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Simple and Multi-collision of an Ellipsoid with Planar
Surfaces. Part I: Theory

Nicolae—Doru Stanescu, Nicolae Pandrea

This paper discusses the problem of simultaneous collisions between an
ellipsoid and some planar surfaces. The approach is one based on the
theory of screws and uses the notion of inertance. The authors con-
sider that the coefficients of restitution are different for each planar
surface and they obtain the velocities after the collision. An example
concludes the theory.
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1. Introduction

The problem of the collision of a rigid solid with an obstacle or between rigid
solids was considered in many papers [1-24, 26-34]. A presentation of the problem
is discussed in [19] and [22] and will not repeat here. The approach is a multibody
type one and it is based on the theory of screws.

The multi-collision of a rigid body with an obstacle is presented in [25]. This
paper is a generalization of the reference [25] by considering more than one ob-
stacle, each one being characterized by a different coefficient of restitution. The
great problem is to determine the collision point between the rigid solid and one
particular obstacle. In this paper the rigid solid is an ellipsoid and the obstacles are
some planar surface. The theory is full developed and it can be generalized to
other types of rigid solids and obstacles.

2. General aspects

Let us consider an ellipsoid moving in the space acted by a general system of
forces that reduces at the point C at the resultant F and a resultant moment M
(Fig. 1).

Let OXZY be a fixed reference frame having the Z - axis vertical ascendant
and the X -axis and Y -axis defining a horizontal plane.

356



Figure 1. The motion of an ellipsoid

Let Cxyz be a mobile reference frame, rigidly linked to the ellipsoid, the axes
Cx, Cy and Cz being the principal central axes of inertia.

We denote by X, ¥, and Z, the coordinates of the center of mass of the el-
lipsoid relative to the fixed reference frame, and by J,, J, and J, its principal
central moments of inertia and let m be the mass of the ellipsoid. We may write

2 4 o2 2 4 42 2 4 p2
szm(b c)’J =m(c a),Jzzm(a b)’ 1)
5 4 5 5
where a, b and ¢ are the semi-axes of the ellipsoid.
The moving equations of the ellipsoid are (Fig. 1)

XO FX
m Yy | =1y, (2)
ZO FZ

T, -, - T e, =M, T, -, - Jew, =M,
T, - -7 e, =M,
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in which w,, w, and w, are the angular velocities around the principal central

axes of inertia, Fy, F,, F, are the components of the resultant on the axes of
the fixed frames, while M, M and M, are the moments relative to the axes of
the mobile reference system.

Let be P a generic point situated on the surface of the ellipsoid, and let X,
Y, Z,and x, y, z respectively, be the coordinates of the point P relative to

the fixed and mobile systems of reference, respectively
If we make the notations
- [A] - the rotation matrix of the ellipsoid;

- {R}, {RO}, [r], {r} - the matrices

{Rp=[x v z]', (4)

{Ro} =[X0 Y, Z()]Tr (5)

=[xyl (6)
0 -z vy

[r]: z 0 —x|; (7)
-y x 0

-y, 6, ¢ - the Bryan rotation angles;
- [\Il], [0], [q)] - the matrices

1 0 0

[\y] =|0 cosyY —siny |, (8)

|0 singy cosy

[ cos® 0 sinB
[]=| o 1 o |, 9)

| —sin® 0 cos®

[cos¢ —sind 0
[(p] =|sin¢p cos¢p Of, (10)

0 0 1

Where from
[a] = [w]6]le]; (11)
- {B} - the column matrix

{B}=[w 0 ¢]"; (12)

- {“w}' {ue}, {u¢} - the column matrices
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fu =l o o, (13)
{ug} =[o 1 0], (14)
fb=lo o 1"; (15)
- [Q] - the matrix
[Q] = [‘P]T |[9]T{“w} {“e} {“qa}J; (16)

- {(o}, [w] - the matrices of angular velocity relative to the mobile reference
system

o} =, o, ][, (17)
0 -~w
o] = w. 0 -w]| (18)
—w, o 0
Where from
{o} = [offp}: (19)
- [co(o)] - the matrix of angular velocity relative to fixed reference system
0 - w(;)) 0 -w
[m(o)] = wgo) 0o - wgo) “lw 0 -o (20)
o) W0 -—0, ®, 0
Then the following relations way be written [21]
{R}={R,}+ [a] + T o}, (21)
[oO]AJlo] AT (22)

Assuming now that the rigid solid collides simultaneously at the points P,

i =1n, with some fixed obstacles, the coefficients of restitution being k;,

i =1,n, then we have [25]

() = fpe 3 hbbp P, @)

i=1 i
where {v} and {VO} are the column matrices of the velocities after and before de
collision
{V} = [wx W, W v, v VZ]T, (24)

T
{v"} = [oo‘; o) o v v‘z)] , (25)

X
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The impulse at the point P, is [25]
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The equation of the ellipsoid reads
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x2 y2 ZZ

o+l 42 =1, 36

a> b (36)
Taking into account the relation

[x
Y |= ] +[a] y (37)
Z

it results
X - X

Y-y |. (38)
Z-1, |

Writing the matrix of rotat|on [A] in the form

=[a]"

ay a4

[A] = |Gy Gy Ay
a3 4z ds; |

(39)

~

the expression (38) becomes
X = a11(X - Xo) + a21(Y - Yo) + a31(Z - Zo)r
y = alZ(X _Xo)"'azz(Y_Yo)+a32(Z_Zo)r (40)
z= a13(X B Xo) + a23(Y B Yo) + a33(Z B Zo)-

3. The collision between the ellipsoid and the horizontal plane

Let us consider now the Fig. 2.
The distance between the point P(X Y, Z) and the plane Z = 0 is given by

1.
Let F(x, v, z) be the Lagrange function
2 2 2
y2 oz
Flay.z)=z+N =+ + 2 -1,
(x. v,2) = (a e J (41)
We get
oF aZ 2)\x 2Ax
o Ox @ e @ (42)
oF oz My 2N .
ay 9y b? o (43)
oF aZ 2)\2 2z
- = + —
0z az c? 3 2’ (44
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Figure 2. The collision between the ellipsoid and the horizontal plane.

Equating to zero the relations (42) — (45), one obtains
_ad’ay ,y= _bay,  z=- c’ays
2\ 2\ 2\
N \/a2a321 +b%al, + *ak
2

a’ay, + b’ay, + ay, .
\/”2”321 + bas, + c*as
If Z >0, then no collision is present.
If Z =0, then we have two situations:

X = ’

A=

I

Z=Z,F

(45)

(46)

(47)

(48)

a) the component v, of the velocity of the point P is a positive one. In this

case there is no collision;

b) the component v, of the velocity of the point P is negative. In this case
we have a collision, which can be discussed with the aid of the formulae presented

in paragraph 2 for i = 1.

4. The collision between the ellipsoid and an oblique plane

We now refer to the Fig. 3.
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Figure 3. The collision between the ellipsoid and the oblique plane.

The equation of the plane reads
oX +BY+yZ+86=0.

The distance between a point P(X, Y, Z) and the plane is
mt:bX+BY+yZ+d

Vo +B2 +y?
so we can use the Lagrange function

2 2 2 2
plun) = BB (e 2 )

The following system is obtained

d

OF _ 2(aX +BY +yZ +9) 2Ax _
P a2 + B2+ (aan +Bay, + Va13)+7 =0,
OF _ 2(aX +PBY +yZ + ) 2y _

a_y_ FERN IR (Ga21+[3a22+ya23)+b—2—0,
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2\z

9F - 2(GX HBY vz 6) (aa31 +Bay, + Vaaa) + 2 =0, (54)

0z o2 + P2 +y2

— =— 4+ +—-1=0. (55)
Taking into account that
aX +BY +yZ +d = (aan +Ba,, + ya31)x + (aam +Ba,, + V%z)y
+ (aa13 +Bay; + ya33z) +oX, +BY, +YZ, +0=Bx+B,y+Bz+C,
the equations (52) - (54) read

(56)

Ax  oP+BP+y?
Bx+ B,y +Byz+(C=-— Bty /
a’ day, +Bay, +vyay,
Ay
o ,
b* aay, +Bay, + Yay,
Ax o +BP+y?
2
c? Oay, +Bas, + yay,

Bx+ B,y+Byz+C =-

(57)

Bx+B,y+Bz+C=-

or, equivalently,
(TN
az(aan +Ba, + Va13)
)\((12 +pB+ yz)
bz(aan +Bay, + V‘123)
)\(az + [ +V2) } e
*(aay, +Bay, + yay,) T
that is, a system of three linear equations with three unknowns x, y and z.
Solving this system, we obtain the solution x = x()\), y= y()\) and
z= z()\). Replacing this solution into (55) we get a second degree equation in A
with the roots A, and A,. For these roots we calculate the values x;, y;, z,
i= 1,_2, andthen X,, Y, Z,, i = 1,_2, with the aid of the formula (37). The next
step consists in the calculation of
disy, = 19K BN V2 18] e (59)
\/az +B2+y?
The following situations may occur:
a) both dist; >0, i = E In this case there is no collision;
b) there exists a distance d; for which dist; = 0. The following sub cases
have to be discussed (Fig. 3):

}x+B2y+B3z=—C,

Bx + [Bz * }y +Byz=-C, (58)

Bix+ By + {33 +

364



b.1) if v, [n <0, then we have a collision at the point P and we apply the
formulae from section 2, for one point of collision,
b.2)if v, [n = 0, then there is no collision at the point P.

5. Simultaneous collision with two planes

We refer now to Fig. 4.

Figure 4. The collision between the ellipsoid and two planes.

The equations of the planes are
oOX +BY+Yy,Z+8 =0,i=12. (60)
The procedure is similar to that described in paragraph 4, the only modifica-
tion being given by the notations of o, B and y at which one added the index i.
We obtain now two systems (58), corresponding to the two contact points P,
and P,.

Let us denote the distances by adding a superior index that corresponds to
the points.

We have the following situations:

a) all distances dist,.(f) >0, i=1,2, j=1,2. In this case there is no colli-
sion;

b) there is only one distance for which disti(j) = (0. We have to consider the
following sub cases:

b.1) if Ve, [n; <0, then we have a collision at the point P, and we apply

the formulae presented in the paragraph 2 for one point of collision,
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b.2) if Ve, [n; 2 0, then there is no collision;

c) there exist the distances dist"/) = 0 and dist!) =0, j # 1. Now we have
the following sub cases:
cl)if vp [n; <0 and v, [n; <0, then we have two points of collision and

we apply the formulae from section 2 for two points of collision,
c.2) if Ve, [n; <0 and Vp [n, = 0, then there is only one collision at point

P, and again we apply the formulae from paragraph 2 for one point of collision,

c.3) if Ve, [n; 20 and v, [n; 2 0, then there is no collision.
6. Example

Let us consider that the two planes are the OXZ and OYZ planes for which
n =jand n, =i.
In addition, the ellipsoid’s equation is
x2 oyt .z :
—t+—+—=1, [
2 12 4 ®
thatis, a =1m, b =1m, ¢ =2m. The mass of ellipsoid is m = 500kg, where-
from it results that the central principal moments of inertia read J_ = 200 kgm?,
J, = 200kgm?, J_ =100kgm?.

The first Lagrange function is

2

Fl(x,y,zah)ﬂ”l[xz+y2+27_1J (i

and we obtain the system

% =ay, +2A\x =0, %:azz +2M\,y =0, %2023 +2);12 =0,
i “ (i)
Xy +—1=0.
It successively results
— _ 9y — _4» __2ay .
X =", =T/ Z="—"—"",
n YT T, y ()
1

A= iE\/azzl + a3, +4az; v)

_ Gy tay t4ay,

(vi)

[ 2 2 2
ay +ay, t+4a;,
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Similarly, one gets

_ _ ay tay tday,
X=X F o (vii
ajy + ap, t4ag
The simultaneous collisions appear when (assuming X 20, Y 20)

ay t ay t4ay, — | a;, +ap, +4ag, |

[ 2 2 |7 0T 2 2 | (viii)
ay +ay +4ay; |\/a11 +ap, +4a |

We assume that the Bryan rotation angles are ) =45°, 8 =30°, and
d =90°; we may write

Y()=

1 \/0_ (3/_ g 0 % 0-10
2 2
[wl=[0 == -== 1. o] = 01},M=100 (ix)
1 3
-~ X2 001
02 2 507
L 2 2
and it results
o Y3 1
i 1 6
2 2 6
[A] = [w]ollo] =| = - == - 22|, (x)
2 4 4
V2 2 V6
2 4 4 |
a = O a = — a - — a = ﬁ a = —ﬁ a = —ﬁ
11 ’ 12 2 ’ 13 2’ 21 2 ’ 22 4 1 23 4 ! (XI)
oo =¥2 2 e
31 2 7 32 4 7 ™33 4 '
For the simultaneous collision one needs
_4-V3 Y, _V6-+2 (xii)
0] \/B 1 1o \/% "
If we consider that there is no rotation, that is ¢ =0°, 6=0°, ¢ =0°,
which is equivalent to state that the ellipsoid has only translational motion, then
100 100 100
[w]={o10],[8]=|010] [p]=|010 (i
001 001 001
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100

[A]=]010], (xiv)
001
a,=1,a,=0,a;=0,a,=0,a, =1, a;=0,a, =0, a;, =0, V)
ay;; =1,
Y, =1, X, =1, (xvi)

which is the expected answer, the problem being very simple in this case.
7. Conclusion

The paper presents the general approach for the study of the multi-collision of
an ellipsoid with several planar surfaces. The general theory is discussed using the
theory of inertances, the authors obtaining the velocities after the collision. The
presentation starts with the simple case of the collision of the ellipsoid with the
horizontal plane and is developed to the collision of the ellipsoid with an oblique
plane and, finally, we discussed the collision of the ellipsoid with two planar sur-
faces. Obviously, the discussion may be generalized for the collision of the ellipsoid
with several planar surfaces.

The coefficients of restitution may be different from one planar surface to an-
other and no restriction is imposed for them in this paper. It is known [19] that in
the case of the collision without friction the three coefficients of restitution: New-
ton, Poisson and energetic are equals. The formulae presented in this paper are
deduced using the Poisson coefficient of restitution.

In the situations considered in this paper, the motion of the rigid solid after
the collision is perfectly determined. A critique case appear at the simultaneous
collision with two parallel planes when the distribution of velocities before the colli-
sion is a particular one (e.g. the component of the velocity parallel to the two
planes does not vanish). These cases are eliminated from our discussion. Some
considerations to this problem may be found in [20], where the authors considered
the collision with friction.

The question: with how many planar surfaces may simultaneous collide the el-
lipsoid will be the subject of our next paper.
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