequality
ˆ

Ω
f1 f2 f3 dx 6

(ˆ
Ω
|f1|p1dx

)1/p1
(ˆ

Ω
|f2|p2dx

)1/p2
(ˆ

Ω
|f3|p3dx

)1/p3

(3.10)
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with
1

p1
+

1

p2
+

1

p3
= 1, pi > 1, i = 1, 2, 3. Having set

p1 =
p

p− 2
, p2 = p3 = p,

we get

|I2| 6
ˆ

Ω
|A

1
2∇yB|p−2

∣∣∣(∗[A− 1
2 ](A−B)B−

1
2B

1
2∇yB, A

1
2∇yA −A

1
2∇yB

)
RN

∣∣∣ dx
6 ‖∗[A−

1
2 ](A−B)B−

1
2 ‖L∞(Ω;SN )︸ ︷︷ ︸

C(A,B)

×
ˆ

Ω
|A

1
2∇yB|p−2|B

1
2∇yB||A

1
2∇yA −A

1
2∇yB|dx

by (3.10)
6 C(A,B) ‖yB‖p−2

Hp
A(Ω)
‖yB‖Hp

B(Ω)‖yA − yB‖Hp
A(Ω)

by (3.6)
6 C(A,B) ‖f‖

1
p−1

(Hp
B(Ω))

∗ ‖yB‖p−2
Hp
A(Ω)
‖yA − yB‖Hp

A(Ω). (3.11)

Since

〈f, ϕ〉(Hp
B(Ω))

∗
;Hp
B(Ω)

=

ˆ
Ω

(g,∇ϕ)RNdx =

ˆ
Ω

(
∗[B−

1
2 ]g,B

1
2∇ϕ

)
RN

dx

6

(ˆ
Ω
|B−

1
2 g|qdx

)1/q (ˆ
Ω
|(B∇ϕ,∇ϕ)RN |

p
2 dx

)1/p

=

(ˆ
Ω
|(B−1g, g)RN |

q
2dx

)1/q

‖ϕ‖Hp
B(Ω) 6

(ˆ
Ω
α−q|g|qdx

)1/q

‖ϕ‖Hp
B(Ω)

6 ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)‖ϕ‖Hp
B(Ω), ∀ϕ ∈ C∞0 (Ω),

it follows that

‖f‖(Hp
B(Ω))

∗ 6 ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω), ∀B ∈M(Ω). (3.12)

Besides, we note that

‖yB‖pHp
A(Ω)

=

ˆ
Ω
|(A∇yB,∇yB)RN |

p
2 dx

=

ˆ
Ω
|(∗[B−

1
2 ]AB−

1
2B

1
2∇yB, B

1
2∇yB)RN |

p
2 dx

6
ˆ

Ω

∣∣∣∗[B− 1
2 ]AB−

1
2

∣∣∣ p2
SN
|B

1
2∇yB|pdx

6 ‖∗[B−
1
2 ]AB−

1
2 ‖

p
2

L∞(Ω;SN )
‖yB‖pHp

B(Ω)

by (3.6)
6 ‖∗[B−

1
2 ]AB−

1
2 ‖

p
2

L∞(Ω;SN )
‖f‖

p
p−1

(Hp
B(Ω))

∗

by (3.12)
6 ‖∗[B−

1
2 ]AB−

1
2 ‖

p
2

L∞(Ω;SN )
‖g‖q

L∞(Ω;RN )
‖α−1‖qLq(Ω). (3.13)
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Combining estimates (3.12)–(3.13) with (3.11), we obtain

|I2| 6 ‖∗[A−
1
2 ](A−B)B−

1
2 ‖L∞(Ω;SN )‖g‖

1
p−1

L∞(Ω;RN )
‖α−1‖

1
p−1

Lq(Ω)

× ‖∗[B−
1
2 ]AB−

1
2 ‖

p−2
2

L∞(Ω;SN )
‖g‖

p−2
p−1

L∞(Ω;RN )

× ‖α−1‖
p−2
p−1

Lq(Ω) × ‖yA − yB‖Hp
A(Ω)

= ‖∗[A−
1
2 ](A−B)B−

1
2 ‖L∞(Ω;SN )‖∗[B−

1
2 ]AB−

1
2 ‖

p−2
2

L∞(Ω;SN )

× ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)‖yA − yB‖Hp
A(Ω), (3.14)

where

∗[A−
1
2 ](A−B)B−

1
2 = ∗[A−

1
2 ](∗[A

1
2 ]A

1
2 − ∗[B

1
2 ]B

1
2 )B−

1
2

= A
1
2B−

1
2 − ∗[B

1
2A−

1
2 ], (3.15)

∗[A−
1
2 ](A−B)B−

1
2 = ∗[A−

1
2 ]∗[B

1
2 ]∗[B−

1
2 ](A−B)B−

1
2

= ∗[B
1
2A−

1
2 ]∗[B−

1
2 ](A−B)B−

1
2 (3.16)

In order to evaluate the last term I3, we make use of the following two inequalities:

∣∣∣|ξ| p−2
2 − |η|

p−2
2

∣∣∣ 6


p−2
2 (|ξ|+ |η|)

p−4
2 |ξ − η|, p > 4, ∀ ξ, η ∈ RN ,

|ξ − η|
p−2

2 , 2 6 p 6 4, ∀ ξ, η ∈ RN ,
(3.17)

Taking these into account, we get for 2 6 p 6 4

|I3| 6
ˆ

Ω

∣∣∣|(A∇yB,∇yB)RN |
p−2

2 − |(B∇yB,∇yB)RN |
p−2

2

∣∣∣ |∗[A− 1
2 ]B∇yB|

× |A
1
2∇yA −A

1
2∇yB| dx

6
ˆ

Ω
|((A−B)∇yB,∇yB)RN |

p−2
2

∥∥∥∗[A− 1
2 ]∗[B

1
2 ]
∥∥∥
SN

× |B
1
2∇yB||A

1
2∇yA −A

1
2∇yB| dx

6
∥∥∥ ∗[B− 1

2 ](A−B)B−
1
2

∥∥∥ p−2
2

L∞(Ω;SN )

×
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

ˆ
Ω
|B

1
2∇yB|p−1|A

1
2∇yA −A

1
2∇yB| dx

by (3.10)
6

∥∥∥ ∗[B− 1
2 ](A−B)B−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )

∥∥∥B 1
2A−

1
2

∥∥∥
L∞(Ω;SN )

× ‖yB‖p−1
Hp
B(Ω)
‖yA − yB‖Hp

A(Ω), (3.18)

provided B
1
2A−

1
2 ∈ L∞(Ω; SN ) and ∗[B−

1
2 ](A−B)B−

1
2 ∈ L∞(Ω;SN ).
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If p > 4, then

|I3| 6
p− 2

2

ˆ
Ω

(|(A∇yB,∇yB)RN |+ |(B∇yB,∇yB)RN |)
p−4

2

× | ((A−B)∇yB,∇yB)RN | · |
∗[A−

1
2 ]B

1
2∇yB|

× |A
1
2∇yA −A

1
2∇yB| dx

6
p− 2

2

(
1 +

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥
L∞(Ω;SN )

) p−4
2
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

×
ˆ

Ω
|B

1
2∇yB|p−4| ((A−B)∇yB,∇yB)RN |

× |B
1
2∇yB| · |A

1
2∇yA −A

1
2∇yB| dx

6
p− 2

2

(
1 +

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥
L∞(Ω;SN )

) p−4
2
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

×
∥∥∥ ∗[B− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )

×
ˆ

Ω
|B

1
2∇yB|p−1|A

1
2∇yA −A

1
2∇yB| dx

6 const
∥∥∥ ∗[B− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )

‖yB‖p−1
Hp
B(Ω)
‖yA − yB‖Hp

A(Ω). (3.19)

Gathering (3.8), (3.9) and estimates derived before, we obtain for p ∈ [2, 4]

Cp‖yA − yB‖p−1
Hp
A(Ω)

6
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p−2
2

L∞(Ω;SN )

∥∥∥B 1
2A−

1
2

∥∥∥
L∞(Ω;SN )

× ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)

∥∥∥ ∗[B− 1
2 ](A−B)B−

1
2

∥∥∥
L∞(Ω;SN )

+
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

‖yB‖p−1
Hp
B(Ω)

∥∥∥ ∗[B− 1
2 ](A−B)B−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )

6
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)

×
∥∥∥ ∗[B− 1

2 ](A−B)B−
1
2

∥∥∥ p−2
2

L∞(Ω;SN )

×
[∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p−2
2

L∞(Ω;SN )

∥∥∥ ∗[B− 1
2 ](A−B)B−

1
2

∥∥∥ 4−p
2

L∞(Ω;SN )
+ 1

]
, (3.20)

and for p > 4

Cp‖yA − yB‖p−1
Hp
A(Ω)

6
∥∥∥∗[A− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )

∥∥∥∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )

× ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω) +
∥∥∥ ∗[B− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )
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× ‖yB‖p−1
Hp
B(Ω)

p− 2

2

(
1 +

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥
L∞(Ω;SN )

) p−4
2
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

by (3.6), (3.12), (3.16)
6 ‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)

[∥∥∥∗[B− 1
2 ](A−B)B−

1
2

∥∥∥
L∞(Ω;SN )

×
∥∥∥ ∗[B 1

2A−
1
2 ]
∥∥∥
L∞(Ω;SN )

∥∥∥∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )
+
∥∥∥B 1

2A−
1
2

∥∥∥
L∞(Ω;SN )

× p− 2

2

(
1 +

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥
L∞(Ω;SN )

) p−4
2

×
∥∥∥∗[B− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )

]
6
p

2
‖g‖L∞(Ω;RN )‖α−1‖Lq(Ω)

∥∥∥B 1
2A−

1
2

∥∥∥
L∞(Ω;SN )

×

×
(

1 +
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥
L∞(Ω;SN )

) p−2
2
∥∥∥∗[B− 1

2 ](A−B)B−
1
2

∥∥∥
L∞(Ω;SN )

(3.21)

To proceed further, we need the following result.

Lemma 3.2. For any ϕ ∈ Hp
A(Ω) such that ‖ϕ‖Hp

A(Ω) = 1 and arbitrary fixed
element y ∈ Hp

B(Ω), we have

|〈AA(yB)−AA(yA), ϕ〉−1;1|

6



∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )
‖y‖p−2

Hp
B(Ω)
‖yB − yA‖Hp

A(Ω)

+‖yB − yA‖
p−2

2

Hp
A(Ω)
‖yB + yA‖

p−2
2

Hp
A(Ω)
‖yA‖Hp

A(Ω), ∀ p ∈ [2, 4];∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )
‖y‖p−2

Hp
B(Ω)
‖yB − yA‖Hp

A(Ω)

+
p− 2

2

(
‖yB‖Hp

A(Ω) + ‖yA‖Hp
A(Ω)

)p−2
‖yB − yA‖Hp

A(Ω), ∀ p > 4,

(3.22)

where yA = RA(f), yB = RB(f), f = AB(y), ‖yB − yA‖Hp
A(Ω) < +∞ and

‖yB‖Hp
A(Ω) 6

∥∥∥∗[B− 1
2 ]AB−

1
2

∥∥∥ 1
2

L∞(Ω;SN )
‖yB‖Hp

B(Ω).

Proof. Let us fix two matrices A,B ∈M(Ω) such that [B−
1
2 ]AB−

1
2 ∈ L∞(Ω; SN ).

Then (see (3.13)) y ∈ Hp
A(Ω) and, therefore, the following expression makes sense

〈AA(y)−AB(y), v〉−1;1

=

ˆ
Ω

(
|A

1
2∇y|p−2A∇y − |B

1
2∇y|p−2B∇y,∇v

)
RN

dx, ∀ v ∈ C∞0 (Ω). (3.23)
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On the other hand, provided AB(y) ∈
(
Hp
A(Ω)

)∗, we see that

AA(y)−AB(y) = AA
(
RB(AB(y))︸ ︷︷ ︸

yB

)
−AA

(
RA(AB(y))︸ ︷︷ ︸

yA

)
(3.24)

To estimate the norm of the difference AA(yB)−AA(yA) we make the following
transformations

〈AA(yB)−AA(yA), ϕ〉−1;1

=

ˆ
Ω

(
|(A∇yB,∇yB)RN |

p−2
2 A∇yB − |(A∇yA,∇yA)RN |

p−2
2 A∇yA,∇ϕ

)
RN

dx

=

ˆ
Ω
|(A∇yB,∇yB)RN |

p−2
2 (A(∇yB −∇yA),∇ϕ)RN dx

+

ˆ
Ω

(
(A∇yB,∇yB)RN |

p−2
2 − (A∇yA,∇yA)RN |

p−2
2

)
(A∇yA,∇ϕ)RNdx

= I1 + I2. (3.25)

Then, by Hölder inequality, noting that ‖ϕ‖Hp
A(Ω) = 1, we deduce

|I1| 6
ˆ

Ω

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

SN
|B

1
2∇yB|p−2|A

1
2 (∇yB −∇yA)| |A

1
2∇ϕ|dx

6
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p−2
2

L∞(Ω;SN )
‖yB‖p−2

Hp
B(Ω)
‖yB − yA‖Hp

A(Ω)‖ϕ‖Hp
A(Ω)

by (3.24)
=

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p−2
2

L∞(Ω;SN )
‖y‖p−2

Hp
B(Ω)
‖yB − yA‖Hp

A(Ω)

and

|I2| 6
ˆ

Ω

∣∣∣|(A∇yB,∇yB)RN |
p−2

2 − |(A∇yA,∇yA)RN |
p−2

2

∣∣∣ |A 1
2∇yA| |A

1
2∇ϕ|dx.

Hence, for p ∈ [2, 4], we have (see (3.17)2)

|I2| 6
ˆ

Ω
|(A(∇yB −∇yA),∇yB +∇yA)RN |

p−2
2 |A

1
2∇yA| |A

1
2∇ϕ|dx

6
ˆ

Ω

∣∣∣A 1
2 (∇yB −∇yA)

∣∣∣ p−2
2
∣∣∣A 1

2 (∇yB +∇yA)
∣∣∣ p−2

2 |A
1
2∇yA| |A

1
2∇ϕ|dx

6

{
with p1 = p2 =

2p

p− 2
, p3 = p4 = p,

4∑
i=1

pi = 1

}

6 ‖yB − yA‖
p−2

2

Hp
A(Ω)
‖yB + yA‖

p−2
2

Hp
A(Ω)
‖yA‖Hp

A(Ω)‖ϕ‖Hp
A(Ω),



52 P. I. KOGUT, O. P. KUPENKO

where ‖ϕ‖Hp
A(Ω) = 1 and

‖yB − yA‖
p−2

2

Hp
A(Ω)

=

(ˆ
Ω
|(A∇yB +A∇yA,∇yB +∇yA)RN |

p
2 dx

) p−2
2p

6

(ˆ
Ω

2p−1
(
|A

1
2∇yB|p + |A

1
2∇yA|p

)
dx

) p−2
2p

6

(ˆ
Ω

2p−1

(∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p2
SN
|B

1
2∇yB|p + |A

1
2∇yA|p

)
dx

) p−2
2p

6

(
2p−1 ·max

{∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ 1
2

L∞(Ω;SN )
, 1

}) p−2
2

×
(
‖yB‖Hp

B(Ω) + ‖yA‖Hp
A(Ω)

) p−2
2
< +∞. (3.26)

For the case p > 4, we have (see (3.17)1)

|I2| 6
p− 2

2

ˆ
Ω

(|(A∇yB,∇yB)RN |+ |(A∇yA,∇yA)RN |)
p−4

2

× |A
1
2 (∇yB −∇yA)| |A

1
2 (∇yB +∇yA)||A

1
2∇yA| |A

1
2∇ϕ|dx

6
p− 2

2

ˆ
Ω

(
|A

1
2∇yB|+ |A

1
2∇yA|

)p−3

×
∣∣∣A 1

2 (∇yB −∇yA)
∣∣∣ |A 1

2∇yA| |A
1
2∇ϕ| dx

6
p− 2

2

ˆ
Ω

(
|A

1
2∇yB|+ |A

1
2∇yA|

)p−2 ∣∣∣A 1
2 (∇yB −∇yA)

∣∣∣ |A 1
2∇ϕ|dx

6

{
p1 =

p

p− 2
, p2, p3 = p

}
6

(ˆ
Ω

(
|A

1
2∇yB|+ |A

1
2∇yA|

)p
dx

) p−2
p

‖yB − yA‖Hp
A(Ω)‖ϕ‖Hp

A(Ω)

6
p− 2

2

(
‖yB‖Hp

A(Ω) + ‖yA‖Hp
A(Ω)

)p−2
‖yB − yA‖Hp

A(Ω)‖ϕ‖Hp
A(Ω).

It remains to take into account that

‖yB‖Hp
A(Ω) =

(ˆ
Ω
|(A∇yB,∇yB)RN |

p
2 dx

) 1
p

6
∥∥∥∗[B− 1

2 ]AB−
1
2

∥∥∥ 1
2

L∞(Ω;SN )
‖yB‖Hp

B(Ω). (3.27)

Hence,

|I2| 6
p− 2

2

(
max

{
1,
∥∥∥∗[B− 1

2 ]AB−
1
2

∥∥∥ 1
2

L∞(Ω;SN )

})p−2

×
(
‖yB‖Hp

A(Ω) + ‖yA‖Hp
A(Ω)

)p−2
‖yB − yA‖Hp

A(Ω).
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In view of the Lemma preconditions, we have f = AB(y) ∈
(
Hp
B(Ω)

)∗. Since
‖y‖Hp

B(Ω) 6

(ˆ
Ω
|(B∇y,∇y)

p
2

RN |
) 1
p by (1.4)

6

(ˆ
Ω

(
β|∇y|2

) p
2 dx

) 1
p

6 ‖β‖
1
2

L∞(Ω)‖y‖W 1,p
0 (Ω)

,

it follows that W 1,p
0 (Ω) ⊂ Hp

B(Ω) with continuous embedding. Hence,
(
Hp
B(Ω)

)∗
is continuously embedded into W−1,q(Ω) and in view of the estimate

〈f, y〉
W−1,q(Ω);W 1,p

0 (Ω)
= 〈f, y〉(Hp

B(Ω))
∗
;Hp
B(Ω)

6 ‖f‖(Hp
B(Ω))

∗‖y‖Hp
B(Ω)

6 ‖β‖
1
2

L∞(Ω)‖f‖(Hp
B(Ω))

∗‖y‖
W 1,p

0 (Ω)
∀ y ∈W 1,p

0 (Ω),

we can conclude
‖f‖W−1,q(Ω) 6 ‖β‖

1
2

L∞(Ω)‖f‖(Hp
B(Ω))

∗ .

Thus, (see (3.24)), for a given element y ∈ Hp
A(Ω) we have y ∈ Hp

B(Ω) provided
∗[B−

1
2 ]AB−

1
2 ∈ L∞(Ω;SN ) and, therefore,

f = AB(y) ∈
(
Hp
A(Ω)

)∗ ∩ (Hp
B(Ω)

)∗
. (3.28)

Then
‖yB‖Hp

B(Ω) = ‖RB(AB(y)︸ ︷︷ ︸
f

)‖Hp
B(Ω) 6 ‖f‖

1
p−1

(Hp
B(Ω))

∗ < +∞

and
‖yA‖Hp

A(Ω) = ‖RA(AB(y))‖Hp
A(Ω) 6 ‖f‖

1
p−1

(Hp
A(Ω))

∗ < +∞.

As follows from (3.25) and estimates derived above, we finally can give the desired
conclusion.

4. Main Result.

Our next intention is to evaluate the expression (3.23) provided v = y, where
y ∈ Hp

B(Ω) is an arbitrary element. Since ∗[B−
1
2 ]AB−

1
2 ∈ L∞(Ω; SN ) it follows

from (3.13) that y ∈ Hp
A(Ω). Hence (3.23) leads to the following transformations

〈AA(y)−AB(y), y〉−1;1 =

ˆ
Ω

(
|(B∇y,∇y)RN |

p
2 − |(B∇y,∇y)RN |

p
2

)
dx

=

ˆ
Ω

(
|B

1
2∇y|p − |(∗[B−

1
2 ]AB−

1
2B

1
2∇y,B

1
2∇y)RN |

p
2

)
dx

>
ˆ

Ω

(
1−

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p2
SN

)
︸ ︷︷ ︸

γ(x)

|B
1
2∇y|pdx = I. (4.1)
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Let us define the transformation Φ : RN → RN such that

B
1
2 = (detDΦ)

1
p ∗[DΦ]−1,

where DΦ is the Jacobian matrix of Φ, and make the following change of variables

y → ỹ ◦ Φ−1.

Then, from (4.1) we deduce

I =

ˆ
Φ−1(Ω)

γ(Φ(x))|∇ỹ|pdx.

Remark 4.1. Since |B
1
2∇y|2 = (B∇y,∇y)RN > α2(x)|∇y|2, where α−q ∈ L1(Ω),

it follows that detDΦ can reach zero value on a set with zero Lebesgue measure.
Hence, we can admit the existence of a set Λ ⊂ Ω with |Λ| = 0 such that the
mapping Φ : RN \ Λ → RN is a gomeomorphizm. In other words, for almost all
x0 ∈ Ω there exists a point x̃0 ∈ Φ−1(Ω) such that x0 = Φ(x̃0).

Lemma 4.1. Let γ = 1 −
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
SN
∈ L∞(Ω). Then for almost all

x0 ∈ Ω there exists a sequence {yε,x0}ε>0 ⊂ Hp
B(Ω) such that

‖yε,x0‖Hp
B(Ω) = 1, ∀ ε > 0

and
lim
ε→0

ˆ
Ω
γ(x)|B

1
2∇yε,x0 |pdx = γ(x0).

Proof. We construct this sequence as follows

yε,x0 = ỹε,x0 ◦ Φ−1(x),

where

ỹε,x0(x) =
1

p
√
|Bε(x̃0)|

ϕε(|x− x̃0|),

x̃0 = Φ−1(x0), ϕε(r) =


0, r < 0,
r, r ∈ [0, ε],
ε, r > ε,

Bε(x̃0) =
{
x ∈ RN : |x− x̃0| < ε

}
.

Then
ˆ

Ω
γ(x)|B

1
2∇yε,x0 |pdx =

ˆ
Φ−1(Ω)

γ(Φ(x))|∇ỹε,x0 |p dx =



HÖLDER CONTINUITY OF THE COEFFICIENTS ON THE RESOLVENT 55



∇ỹε,x0 = χBε(x̃0)(x)
1

p
√
|Bε(x̃0)|

x− x̃0

|x− x̃0|
, |∇ỹε,x0 |p =

1

|Bε(x̃0)|
,

‖ỹε,x0‖W 1,p
0 (Φ−1(Ω))

≡ ‖yε,x0‖
p
Hp
B(Ω)

=
´

Φ−1(Ω)

1

|Bε(x̃0)|
χBε(x̃0)(x)dx

=
1

|Bε(x̃0)|

ˆ
Bε(x̃0)

dx = 1, ∀ ε > 0


=

1

|Bε(x̃0)|

ˆ
Bε(x̃0)

γ(Φ(x))dx.

Hence, by Lebesgue Differentiation Theorem, we obtain

lim
ε→0

ˆ
Ω
γ(x)|B

1
2∇yε,x0 |pdx = lim

ε→0

1

|Bε(x̃0)|

ˆ
Bε(x̃0)

γ(Φ(x))dx

= γ(Φ(x̃0)) = γ(x0).

Combining the result of this lemma with (4.1), we arrive at the following
obvioius conclusion:

Theorem 4.1. Let A and B be given elements fromM(Ω) such that

∗[B−
1
2 ]AB−

1
2 ∈ L∞(Ω; SN ) and

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p2
L∞(Ω;SN )

6 1. (4.2)

Assume also that for some C > 0 〈AA(y)−AB(y), y〉−1;1 6 C for all y ∈ Hp
B(Ω)

such that ‖y‖Hp
B(Ω) = 1. Then

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

6 C. (4.3)

Proof. As follows from Lemma 4.1, for almost all x0 ∈ Ω there exists a sequence
{yε,x0}ε>0 ⊂ Hp

B(Ω) such that ‖yε,x0‖
p
Hp
B(Ω)

= 1, ∀ ε > 0 and

C > lim inf
ε→0

〈AA(y)−AB(y), y〉−1;1

> lim
ε→0

ˆ
Ω

(
1−

∥∥∥ ∗[B− 1
2 ]AB−

1
2

∥∥∥ p2
SN

)
|B

1
2∇yε,x0 |pdx

= 1−
∥∥∥ ∗[B− 1

2 (x0)]A(x0)B−
1
2

(x0)
∥∥∥ p2
SN
.

Therefore, in view of (4.2), the estimate

0 < 1−
∥∥∥ ∗[B− 1

2 (x0)]A(x0)B−
1
2

(x0)
∥∥∥ p2
SN

6 C for a.a. x0 ∈ Ω

implies (4.3).
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As a result, Theorem 4.1 lead us to the conclusion stated in Theorem 1.1, i.e.

1. for p = 2

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

6 ‖RB(f)−RA(f)‖H2
A(Ω);

2. for p ∈ (2; 4]

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

by (3.22),(4.2)
6 ‖RB(f)−RA(f)‖Hp

A(Ω)

+ ‖RB(f) +RA(f)‖
p−2

2

Hp
A(Ω)
‖RA(f)‖Hp

A(Ω)‖RB(f)−RA(f)‖Hp
A(Ω)

=

[
1 + ‖RB(f) +RA(f)‖

p−2
2

Hp
A(Ω)
‖RA(f)‖Hp

A(Ω)

]
× ‖RB(f)−RA(f)‖Hp

A(Ω);

3. for p > 4

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

6

(
1 +

p− 2

2

(
‖yA‖Hp

A(Ω) + 1
)p−2

)
‖RB(f)−RA(f)‖Hp

A(Ω)

=

[
1 +

p− 2

2

(
‖RA(f)‖Hp

A(Ω) + 1
)p−2

]
‖RB(f)−RA(f)‖Hp

A(Ω),

Remark 4.2. At the end of the paper, we indicate the following estimate

1−
∥∥∥ ∗[B− 1

2 ]AB−
1
2

∥∥∥ p2
L∞(Ω;SN )

> 1− ‖B−
1
2 ‖p
L∞(Ω;SN )

‖A‖
p
2

L∞(Ω;SN )

= ‖B−
1
2 ‖p
L∞(Ω;SN )

[
‖B−

1
2 ‖−p
L∞(Ω;SN )

− ‖A‖
p
2

L∞(Ω;SN )

]
,

where
‖B−

1
2 ‖−p
L∞(Ω;SN )

6 ‖B‖
p
2

L∞(Ω;SN )
.

Indeed, the last inequality is a direct consequence of the following chain of esti-
mates(

B−
1
2B

1
2 ξ,B−

1
2B

1
2 ξ
)
RN

=
(
∗[B−

1
2 ]B−

1
2B

1
2 ξ,B

1
2 ξ
)
RN

6 ‖B−
1
2 (x)‖2SN |B

1
2 ξ|2 = ‖B−

1
2 (x)‖2SN (Bξ, ξ)RN

6 ‖B−
1
2 (x)‖2SN ‖B(x)‖SN |ξ|2.
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