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SCATTERING NUMBER AND CARTESIAN PRODUCT
OF GRAPHS

Burak Kaval and Alpay Kirlangic

ABSTRACT. In a communication network, the vulnerability is the resistance of
the network to disruption of operation after the failure of certain stations or
communication links. If a communication network was modelled by a graph,
then the scattering number measures vulnerability of the graph. The scattering
number of an arbitrary graph G = (V, E) is defined to be s¢(G) = maz{w(G —
S)—|S]: S CV(G) and w(G — S) # 1}, where w(G — S) denotes the number
of connected components of G — S. In this paper the scattering number of
graphs K1 m X K1,n, K1,m X Pn, K1,m X Cp and K2 X Cj, is obtained.

1. Introduction

A communication network consists of some centers and links which connect these
centers. In a communication network, the vulnerability measures the resistance of
the network to disruption of operation after the failure of certain stations or com-
munication links. A communication network is modelled by a graph to measure
the vulnerability as centers corresponding to the vertices of a graph and communi-
cation links corresponding to the edges of a graph. To measure vulnerability of a
graph G, we have some parameters which are connectivity [6], toughness [4], scat-
tering number [7], integrity [1]. In this paper, we discuss the scattering number of
a graph. The scattering number of a graph was defined by Jung.

DEFINITION 1.1. [7] The scattering number sc(G) is s¢(G) = max{w(G —
S)—|S]: S CV(G) and w(G — S) # 1}, where w(G — S) denotes the number of
connected components of G — S.
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A scatter set is an S which achieves this maximum. The scattering number
of a graph is closely related to the toughness of a graph. Jung calls the scattering
number the additive dual of the toughness. Moreover this parameter can take on
both positive and negative values. Note that the scattering number of a complete
graph K, is 2-n [7]. On the other hand, Zhang et al.[9] prove that the problem
of computing the scattering number of a graph is NP-complete. Now we list the
following some known results.

For a graph G, let a(G), B(G), k(G), A(G) and §(G) denote the independence
number, covering number, connectivity, edge-connectivity and minimum degree of
G, respectively.

THEOREM 1.1. [8] Let G be a noncomplete connected graph of order n. Then

2a(G) —n < s¢(G) < a(G) — &(G).

THEOREM 1.2. [8] Let G be a noncomplete connected graph of order n (n > 3).
Then
(a) 2 —k(G) < s¢(G) < n —2k(G);
(b) 2—A(GQ) < s¢(G) < n—2XG);
(¢) 2—-9(GQ) < s¢(G) < n—26(G).

THEOREM 1.3. [8] Let G be a noncomplete connected graph of order n (n > 4)
and the length of a longest path is p. Then

s¢(G) < n—p.

THEOREM 1.4. [9] Let H be a spanning subgraph of a noncomplete connected
graph G. Then
sc(H) = sc(G).

DEFINITION 1.2. [6] To define the product G; x Ga, consider any two points
u = (u1,us) and v = (v1,v3) in V = V] x V4. Then u and v are adjacent in G; x G2
whenever [u; = vy and uz adj va] or [ug = vy and uy adj vq].

Next we give the following theorem between scattering number and cartesian
product.

THEOREM 1.5. [9] Suppose that ny, na, ns, ...,ny are k integers not less than 2.
Then
(1) se(Pny X Ppy X Ppy X ... x Py,) =1, when all n; are odd;
(2) s¢(Pyy X Pny X Pny X ... x Py,) =0, when some n; is even.

To design of interconnection networks in multiprocessor computing systems,
graphs as hypercubes, grids are used. These graphs are obtained by using carte-
sian product. Consequently, these considerations motivated us to investigate the
scattering number of some graphs which are obtained by using cartesian product.

We use Bondy and Murty [3] for terminology and notation not defined here
and consider only finite, connected and undirected graphs.
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2. Scattering Number and Cartesian Product

In this chapter we consider the scattering number of cartesian product of two
complete bipartite graphs.

2.1. Scattering Number of K ,, x K .

Firstly we start with a well known Lemma.

LEMMA 2.1. Let myn € ZT (m > 2, n > 2) and m < n. Then a(Kq m, X
Kin)=mn+1 and B(K1m X K1 n) =m+n.

THEOREM 2.1. Let m,n € ZT (m >2,n>2) and m < n. Then

se(Kym X Kin) = (K1 m X K1) = B(K1m X K1) =mn+1—(m+n).

Proor. By Theorem 1.1
(2.1) se(K1m X K1) 2 (K1 X K1) — B(K1m X K1) =mn+1—(m+n).
Now we prove that sc(Ki , X K1) < a(K1m X K1) — B(K1m X K1 ).

Let A, be independent set of K1 ,,, X K1 ,, and Bg be covering set of K1, X K .
Let vertices of Ki p, X K1, be A = A; U Az and B = By U By (Figure 1).

If we remove |S|=r vertices where S = {X UY|X C A, or/and Y C Bg}, then
we have three cases.

Case 1: Let 1 < |S|=r < a(Kim x K1) and S C X.
e If we remove some/all vertices of As, then remaining graph is connected.
e If we remove single vertex of Ay, then remaining graph is connected.
e If we remove both single vertex of A; and some/all vertices of A5 in one
copy of Ki ,, (or Ky ), then the remaining graph is disconnected while
m+1<r < a(Ky,mx Ky y) and so w((Ky m, x K1) —S) < m+n. Thus

(2.2)

se(K1mXx K1) < maz{m+n—(m+1)} = n—1 < a(K1 m xK1,n)—B(K1m XK1 ).
Case 2: Let 1 < |S| =7 < B(K1,m X K1,,) and S C Y. In this case we have two
subcases.

Subcase 1: Let [§]| < m.
o If r is even, then w((Ki,m X K1) —5) < % +1 and so

2 2 -9 2

(2.3)  se(Kim x K1) < max{% +1-1)< % = (m—1)2.
On the other hand, m < n = m(m —1) < n(m—1) = m? —m < mn —n =
m2—2m+1<mn+1—(n+m).

By Lemma 2.1,

(2.4) (m—1)? < a(Kim x Kin) — B(K1m x K1)



404 KAVAL AND KIRLANGIC

-"H| . . . . . . « B
o,
L] ] L] ] L] L ] L ¥ L L ]
L] L] L] L] L] L] L
L] ] L] ] L] & L # L L ]
L] L] L] L] L] L L ' L L
By Az
L ® s ® s ® s ' s #
s El s * s s s ] s ]
L] ] L] ] L] & L ¥ L L ]

FIGURE 1. Vertices of K1 ., X K15

By (2.3) and (2.4), we have
(25) SC(Kl’m X Kl,n) < Oé(Kl,m X Kl,n) — 5(K1’m X Kl,n)-

o If r is odd, then w((K1,m X K1) —S5) < TiT'H” and so

r?+3 (2m)? —4(2m) + 3 9 3
1 —7‘}< 1 =m —2m—|—71

On the other hand, m < n = m(m —1) < n(m—1) = m? —m < mn —n =

m? —2m+3 <mn+1-(n+m).

By Lemma 2.1,

(2.6) sc(K1,m x K1) < max{

(27) m2 —2m+ Z < Oé(Klym X Kl,n) — /B(Kl,m X Kl,n)~

By (2.6) and (2.7), we have

(2.
(28) SC(Kl’m X Kl,n) < OZ(KLm X Kl,n) — B(Kl,m X Kl,n)~
By (2.5) and (2.8), we have

)

(29 SC(Kl’m X Kl,n) < Oé(Kl,m X Kl,n) — 5(K1’m X Kl,n)-
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Subcase 2: Let [§]| > m, then (K1, x K1) —S) <mr — m?+1. So

sc(K1m x K1,,) < max{mr —m? +1} = maz{(m — 1)(r — 1 —m)}.

Since r < B(K1m X K1) =m+n,

(2.10) se(Kim X Kip) < (m—=1)(m+n—-1—m)<mn+1—-—n—m.
By Lemma 2.1,

(2.11) (m—1)(m+n—1-—m) < a(Kym, x Ki,)— B(K1mx K1)
By (2.10) and (2.11), we have

(2.12) se(Kim X Kin) < a(K1m X K1n) — B(K1,m X K1,).

By (2.9) and (2.12), we have

(2.13) se(Kim X Kin) < a(K1m X K10) — B(K1,m X K1,).

Case 3: Let 1 < |S| =7 < a(H1;m X K1) + (K im x K1) and S C X UY.
Now we have two subcases.

2
r° 1 .f .
Subcase 1: If | 7] < m then w((K1m x K1) = 5) < { T +1, ifriseven

’ﬁT*g if ris odd
Subcase 2: If 5] > m then w((Kym X K1) —S) <mr —m?+ 1.

)

The rest of the proof is very similar to that of Case 2. Thus in either of these two
subcases, we have

(214) SC(KLm X Kl,n) g Oé(KLm X Kl,n) — ,B(Kl,m X Kl,n)-
By (2.2), (2.13) and (2.14), the proof is completed. O

2.2. Scattering Number of K ,, X P,.

Now we give the following Theorem for sc¢(Ki , X Pp).
THEOREM 2.2. Let myn € Z* (m>2,n>2). Then

m—1, if nis even

K, xP,) = .
se(By, ) {m—Q, if n is odd

PROOF. Let the vertices of K ,,, and P, be v;(1 <i<m+1) and u;(1 <j <
n), respectively. Hence the vertices of K, x P, is denoted by (v;,u;). We shall
abbreviate (vi7uj) as wi; for 1 <i<m+1and 1< j < n Itis obvious that
2<|S| =7 < B(Kim x Py) = M2 41—,

For the proof we have four cases according to m and n.

Case 1: Let m > n and n be odd. Let |S| = r be the number of removing vertices
of graph K, X P,.
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o If2<r<n—1, thenlet S1 = {w; 2|2 <i<m+1} and Sy = {w; n—1]2 <
i <m+1}. If S consist of vertices wy ; and at least one element of S7 or
consist of vertices wy , and at least one element of Sy, then
(2.15) W((K1,m X Py) —8) <7 and so s¢(K1m X Py) <maz{r—r}=0.
Otherwise w((K1,m x P,) — S5) < a(Ky , x P,) and so
(2.16) se(K1m X Py) < maz{a(K1m x Pp) — B(K1m x Py)} =m — 1.
o Ifn <r < B(KqmxP,)—1, thenlet Ss = {v; k|(j, k) € IxJ, I ={2,,m+
1} and J = {2,4,6,,n —2}}. If S consist of all vertices of w; ;(1 < i < n)

or consist of all vertices of wy;(1 < ¢ < n) and at least one element of Ss,
then w((Kim X Py) —S) <r+m—n. So

(2.17) W(K1m X Py) = 8) <maz{r+m-—-n—r}=m—n.
Otherwise w((K1,m x P,) — S) < a(K7,m x P,) and so
(2.18) sc(Kq,m % Py) < maz{a(Ky ,m X P,) — B(Kim X P,)} =m — 1.

o Let r = B(K1m X Pp). If S is the minimum covering set of K1, X Py,
then w((K1,m X Py) —8) = a(K1,m x P,). Therefore

(2.19) sc(Ki,m % Py) = maz{a(Kq m x Pp) — B(K1,m x Pp,)} =m — 1.
Otherwise w((K1,m x P,) — S) < a(Ky,, x P,) and so

(2.20) sc(Kim % Py) < maz{a(Kq m x Pp) — B(K1,m x Pp)} =m — 1.

By (2.15), (2.16), (2.17), (2.18), (2.19) and (2.20), we have

(2.21) sc(K1,m X Pp) =m — 1.

The proofs of Case 2, Case 3 and Case 4 are done similar to the proof in Case 1.
The values |S|, w(Ki m X Py) and sc(Kq ., X P,) required for Case 2 are given in
Table 1. Similarly, the values in Table 2 and Table 3 are given for the proof of Case
3 and Case 4, respectively.

From Table 1, we have

(2.22) sc(K1,m X Pp) =m — 2.
From Table 2, we have
(2.23) sc(K1,m X Pp) =m — 1.
From Table 3, we have
(2.24) sc(K1,m X Pp) =m — 2.

By (2.21), (2.22), (2.23) and (2.24), the proof is completed.
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TABLE 1. Case 2

Case 2: Let m—n and n be even.
1S S @{(Kim X Pu)-5) sc(Kimx Pu)
» wi1and at least one of =1
) wiz2(1=2,... .m+1) . .
2=r=n-1 = =0
r=n « wigand at least one of =1 £
Wing (1=2.....m+1)
+  Otherwise <r
« All vertices of wyy =r+tm-n
(1=1,....n)
n<re a@+l) oo « All vertices of wus =rm-n
- 2 (i=1....n) and at least - rman =mn
one of S1={wjx|(j.k)eIx

I, ={2....m+1} and

J={24,....n-2} vertices

» Otherwise < r+m-n
«  All vertices of

wii(i=1.....n) and _n(m+1) .

) 2 n(m+1) _
n.(m+1) Si={wikl(p.k)elx T, = =———-1 =m-2
S+l r < B(K ) xPo)-1 =imlgh) e 2

I={2,...,m+1} and

I={24....n2}}

+ Otherwise n(m+1) 1
«  Mmimum covenng set =a(Ki1mx Pa)
of Kimx Pa - -
r=pKinxP ZuKimx P, =0
Bl1m x Pe) + Otherwise < a(K1mx Pa) (Kim x Pa)
TABLE 2. Case 3
Case 3: Let m=n and n be odd.
|S| S @((K1m x Pa)-5) sc(Kimx Pa)
+ w1 and at least one of wiz =1
2212 B(Kimx Pa)-1 (i=2.....m+1) vertices <r <0
+ Wig and one of wip, =r
(1=2.....m+1) vertices
«  Otherwise <r
+  Mimimum covering set of = a(Kim x P)
r=PB(KimxPn) KinxP: < o(K1mx Py) <m-1
+  Otherwise < a(Kim x Pn)

2.3. Scattering Number of K ,, x C,,.

In this section, to obtain the sc¢(K7 ,, x Cp) we need the following Theorems.

THEOREM 2.3. [2] Let G =T x C,, be the cartesian product of an n-cycle C,,
and a tree T' with the mazimum degree A(T') > 2. Then G possesses a Hamiltonian
cycle if and only if A(T) = n.
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TABLE 3. Case 4

Case 4: Let m=n and n be even.

1S s o((Kim x Pa)-5) se(K1mX Pa)
w11 and one of wiz =r
i=2 rertices
ame1) (1=2.....m+1) vertices <r =0
<r< +1-m
“=t= 2 +  winan done of win1 =r
(1=2..._m+1) vertices
+  Otherwise =r
« Al vertices of
wyi(=1.....0) and n(m+1) _1
Si={wixljk)el x I B 2
(m+1 =17 + _n(m+l)
n(n: ]-l—miriﬁ(K;_me’n)-l ={2..._m+1} and == -1 .
) T={(24,  n2}} =m2
Otherwise n(m+1) 1
« 5
«  Mimmum covering =a(Kimx Pn)

£=P(Kimx Pa) set of Kimx Py < 0(K1m X Pa) <0

+  Otherwise < a(K1m x Pa)

THEOREM 2.4. [4] Let G = (V, E) be a graph. If G is hamiltonian then 7(G) >

THEOREM 2.5. [5] Let G = (V, E) be a graph. If 7(G) > 1 then sc(G) < 0.
THEOREM 2.6. Let m,n € ZT (m >2,n>2). Then

0, if m < n and n is even
se(K1m xCp)=<¢ =1, ifm<nandnisodd .

m-—mn, ifm>=n

PRrROOF. To prove the Theorem we have three cases.
Case 1: Let m < n and n be even.

By Theorem 1.2, since a(K1m x Cy) = B(K1,m x Cy) = w7 then
(2.25) s¢(K1,m x Cp) = 0.

Now we prove that sc(K7,, x Cy) < 0. If we choose T' = K ,,, in Theorem
2.4, then A(T) = A(K1,,) = m, m > 2 and m < n. Therefore Ky ,, x C,, is
hamiltonian. By Theorem 2.5 we have 7(K1 ,,, x C,) > 1 and by Theorem 2.6

(2.26) sc(Kym x Cp) <0.

By (2.25) and (2.26),
sc(Ky,m x Cp) =0.



SCATTERING NUMBER AND CARTESIAN PRODUCT OF GRAPHS 409

Case 2: Let m < n and n be odd. K ,, x C,, consists of (m+ 1) copies of C,, and
n copies of K1 ,, (Figure 2).

11 gl12 13 . . . 1.n-1 1.n
2ul 142 22 . .. V2.0 V2.n
=X Va2 Vaa | . . Van Van

: : :
v v_ . Vma . . . v Vin
Vo, Vo1 Vm‘ﬂ.% . . Vine Ve 1.0

FIGURE 2. Ky ,, x C)

Let A= {1}171,"01,2, V1,3, '~'7vl,n} and B = V(Kl,m X Cn) NA. Let S = S() USl,
where S C V(K m x Cp), So € A and S; C B. Since S is a cut set, we have two
cases.

e Syl >1and |Si|>2
or
[ ] S() = A and |Sl| 20

Subcase 1: Let |So| > 1 and |S1] > 2. Then §(K1 ., xCp) = (K1,mxCp) =3
and so deg(v) = 3 for every vertex v in B. Therefore if we remove three vertices
that incident with vertex v (one in A and two in B), then the remaining graph
have two components Cy and C4, such that Cj is a isolated vertex and C; is a
connected graph. Thus |S| =3 and w((K1,m, x Cp) — §) = 2. For each vertex v of
Cy, deg(v) = 2.

Consider a vertex vy of C where deg(vy) = 2. If we remove two vertices that are
incident with v; then the remaining graph have two isolated vertices and a con-
nected graph Cy. Therefore, |S| =5 and w((K1,m X Cp) —5) = 3.

Now we consider the graph Cy. For each vertex v in Cs, deg(v) > 2. Let vy be a
vertex of Cy where deg(vy) = 2. If we remove two vertices that are incident with vy
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then the remaining graph have three isolated vertices and a connected graph Cj.
Therefore, |S| =7 and w((K1,m x Cp) — 5) = 4.

Similarly, if we continue removing vertices from the every components C,,(n > 4),
we obtain w((Kq ., x Cy) —S) <r —1, where |S| = r. Hence

(2.27) sc(Kim x Cp) < max{r—1—-r}=—L

Subcase 2: Let Sy = A and |S1| > 0. Therefore, |S| > n + k and w((K7 , X
Cn)—S)<m+k (ke Zz"t),

(2.28) s¢(K1m X Cp) < maz{m+k— (n+k)} =m —n.
On the other hand,

(2.29) if m <nthenm —n < —1.

By (2.27), (2.28) and (2.29), we have

(2.30) se(Kim x Cp) < —1.

Also, if we choose G = K ,,, x C,, in Theorem 1.3(a), we have
(2.31) se(Kim X Cp) 22— k(K1 mxCp)=2-3=-1.
By (2.30) and (2.31), we have

(2.32) se(Kim x Cp) = —1.

Case 3: Let m > n. The proof follows directly from Case 2. Thus we have
(2.33) sc(Kim x Cp) <m —n.

Now we can choose S = A, where S C V(K xCy), |S] =n and w((Ky m x Cp) —
S) = m. Hence

(2.34) se(K1m x Cp) = maz{w((Kym x Cp) —8) —|S|} =m —n.
Therefore by (2.33) and (2.34), we have
sc(Kim x Cp) =m —n.
The proof is completed. O
2.4. Scattering Number of K5 x C,.
THEOREM 2.7.

0, if nis even

Ky xC,) = .
se(K ) {1, if n is odd

PROOF. Since Ky X P, is a spanning subgraph of Ky x C),, we have sc(Ka x
P,) = sc(K3 x Cp) by Theorem 1.5. On the other hand, since sc(K3 x P,) < 0 by
Theorem 1.4, then

(2.35) sc(Ka x Cp) < 0.

Now we have two cases according to the parity of n.
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Case 1: Let n be even. Then a(K3 x C,,) = (K2 x Cp,) = n. By Theorem 1.2,
(2.36) sc(Ko x Cp) = 2a(Ky x Cp) —2n =2n —2n = 0.
By (2.35) and (2.36), we have sc(Ka x Cp,) = 0.

Case 2: Let n be odd. If we remove r vertices from Ky x C,, then w((K2xC,,)—S5) <
r — 1. Thus
(2.37) sc(Ky x Cp) < mazx{r —1—r}=—1.
On the other hand, by Theorem 1.3, we have
(2.38) se(FKy x Cp) > 2 —86(Ky x Cp) =2 —3=—1.
By (2.37) and (2.38), we have
sc(Ky x Cy) = —1.
The proof is completed.
O

3. CONCLUSION

When the obtained results are examined, it can be seen that the scattering
number is equal to o — 3 in the following graphs.

The graph K; ,, x K, while n is odd.

The graph K ,, x P, while n is odd.

The graph K ,, x C,, while m < n and n is even.
The graph Ky x C), while n is even.

In addition, the scattering number of Ky x C,, is —1 and o — 8 = —2. Further-
more, the difference of scattering number and « — 3 depends on m in the following
graphs.

e The graph K, ,, x P, while n is even.
e The graph K ,, x C,, while m < n and n is odd.
e The graph K ,,, x C,, while m > n.

In other words, we observe that the scattering number approachs (equals in
some cases) the lower bound in Theorem 1.2 while the value of m decrease and
distancing otherwise.
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