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A map has a fixed point at P. If fixed point theorems have useful applications in analysis. Some of the
iterative methods which have been studied are related to S. Banach, W.R. Mann, J. Riemermann,

W.G. Dastonand a host of other mathematics.

Studies by Prof. S. Ishikawa and Prof. B.E. Rhoads, throw new light on the iteration process of W.R.
Mann, Prof. Ishikawa studied by the following iteration process.

For a subset E of an Ailbert space H,

X, ,=@-c)x, + C.T s

if and only if the sequence generated by
n>1. Where (c,) are real sequence in [0, 1].
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1.1.  INTRODUCTION

Prof B.E. Khoades has shown in [17]
that from amongst various generalizations
of Banach’s contraction principle the
definition of quasi contraction by circle [1]
is one of the most general contractive
definition for which Picard’s Iteration gives
a unique fixed point. We recall the
definition of a Quasi contractive method
which states that if there exists a constant k,
0<k < 1 such that for each x, yeE. || Ty -

Tyl < kmax {|| x =y [LlIx - Tyll, ly - Tyll, I
y - Tyll}......(x). In [3] Hu." has shown that

most of the results of [17] which use M
(X117, Cp, T) can be extended to Ishikawa’s

iteration scheme | (Xq, C, dp, T). Thus |
(X1, C, dp, T) becomes a larger class of

fixed point iteration method. However he [4
theorem 9] posed an open question whether
mann iterative process M (X1, Cp,, T) can be

replaced by that of Ishikawa I (X1, Cp, dp,

T) for quasi contractive mapping in this
chapter our purpose is to show that in a
Hilbert space I (X1, Cp,, d,, T) converges to

the fixed point of a Quasi contractive map.
This is embodied is theorem 1 below.
Theorem 2 provides a generalization of
theorem.
1.2 MAIN RESULTS
Theorem: Let E be a compact and
convex subset of a Hilbert space. H and T
be a quesi contractive self map on E. Let a
sequence (Xp) be defined iteratively on E
by
X1€E Xp1 = (1 - Cp) X, + C,T [(1-d,)
X+ d TX ] 1)
Where (Cp,) and (T},) are sequences

of real numbers such that
0] 0<Cp<dy<1
(i) limd, =0

n—o

iy >C.d,=oo
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Then (X,,) converges to the fixed point of T.

Pf : Since T is quasi contractive by circle
[1] it has a unique fixed point P say. Hence
from (*) putting P for y we have for each x
eE,

[ Ty -PIl < kmax {Jlx-pll, lIx- Tyl )

writing Y, = (1-dp) X, + dy, (3)
we can express X .41 in (1) as
X n+l = 1- Cn) Xn + CnTyn 4)

We know [33] that for any X, Y, Z
in a Hilbert space and for any real number t.

Ity + @Oy-z 2=t x-z 2+ @Y y-z |-t (L-
0 llx-y |2 (5)
Hence from (3) and (4) we have the
following relation.

Xpa1-PI2 = 1= Cy Il Xl + Cp ITyrepl? - € (0-

Cp) Xy Tynll? ®)
IV = Tyall? = (@A) Xy Tynll? + dpy Il T Tyn 12 - o,
(2-dp) X, - Toall... )
I =plI2 = (1-dp) lIx, - PII + dpy [Tuepl® - d (1-d)
[ T (8)
Also by (2)

[Tyn-pll <k max {[lyp-pll, [[yn-Tynll}
and

[Txn-pll <k max {|xp - p [I, [Xp ~Ton I}
LetSq={neN:|[Tyn-pll < kIl Yn-pll}
and Sp = {neN: [Tyn-pll <K YTy [}

where N denote the set of positive integers.
Obviously S1USy =N

Suppose n € Sq. Then using (8) we have
ITy-plI> <K2 [IY,, - pII?

=k2(1-dp) Iy - Pl + K2dn |[Ty-pl®-k2dn (1-
dn) [Xn-TullZ ooooe 10%)
If in (10) [Tu-pll <K [IX,-pll holds. Then
form 10%*.
ITyn - PR [K2(1-dy) + KAd,] 1% - plf2 - k2dy(1-d,)
- Xy Toall?

< [xpl? - K2do(L-h) %~ Toall2

Thus for all ne $¢

Now supposing that ne S, we have by (7)
11 Tyn PIIZ <K2 [ly,-Tynll?

= K2 (1-dy) || Xpy “Tynll? + K2l [Tun Tyl
K2d,(1-d) X ~Ton 2o (12)
Since [xp-Tynll = dn [[Xp=Txall

1Y - Tynll = (1-dh) [[Xy~Txn || @nd

T satisfies (*) we have
[T -Tynll < kmax {[[xpy = Tal", | Yn-Tynll;

”Xn'Txn”} = k An
Where A, denotes the maximum of the set.
Let Szl: {n IS 82 . An = ||Xn'Txn||}

S, ={n €Sy An = yp-Tll}
S ={n €Sy Ap = X~ Tunll}
Clearlys, =S, US," US,"
Now if neS, i.e.if
[Txo-Tynll < K [Xn-Tall, then form — (12)
ITyoePI2 SK2(1-dp) Iy Tynll? - X2d(1-d-k?) Xy

Tl
and using (6) we get

I Xpeq = P IZS (1cp) l1X, - PIZ + cpk? (1-dp) [Ix,-
TylP-cok2dy, (1-p-k2) [Xn-ToallPen(1-c) Xy Tyl

= (L-cp) Ixy - PI - K2 cpdy (1-dk?) X,y
Tyl - ¢y [L-0k? (1-d )] [l Xy~ Tyall?

< 1% - PI? - K2epdp, (-0 k) [y - Toall?

since k? (1-d,) < (1-d,) <(1-cp)
or k2 ¢ dpy (1-dk2) 1%, ~Ta 2 <11 X - PIP - Xpaq
-l (13)
IneS,” ieif Tyy Tyl < Kllyy-Tyll

Thenusing (7) we obtain
I Ty =T 12 <K llyg Tl

< kz(l'dn) ||Xn'Tyn||2 + k2dn Myn 7TV””2
- K2d,(1-d) X Ty 2
and hence
ITxn Tyl <[K2(1-dp) / (1-k2dp)] [ixy
Tynl?
-[k2dp(1-dn) / (1-k2d)] [Ix-Tyal2

K2edn(1-tik?) Iy - Tl %P2 - X041 - Then by (12)
p||2 ...... (11)
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[ Tyn plI2 <k2(1-d,) [(1+k2dy, / (1-k2d)]
Xy~ Tynll
- k2d,(1-d,y) [1+k2d, (1-k2d )] [Xp-Tynll?
= [k2(1-dpy) / (1-k2dp)] [IXp-Tynll2
- [k2d(1-dpy) / (1-k2d )] [Xp-Tynll2
From which we obtain on using (6)
K41 - PIP< (1-cp) Ixy - PI? + Cpy [K2 (2-
dpy) / (1-k2d)]
IXp-Tynll2 - cnlk®dy, (1-dpy) / (1-k2d )]
X Tynll? - € (@-Cp) IXy-Tyn 112
= (L-cp) IXnPl2 - [KZcndp (1-dp) / (2-
k2d))] X~ Tynl2
- en (1 - K2 - ¢y (1-K2dp)) / (1-K2d,, ]
Xy~ Tynll2
Since C,— 0 as n— «othere exists
an nge N such that 1- k2>cn for all n>np.

Thus n> ng the last form on the right hand

sides of the above expression is positive and
hence we get n> ng

[K%eqdy (1-dp) / (1-K2d )] X Tynll? <l - I -
g - PP (14)
If neS; i.e. iff
Ty —Tynll < K [IXp-Tyall, then form (6) and
12 we obtain.
X+t - PIP<(1-¢n) [in - pII® + Cp [K2 (1-
dn) 0~ Tynl

+ K2d k2lx Tyl - k2d,, (1-dp)
X Txnl]

- Cn(1-Cp) [Xp-Tynll?
Hence for n>ng we get as before
K2cndn (-t Xy TypllP<lxn - Pl -
K41 - P2

Since 1-d,-k? <1-d<(1-d,) / (1-
k2d,,) for all n.

We obtain from the inequalities (13)
(14) and (15) that for all ne Sy and n>ng

k2endy (L-d-k?) 1Tyl <lixy - pI -

IXn+1 - PI

Since this inequality holds for all ne
S; sec (11) it follows that (11) holds for all n
eN,nx>ng

Now choosing m>ng and adding the

in equalities (11) for values m, m + 1.....n of
n.
We obtain

D 17ei di@—dj —k)? Iixj - Ty I2< lixpy - pI? -
j=m

Kneg-PIE (16)
Sincedj— 0asJ > o | k2 1-dj-

k2) is +ve and bounded away from zero.
The fact that right hand side of the above

inequality is bounded and that " cjdj =

i1
imply  thatlim iff X, —T||=0. Hence by

compactness of E. It follows that there
exists a subsequence (Xnx) such that and
lim X, =q and ||q - Tq || =0i.e. Tq = q.

But by uniqueness of a fixed point of T. q =
p. Again since the sequence (|| Xp- p |]) is

monotonically decreasing (as evident from
(11)) and lim X, = p it ultimately follows
that lim X, =p.

This completes the proof.
1.3 FURTHER GENERALISATION
B. Fisher [7p, 8p] established the
existence of a common fixed point of a pair
of commuting mapping S and T satisfying
the inequality.
[1Sx - Tyl <k max {|jx - yl|, Ix - Tyl lly - Sll

X = SxlHly - Tyll¥

She proved the following theorem.
Theorem - 1

Let S and T be commuting mapping
of a complete metric space (x, d) into itself
satisfying (2) (with d (x, y) = ||x - y|| of
cause) for all X, Y in X, where 0 < k<1
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and the inequality. Sup {d (Sr+1 TNy, 2. Kirk: Cq. A: Spme recent results in
rh N+l . _ matric fixed point theory Journal of
S'Tx), d (8" T+ X, §'T"%): r, n =0, 1, fixed point theory and application
2.....} < For some particular X in X. Then S (2007).
and T have a unique common fixed point Z. 3. Hu, L-G: strong vonvergence of a
Further Z is the unique fixed point of S and modified Halpern’s iteration for non
T. expansive mappings. Fixed point theory
We know that from (16) an iteration and application (2008). _
involving two mapping S and T which 4. Bose, RK and Mukherjee, R.N.
satisfy (17) converges to their common fé?g:}'g] f(;f(e dﬂxpe(;jintgozjr}tsfarsr:aitlsiesar:)(;
??ﬁ?hioégg'egh:née_?_u“ reduces to Theorem- mapping Indian J. Pure. Appl. Math
: 11(9) (1980).
Theorem - 2 5. Bose, R.K and Mukherjee, R.N.
Let E be a COpaCt and convex SUbset Approximating fixed points of some
of a Hilbert space H. Let S and T be a pair mapping. Proc. Amer, Math.Soc. 82(4)
of commuting self mapping S on E (1981) 603-606.
satisfying the inequality (9) for all x,y € E 6. M. Elin, M. Levenshtein, S. Reich and
and 0<k <1. Let the sequence (Xn) be D. Shoikhet two rigidity theorems for
defined on E by the iteration XqeE, Xp41 ggr;()img:gn:zfs gineﬁgonfs Iic:eacrong(i)ﬁ/%is
= (1-cp) Xp + C T [(1-dp) Xy + dpSypl, N2 Anal. 9 (2008) (59-64).
1. (18). Where (Cn) and (dn) are real 7. Ceng, IC, Yao, JC: Hybrid viscosity
sequences satisfying conditions (1), (11) of approximation schemes for equilibrium
theorem 1. Then (Xn) convergence to the problems and fixed point problems of
common fixed point of S and T. infinitely ~ many  non  expansive
Proof g]zaéanggs(,zo,gg)pl Math. Comput. 198,
S_Ince Eis _Compact_ an(_j Sand T are 8. Hussain, N, Khamsi, MA: On
Comm!“'”g mappings satisfying _(17)’ the asymptotic pointwise contractions in
cor_1d|_t|ons of Theorem A_of Flsher_are metric spaces. Nonlinear Analysis:
satisfied where there exists a unique Theory, Methods and Applications.71
common fixed point P. Say of S and T. The (10), 4423-4429 (2009).
proof of convergence of (Xn) to P is similar 9. S.Jain and V. H. Badshah, “Fixed Point
to the proof of Theorem 1 and hence Theorem of Multi-Valued Mappings in
omitted. Cone Metric Spaces”, International
Journal of Mathematical Archive, Vol.
lteration (18) of theorem 2 above 10. Reich, S, Sabachh, St Three strong
shows that Ishikawa iteration scheme | convervence  theorems  regarding
. iterative methods  for  solving
(X1,CnDp T) can be generalized by equilibrium  problems in reflexive
introducing more number of mapping which Banach spaces. Optimization Theory
can be used to yield common fixed point (s) and Related Topics. 225-240 (2012).
of the mappings Investigation in this 11. N. Chen and J. Q. Chen, “Operator
direction has been carried out in Chapter III Equation and Application of Variational
and Chapter IV. Iterative Method”, Applied
Mathematics, Vol. 3, No. 8, 2012, pp.
857-863. D0i:10.4236/am.2012.38127.
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