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It has been proven that the solution to the Dirichlet problem in a circle, where
the boundary is specified as Fy(z,,2,) =0, Fy3(z,,2,) being a polynomial of degree 2,
and the boundary function is specified as Q,,(z1,%3), Q..(z1, z2) being a polynomial of
degree m, admits representation u(z,,xs) = Fy(z1,22) P_2(21,22) + Q. (1, 22), where
P,,_5(xy,z5) is uniquely determined polynomial of degree m — 2.
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1. Introduction

Consider the well known Dirichlet problem for the Laplace equation in bounded
simply connected domain D in a plane parametrized by cartesian coordinates

{Au(w):O, x = (v,75) € D C R,
(1.1)

u(x) = g(x), x=(r,29) €S:=0D.

If boundary S is piecewise smooth, boundary function g(x) € €(S), then
the solution to the problem (1.1) exists, is unique, and u(z) € €?(D) ) € (D)
(moreover, u(x) € €°(D), and even u(x) € €*(D)) [3,4].

We apply sequentially two restrictions of the formulation of the Dirichlet
problem (1.1). The first restriction is in choosing circle B, () of radius a centered
at point x; as domain D. The problem

{ Au(x) =0, x € B,(zg) = {z: |z — xy|* < a?}, 12)
u@) = g@),  @eS,(m) = {w:[w— @l =a?},

is known to be an amazing example of the dependence existing between trigono-
metric series, harmonic functions u(z,, x,) of real variables (z,,x,) and analytic
functions f(z) = u(z) + iv(z) of complex variable z = x; + iz, [2,6].
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The solution to the problem (1.2) can be obtained using quite different approa-
ches, for example, separation of polar coordinates (r, ¢)

Ty _':UI,O = rcose,
(Tv SD) € Ba(mo) ) (13)

ﬂf2 _1172’0 — Tsln@,

applied to the Laplace equation Au = 0 and searching for the solution u as trigono-
metric series [5] (the circle over the function name indicates changing polar coordi-
nates as independent variables to cartesian ones)

u(r, ) = % +> G)H (@, cos () + b, cos () , (1.4)
n=0

where ay, a,, b, are the Fourier coefficients (1 € N) 6]

2 2
w= [ Fwdw, a0, =1 [ ) cos () dv,
‘ . (1.5)
b= = [ ) sin ) s

for the boundary function g(¢) := g()|zes, (x,) = 9(T1,0+acos g, Ty +asing).
Summing the series (1.4) over u gets the Poisson integral (formula) [3]

TR iy N )
ad or o a%—2arcos (v —p)+r2

(1.6)

that can be treated in terms of convolution of the boundary function g(¢) and
the Poisson kernel. The Poisson integral (1.6) can be obtained as well for the real
and imaginary parts of function f(z) = u+iv analytic in B,(x) using the Cauchy
integral (formula) [2]

O Bt (1.7)

K_Zol:O

where z, =z 5 + Ty, and equation |¢ — zy| = 0 specifies S,(x) .
The second restriction of the formulation of the Dirichlet problem is in choosing
a polynomial of degree m as the boundary function

m m
Qm(x) = Z Ao " = Z Qpq x}f 1‘%, (1.8)
=0 p+q=0

where o = (p, ¢) is multi-index, p,q > 0, p,q € Z; |a| =p+¢; a, = a,, € R.

p,q
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For the boundary function g(x) = @,,(x) the Fourier coefficients (1.5) with
numbers g > m equal zero. This means that the solution to the Dirichlet problem

{ Au(xz) =0, x € B,(xz),
(1.9)
u@) = Qp(x),  ®eS,(xg),

written in polar coordinates (7, ¢) is a finite series (1.4), whereas written in carte-
sian coordinates (x,z5) it is a polynomial of degree m.

Proposition 1.1. Solution to the Dirichlet problem (1.9), where the boundary
function is a polynomial @,,(x) (1.8), admits the following representation

u(@) = Fy(x) Py _o(x) + Q@ (), (1.10)

where the polynomial of second degree F,(x) specifies the boundary S,(x)

Fy(x) = | — x> = a* = 0,

and P,,_,(x) is uniquely determined polynomial of degree m — 2.

The article is arranged as follows. Proposition 1.1 is proved in Section 2; some
examples of representation (1.10) for the solution to the Dirichlet problem (1.9),
including nontrivial ones, are present in Section 3. No application or extension
of representation (1.10), for example, in the case of the Dirichlet problem in a ball C
R3, is discussed.

2. Proving the representation

In this Section we change the independent variables  — y, setting * = y+x,
and replace the Dirichlet problem (1.9) with the following one

{ Aw(y) =0, ye Ba(o)v
(2.1)
w(y) = Ry,(y),  y€S,0),
where w(y) = u(y + x;),
R,(y) = Quy+zg) = > ay(y+m)* = > _ b, y*= > b, vhvs, (22)
|a|=0 |a|=0 p+q=0

and as a consequence representation (1.10) is replaced with the following one

w(y) = Go(y) Sp—2(y) + R, (y) (2.3)
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where Gy(y) := Fy(y + xg) = |y|* — a?, S, 5(y) == P, »(y + ).

Then we formulate and prove some auxiliary propositions concerning repre-
sentation (2.3) for the Dirichlet problem (2.1), and finally prove main Proposi-
tion 1.1. To prove the auxiliary propositions we use well known formulas [1]
for powers of trigonometric functions cos ¢ and sin ¢ in terms of these functions
of multiples of the argument

m

cosp = B cos[(m — 2u)y],
- (2.4)
- m 1 = woos m=1_,
sin™p = oo Z CF sin[(m —2u)p] (—1) 2 ,
when m is an odd integer, and
m 1 77!
cos™p = om Crm + g1 CH cos[(m — 2u)p],
©n=0
(2.5)
1 n 1 % g m
sin™p = 2710"21 + 1 Z CH cos[(m —2u)p] (—1)2 7H,
=0
\

when m is an even integer, and formulas [1| for trigonometric functions cos ¢
and sin ¢ of multiples of the argument in terms of powers of these functions

{ cosmp = CYcos™p — C%cos™ 2psinp + ...,
(2.6)

sinmg = CLcos™ Lpsing — C3 cos™ 3w sindp + ...

Expanding powers of trigonometric functions cos ¢ and sin ¢ into Fourier series
after formulas (1.5) leads to formulas (2.4) and (2.5), therefore we use the both
latter as the corresponding Fourier series.

Note also that when replacing trigonometric functions cos¢ and sing on
the right hand sides of formulas (2.6) with z; and z, respectively, one gets
harmonic polynomials u(z,, ) =Re 2™ and v(x,z5) =Imz™

Proposition 2.1. The solution to the Dirichlet problem (2.1), where the boundary
function is R,,(y) = y{", m > 2, m € N, admits representation (2.3).

Proof. We consider two possible cases of power m being odd or even integers
separately.

a) Let m be an odd integer. Represent the boundary function on S,(0) and
in the closure of B,(0) using formulas (2.4):
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Rm(y)’yega(o) = a" cos"p =

LN Cheoslm—2)el = ). (2)
©=0

m—1
m 2
St D Chcos[(m —2u)¢] =t Ry (re) (28)
n=0
here and below the tilde and the circle over function name indicate that the polar
angle ¢ and the polar radius r and angle ¢ are used as independent variables on
the boundary and in the domain respectively (as in Section 1).
We use expansion of the boundary function into Fourier series (2.7) to write

the solution to the Dirichlet problem (2.1) in polar coordinates ((r,¢) € B,(0))
as follows

m—1

0, 0) = oy > ()" cosl(m — 2m)]. (2.9
©n=0

Then we transform expression (2.9) identically, explicitly separating the boun-
dary function R,,(r, ) (2.8) to obtain

UO](Ta (P) - uO](Tv ()0) + fzm(rv (P) =

—1

3

1 2 .
=1 Z ch P2 (a2“ — r2“) cos|[(m —2u)p] + R, (r, ). (2.10)
pn=1

Represent the binomials in the parentheses of expression (2.10) as follows:
a* —r* = (a® —1?) A, (r), where A, (r) are polynomials of degree 2y — 2 in r

I, p=1,

N - — 2.11
2#72( ) { 212 + a2 N q2h—4y2 + a2u—2’ w>1, ( )

then expression (2.10) reads

. a“—r m— o
w(r,e) = —nm D Ol Ay o(r)r™ P cos[(m — 2pu) ] + Ry () . (2.12)
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Now we apply formula (2.6) for trigonometric function cos ¢ of multiples of
the argument in expression (2.12)

m—2pu—2

cos [(m — 2u)p] = cos ™ 2Hp — Cfn,mcos @sinp +...

Homogenious trigonometric monomials cosPp sin 9 of degree p+q = m — 2,
p,q = 0, p,q € Z, being present on the right hand side of the expression above
after multiplication by 7™ 2* produce homogenius monomials 4} y4 .

The least degree of monomials yf y3 equals (m — 2u)|2u=m—1 = 1, when A ,(r)
defined by expression (2.11) is a polynomial of zero (m = 3) or even (m > 3)
degree (2u — 2)|2u=m—1 = m — 3 in r. Therefore, in this case the corresponding
term in expression (2.12) is a polynomial of degree m — 2 in variables y;, ¥s.

The highest degree of monomials y} y3 equals (m — 2u)|,=1 = m — 2, when
A, (r) defined by expression (2.11) is a polynomial of degree (2u — 2)|,=1 = 0inr.
Therefore, in this case the corresponding term in expression (2.12) is a polynomial
of degree m — 2 in variables y,, y, as well.

This means, that all the terms in the sum of expression (2.12) are polynomials
of degree m — 2 in variables y;, y,, therefore, the sum itself is a polynomial of
the same degree.

To complete transformation of expression (2.12) to representation (2.3) there
remain to replace 72 preceding the sum with y? = y? +y3 and change the indepen-
dent variables in boundary function R, (r,¢) back according to (2.8).

b) Let m be an even integer. Represent the boundary function on S,(0) and
in the closure of B,(0) using formulas (2.5):

m_1
m m m 2
Ro(¢) = 5 O + 3oy D Chicoslm—2u)¢],  (213)
pn=0
m m %_1
o r m r
Ry (r,9) = o Ot + 3y > Chcos[(m — 2p)¢)]. (2.14)
n=0

We use expansion of the boundary function into Fourier series (2.13) to write

the solution to the Dirichlet problem (2.1) in polar coordinates ((r,¢) € B,(0))
as follows

m m

. a” | m
w(r,gp):2—m6’7% +

2m—1

Then we transform expression (2.15) identically
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. 1 o
w(r,p) = om Cwp (a™ —7™)+
1 .
+ g D Chr™ 7 (0¥ = 1% cos [(m — 2u)¢] + Ry, (1, 0)
pn=1

and rearrange the terms to obtain

uo}(r’ 90) = Crg Bm72(r)+
o1

2
g D O Agua(r) ™M cos [(m — 2p)g] + Ry (1),
pn=1

where Ay, ,(r) are the polynomials defined above by expression (2.11); B,,,_o(r) is
the polynomial of degree m — 2 in r defined as

1, m =2,
B,,_o(r) =
" P2 @2 a2 +am_2, m > 2.

The remaining part of the proof is similar to that in the case of m being an odd
integer. O

Proposition 2.2. The solution to the Dirichlet problem (2.1), where the boundary
function is R,,(y) = y5', m > 2, m € N, admits representation (2.3).

Proof. Tt is enough to repeat the proof of Proposition 2.1 if one replaces formu-
las (2.4), (2.5), and (2.6) for cos ¢ with the same formulas for sin . O

Proposition 2.3. The solution to the Dirichlet problem (2.1), where the boundary
function is R,,(y) = y{ 4, p+q=m > 2, p,q € Z_, admits representation (2.3).

Proof. We consider two possible cases of power m being odd or even integers
separately.

a) Let m be an odd integer; it can be represented as the sum of an odd and
an even integers. Therefore, this case admits two subcases: 1) p is an odd integer,
q is an even integer; 2) p is an even integer, ¢ is an odd integer.

b) Let m be an even integer; it can be represented as the sum of both
odd integers or both even integers. Therefore, this case admits two subcases:
3) p is an odd integer, ¢ is an odd integer; 4) p is an even integer, ¢ is an even
integer.
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Consider subcase 1) (keeping in mind that p > 1, ¢ > 2, m =p+q > 3) and
represent the boundary function on S,(0) using formulas (2.4), (2.5)

Rm(y)’yesa(o) = aP cosPyp alsinp =

p=1
1 2
= o™ 5T Z Clcos[(p —2u)p] | <
pn=0
1ogo1 2
X ECQ + 51 (=1)277CJcos[(qg—27)p] | =
v=0
p—1
a™ 4 &
= o CEY Clcos[(p— 2] +
pn=0

p—

p—1la_ 4
am 2 2 g
+ omz D D (“1)F77Cp C cos[(p — 2u)¢) cos[(q ~ 29)¢]
pn=0 v=0

We apply trigonometric formula

2cos py €os Py = €08 (1 — py) + cos (1 + o)

to the second term of the latter, therefore representation of the boundary function
on S,(0) above reads

_ R
R,(p) = =—=C; Y Cleos[(p—2u)p] +
2
pn=0
p—1 a_1q
am 2 2 .
t om1 YN (-1 CECYcos[(p+q—2u—2v)e]+  (2.16)
pn=0 ~v=0
N
gt 2 (F)2 TG G cos[(p - a = 2u+ 27)¢].
\ p=0~y=0

Then we use representation (2.16) of the boundary function on S,(0) to repre-
sent the boundary function in the closure of 3,(0)
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o /r-m q p%l
Rm(’l“, @) = om—1 Cq2 Z CI‘L; CcosS [(p — 2#)9@] +
p=0
p=1lgqg_ 4
Tm 2 2 .
t gt 2D (FDTCLCleos[(p+ g - 2u = 2)¢] + (217)
n=0~y=0
p—1lag_4
pmo 22 .
+ om0 D (FDETTCE O cos[(p — q — 2u+27)¢],
p=0~y=0

to write down the solution to the Dirichlet problem (2.1) in polar coordinates

((r,¢) € B,(0)) as follows

p—1
. am e 7\ P24
W(r,p) = 5o O > O ()" cosl(p—2u)g)+
n=0
b g1
a™ q_ 7\ PHa—2u—2y
=D B B Laseen (;) cos [(p + ¢ — 2p — 27)¢] +
pn=0 v=0

p—1lg_ 4
am S~ S a_ 7\ P—q—2u+2y
gt > > (0T epcy () cos[(p— g — 2+ 27)¢]
pn=0 v=0

and to transform the latter identically

( . (2.17) o
w(r,p) =" w(r,e) F R, (r,e) =

1 2 2 a
gt 2 2 (FDETCECYV, () cos[(p g — 21— 29 +
pn=0 v=0

p=1 g 4
1 2 2 '
+ gt 2 2 (FDETCECU, () cos [(p— g = 2+ 27)¢] +

=0 =0

\ + ém(r7 SO) )

(2.18)
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where for the sake of shortness there introduced the following functions

WH(’I“) = P2 gmePt2 _pm
Vu,'y(r) — rp+q—2u—2'y am—p—q+2u+2‘y _pm , (2.19)

U,u,'y(r) — ,,,pquQ,quQ'y amfp+q+2,uf2'y —pm

Represent functions W, (r) (2.19) of the first term of solution (2.18) as follows

W, (r) = e (e A e I (R e B (peou—2(r), (2:20)

where E, 5, _o(r) are polynomials of degree k := m — (p — 2u) — 2 (that
equals zero or an even integer) in r

1, k=0,
Em—(p—Q/J,)—Q(T) = (221)

P a2 a4 AR k>2.

The least degree of the polynomials equals m — p — 2 at u = 0 (the lower limit
of summation), whereas the highest degree equals m — 3 at 2 = p— 1 (the upper
limit of summation).

Therefore, the first term in solution (2.18) now reads as follows

q
Tom—1 Cq2 cy Emf(p72,u)72 (T) TP_QM COs [(p - 2:“)()0] . (222)

Trigonometric functions cos [(p — 2u)¢] in the sum of expression (2.22), according
to formula (2.6), are homogenious trigonometric polynomials of degree p—2u, and
after multiplication by P2 they produce homogenious polynomials of degree p—
2y in variables y;, y,. Multiplicating the latter polynomials by polynomials
B, (p—2)—2(r) (2.21) of degree m—(p—2y1)—2 produces polynomials of degree m—
2 in variables y;, y, .

Represent functions V), (1) (2.19) of the second term of solution (2.18) as fol-
lows

— pm=2(uty) ,2(p+ m o _
V() =7 (1t7) g2(pty) _ pm —

— pm=2(p+7) (a2(u+7) _ r2(u+v)> =

= 2 (g2 — 2) Fy(priy—a(r) (2.23)
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where Fy, .y 5(r) are polynomials of degree k := 2(p + ) — 2 (that equals zero
or an even integer) in r

L, pt+y=1,

Fyiy—o(r) = (2.24)
() b+ a?rk=2 ..—|—ak_2r2+ak, w4y >1.

Representation (2.23), (2.24) for functions V), ,(r) (2.19) is not applicable
at two lower limits of summation (u = - = 0), for in this case the corresponding
term in double sum disappears (V,, ,(r) =0).

Therefore, the second term in solution (2.18) reads as follows

a’® —r? q_ — B

T Z Z )3T B O Fy(y o) ™ 204202 cos [(m — 2(u+ 7))¢e]
pu=0 v=0

(2.25)

Trigonometric functions cos[(m — 2(x 4+ v))e] in the sum of expression (2.25),
according to formula (2.6), are homogenious trigonometric polynomials of degree
m — 2(pu + ), and after multiplication by r=2(1+7) they produce homogenious
polynomials of degree m — 2(u + ) in variables y;, y,. Multiplicating the latter
polynomials by polynomials £y, ..y o(r) (2.24) of degree 2(u + ) — 2 produces
polynomials of degree m — 2 in variables y;, v, .

And finally consider functions U, .. (7) (2.19) of the third term of solution (2.18)
and write down powers of r and a to obtain

m—p+q+2p—2y=p+q) —p+q+2n—2y = 2(q+p—7),

p—q—2p+2y= (m—q)—q-2p+2y=m-2(q+p—"7).

Now represent functions U, . (r) (2.19) as follows

U,~(1r) = rm=2(at+n=y) 2a+tp=—) _ pm —
— pm—2(gtp—) (a2(q+u77) _ r2(q+u7v)) _

— pm—2(a+u—7) (a2 _ 7«2) H ( (2.26)

2 q+uf'y)72(r) )

where H2(q+u—7)—2(7") are polynomials of degree k := 2(q¢+ p —~) — 2 (that equals
zero or an even integer) in r
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1,q+u—7=17<
Hyoooy o) = 2.27)
(atu=) P a?rt v d P e, g -y > 1.

Representation (2.26), (2.27) for functions U, (r) (2.19) is not applicable
when ¢ + 4 — v = 0, for in this case the corresponding term in double sum
disappears (U, .(r) =0).

Therefore, the third term in solution (2.18) now reads as follows

a/2 — 7'2 % %_1 q
om—1 Z Z (=1)=7" Cﬁ CJ HQ(q+u—’7)—2(T) X
pn=0 ~v=0
x 2@ cos [(m — 2(q + i — 7)) - (2.28)

Trigonometric functions cos [(m — 2(¢ + p — 7)) ] in the sum of expression (2.28),
according to formula (2.6), are homogenious trigonometric polynomials of degree
m—2(g+u—-y), and after multiplication by rM=2(¢+1=7) they produce homogenious
polynomials of degree m —2(q+ p—y) in variables y;, y,. Multiplicating the latter
polynomials by polynomials Hyi,\ oy o(7) (2.27) of degree 2(q + pu — ) — 2
produces polynomials of degree m — 2 in variables vy, y, .

Therefore, the first three terms (2.22), (2.25), (2.28) of solution (2.18) to
the Dirichlet problem (2.1), after replacing r? preceding the sums with y2 =y? 42,
are identical to the first term of representation (2.3). There remains to change
the independents variables in boundary function R, , (r, ¢) back according to (2.8).
This completes the proof in the subcase 1).

The subcases 2), 3), and 4) are considered similarly to subcase 1) and are
missed here. O

Proposition 2.4. The solution to the Dirichlet problem (2.1), where the boundary
function is R,,(y) (2.2), admits representation (2.3).

Proof. Proposition 2.4 holds due to: 1) linearity of polynomial R,,(y) (2.2) in mo-
nomials ¥{yd, p+q = m, p,¢g = 0, p,q € Z; 2) linearity of the Dirichlet
problem (2.1); 3) Propositions 2.1, 2.2, 2.3. O

Auxiliary Proposition 2.4 let us prove main Proposition 1.1. Indeed, change
the independent variables back y — @, setting y = « — x; in the Dirichlet
problem (2.1) and representation (2.3). Then the Dirichlet problem (2.1) and rep-
resentation (2.3) are replaced with the Dirichlet problem (1.9) and representation
(1.10).
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3. Examples of the representation

In this Section we consider two examples illustrating the representation.

First we consider Example 3.1 of representation (2.3) for the solution to the
Dirichlet problem (2.1) in a circle B,(0), where the boundary function is given
as Q,,(x) = 21", m = 2,3,4 (for the sake of convenience we write , u, @,,, as
in problem (1.9), rather than y, w, R,,,, as in problem (2.1)). Representation (2.3)
is obtained either as evident, or following the proof of Proposition 2.1 (indeed, it is
the proof of representation 2.1 that follows Example 3.1 in case of Q,(x) = z7).
Examples similar to Example 3.1 happened to be inductive for representation (2.3)
yet before Propositions 2.1, 2.2, 2.3, 2.4 were proved.

Then we consider Example 3.2 of representation (1.10) for the solution to the
Dirichlet problem (1.9) in a circle B,(x,), where the boundary function is given
as Q(x) = 223 p,g > 0, m = p+q = 2,3,4,5. Representation (1.10)
is obtained using division of polynomials in variables (x, z,) (detailed discussion
is presented only in case of Qs(x) = 3 23). Division of ‘large’ polynomials was
performed using the MAPLE environment. Examples similar to Example 3.2 were
considered as tests for representation (1.10) before and after proving Proposition 1.1.

Ezample 3.1. Consider the Dirichlet problem (2.1), where the boundary of the circle
is specified by equation F,(x) = |z|?> — a? = 27 + 23 — a®? = 0.

a) Let the boundary function be given as Q,(z) = z%. On S,(0, 0) the boundary
function reads

~ 2 2
Qs(p) = a®cos?p @8 % + % cos2p,

and from this it immediately follows the solution to the Dirichlet problem (2.1)
in polar coordinates

2 2 9 2 2
u(r, @) = % + % (2) cos 2¢ 29 % + % ((30524,0 — sinzgo) ,
and then in cartesian ones
a*> 1 2 2 L,y 2 2 2
U(ZB):5+§($1_$2):—§($1+$2—a)+.’L'1 (31)

b) Let the boundary function be given as Q,(x) = z3. On S, (0, 0) the boundary
function reads
(2.4) a3

@3(%0) = a®cos’yp 29 Z(3(:os<,o—i-cos?>g0),

and the solution to the Dirichlet problem (2.1) in polar coordinates is evident
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3 1 1 3 2.6

u(r, o) = Za?’ (2) cosgo—i—za?’ (2) cos 3¢ 29
*§a2rcos —i—1 3 3,-3 in 2
=1 g (cos®p — 3cospsin?p) .

It readily follows from the latter that the solution in cartesian coordinates is

3 1 3
u(@) = g’z + 7 (0] = 3wyad) = =@y (of + 23 — ) + a7, (3.2)

c) Let the boundary function be given as Q,(x) = z1. On S,(0,0) the boundary
function reads

~ 4 4 (25 a

Qu(p) =a"cos®p = 5 (344 cos2¢p + cosdy),
and the solution to the Dirichlet problem (2.1) in polar coordinates is easily
written as follows

3 4 2 1 4
u(r, ) = §a4 T3 a' (g) cos 2¢ + 3 a* (2) cosdp =
3 4 1 : :
=3 (a4 - r4) + 3 (a2r2 - r4) cos2p + 3 (r4 — r4) cos 4y + Qu(r, @) 29)
3

= 3 (a2 — 7"2) (a2 + 7"2) + %7‘2 (a2r2 — 7"2) (0052g0 — sinzgo) + @4(7‘, ga) .

The latter can be rewritten in cartesian coordinates as follows

3 7 1
u(z) = (21 + 23 — a?) (_8 a® — 3 z3 + 3 33%) +af. (3.3)

Note that representation (3.3) is obtained using the identical transformation
of solution in polar coordinates, boundary function Q,(r, ¢) being explicitly sepa-
rated. A

Ezample 3.2. Consider the Dirichlet problem (1.9), where the boundary of the circ-
le is specified by the equation

Fy(x) = (x;+2)° +(2g —1)> —9=a + 22+ 42, — 22, —4=0.

a) Let the boundary function be given as Q(x) = z;25. On S3(—2, 1) accor-
ding to formulas (1.3) the boundary function reads
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9
Qy(p) = —243cosp — 6sinp + isin2g0,

and it is straightforward to write the solution to the Dirichlet problem (1.9)
in polar coordinates

1
u(r, ) = —2+rcosap—2rsin<p+§r281n2cp.

The solution to the Dirichlet problem (1.9) in cartesian coordinates admits
trivial representation (1.10)

u(z) = 119 = Fy(z) Fy(x) + Qo(x) = Qs(x), (3.4)

where polynomial of zero degree P,(x) equals zero. This conclusion is evident,
since the boundary function Qy(x) = z,2, is a harmonic monomial (as it was
noticed in Section 1).

b) Let the boundary function be given as Q(xz) = z3x,. On S3(—2,1)
the boundary function reads

17 75 9 27
Qs(p) = —i—? —12cosp + Zsingp+ §c052g0— 18sin 2¢ + ZsinSgp,

and using straightforward procedure the solution to the Dirichlet problem (1.9)
is written as

17 25 1 1
u(r, o) = —i—? —4rcosg0+ering0+§r20052g0—27‘2sin2g0+Zr?’sin?up.

When changing independent variables in function u(r, ) above from polar
to cartesian coordinates one gets the solution to the Dirichlet problem (1.9) as
a polynomial of third degree in variables z, z,

3 5 1 4 14 1 3

2
u(w):—1-1901:32—1952—1531—x1$2+1$2—1’1+§x2' (3-5)

Representation (1.10) for the solution (3.5) is obtained using division with
remainder Q5(x) of polynomial u(x) by polynomial F,(x)

1 1
u(x) = (,I% + 22 + 4z — 229 — 4) <4 Ty — 4> + ziz, . (3.6)
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c¢) Let the boundary function be given as Q,(x) = z?23. On S;(—2,1)
the boundary function reads

~ 293 75 27
Qilp) = +? —39cos 1y + ?sin 1o — 5 cos 2¢p — 365sin2¢p +

27 81
+ 27 cos 3¢ + ?sin3g0 — §COS4QO,

and the solution to the Dirichlet problem (1.9) in polar coordinates is as follows

293 25 3
u(r,p) = +?—13rcosltp+?rsm1g0—§r cos 2 — 472 sin 2¢ +

1 1
+7‘3COS350+§1"381D390— §r4cos4<p.

Changing polar coordinates to cartesian ones in function u(r,¢) above gives
the solution to the Dirichlet problem (1.9) as a polynomial of fourth degree
in variables z{, z,

1 3 1 3
u(w) = Lot + Datd - Loty 22

3 9
) 1 —2x1$2—1x§—9x1+§x2+7. (3.7)

Division with remainder Q4(«) of polynomial u(x) by polynomial F;(x) leads
to representation (1.10) for the solution (3.7)

1 1 1 1 7
u(a) = Fy() <—8 e R Lo 4> +Qu(z).  (38)

d) Let the boundary function be given as Qs(z) = z3x3. On S3(-2,1)
the boundary function reads (using formulas (1.3) when changing variables (z, mQ)
to variables (7, ¢) is shown explicitly)

Qs(¢) = (reosyp —2)3(rsinp +1)?] _, =

527 1341 297
=1 + 3 cos 1l —129sin 1 + 9 cos 2¢ + 7sin2cp—
1431 243 81
“ 16 cos 3¢ — 81sin 3¢ + Ve cos 4y + zsinélgo—
243
——— cos by,

16
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and it is straightforward to obtain the solution to the Dirichlet problem (1.9)
in polar coordinates as

027 447 33
u(r, ) = -t ?rcosga—43rsin<p+rzcos2go+ ?7’281112()0—

53 3 1
— Er3cos3<p —3r3sin3p + Zr4cos4<,0—|— Zr4sin4gp—

1
— —1r°coshy.

16
Applying trigonometric formulas (2.6) to the solution above and changing

polar coordinates to cartesian ones according to (1.3) gives the solution to the Di-
richlet problem (1.9) as a polynomial of fifth degree in variables x;, z,

15532 o 4

'U,((I:) = —E Ty + gCClIL'Q — Efﬂllé"‘

1 1 3 1
+oxt — S adr, — S xied + - mxd + S xh -

8 4 4 4 8

(3.9)

ot - Sadm 4 e sl

16 2 16 2

29 4 67 29 5 121 57 45
—§$1+§x1$2+§$2+7$1—ZIEQ—?'

There formally remain to prove function (3.9) being the solution to the Dirichlet
problem (1.9). This means that both the Laplace equation and the boundary
condition hold. Finding the first and the second repeated partial derivatives
of function u(x) (3.9):

ou 5] 15 5 1 3 3 1
9 2 9 5 3 29 67 +121
—— 2]+ =25 30Ty — — T+ = Ty + —>
167 1672 TR o4t g g
ou 5 ) 1 3 1
oz, :—1—1:10?562—1331:5%—13:?—51‘%562—1—195@%4—530%4—
2 9 3 o 67 29 o7
+§x2+§1’1$2—§x1—§$1 Z:UQ—Z?
0%u 5 3+15 2+3 5 3 35, 9 5 29 0%u
s = == Tt X+ X — STy — X5 — =T — BTy — — = ———5
Oa? 470 g IR g g g gt Ty 03

demonstrates that the Laplace equation actually holds.
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To write down representation (1.10)
u(x) = Fy(z) P3() + Q5(x), (3.10)

one should perform division with remainder Q5(x) of polynomial u(x) by poly-
nomial F,(x) to obtain

1 4 5 5.3, 3 1, 31 3 45

From representation (3.10), (3.11) for function u(x) (3.9) there immediately
follows that the boundary condition holds as well.
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