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Abstract  Öz 

In the present numerical study, effects of the shape of the cross-section 
and their surface roughness on the pipe hydrodynamic entry length 
have been investigated for various Reynolds (Re) numbers. Standard  
k- turbulence model has been adopted to analyze the turbulent flows 
in circular, square and equilateral triangle cross-sectional pipes. 
Analyses indicate that the rough surfaces have the shorter entry lengths 
than that of the smooth surfaces and increasing surface roughness 
reduces the entry length regardless of the cross-section of the pipes. The 
equilateral triangle pipes have the longest while circular cross-sectional 
pipe has the shortest entry lengths. Re number has the significant effect 
on the entry length and it is seen that the higher the Re number the 
longer the entry length. 

 Bu sayısal çalışmada, en kesit şekillerinin ve yüzey pürüzlülüklerinin 
borulardaki hidrodinamik giriş uzunluğuna olan etkileri farklı Reynolds 
(Re) sayıları için incelenmiştir. Dairesel, kare ve eşkenar üçgen kesitli 
borulardaki türbülanslı akışı analiz etmek için standart k- türbülans 
modeli kullanılmıştır. Analizler pürüzlü yüzeyli borulardaki giriş 
uzunluğunun pürüzsüz borulardakine göre daha kısa olduğunu 
göstermiştir. Ayrıca, yüzey pürüzlülüğünü artırmak borunun en kesit 
şeklinden bağımsız olarak giriş uzunluğunu kısaltmaktadır. Eşkenar 
üçgen kesitli boruların en uzun, dairesel kesitli boruların ise en kısa giriş 
uzunluğuna sahip oldukları görülmüştür. Re sayısı giriş uzunluğu 
üzerinde önemli etkilere sahiptir ve Re sayısı ne kadar büyürse giriş 
uzunluğunun da o kadar arttığı sonucuna varılmıştır. 

Keywords: Computational fluid dynamics, Internal flows, Roughness, 
Turbulent flows, Entrance length 

 Anahtar kelimeler: Hesaplamalı akışkanlar dinamiği, İç akışlar, 
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1 Introduction 

Flows through pipes and ducts are used extensively in the 
industrial applications such as heat exchangers, heating, 
ventilating and air conditioning (HVAC) applications. In fluid 
mechanics it is assumed that the velocity profile of the entering 
fluid to a pipe or duct is uniform. However, it is changed from 
uniform to parabolic if the flow is laminar or somewhat flatter 
when the flow is turbulent. The reason of this change in the 
velocity profile is well explained in the books on fluid 
mechanics [1],[2]. Because of the viscosity the fluid particles in 
the layer in contact with the surface of the pipe stick to the pipe 
wall and take its velocity. The friction between the layers of the 
fluid causes to slow down velocity of the adjacent layers of the 
fluid. Making up the reduction in the velocity, the velocity of the 
fluid at the mid-section of the pipe will increase to keep the 
mass flow rate constant. As a result, a velocity profile develops 
along the pipe. Velocity profile consists of two regions. These 
are the boundary layer region where viscous effects are 
dominant and the outer region where the flow is assumed 
inviscid. Boundary layer thickness gradually increases and 
finally occupies the entire pipe. The distance from the inlet to 
the point where the boundary layer merges and occupies the 
entire pipe is called hydrodynamic entry length (𝐿𝑒). Beyond 
this point the flow is assumed to be hydro-dynamically fully 
developed. The hydrodynamic entry length calculations are 
based on two different methods. In the first method it is 
assumed that the free-stream velocity at the centerline varies 
with the axial distance and a boundary layer is developed along 
the pipe. In this method integral momentum with boundary 
layer is adopted. In the second method the initial conditions are 

given by a uniform velocity distribution throughout the cross-
section of the pipe. The method assumes that transient term can 
be treated like the convection term for steady developing flows. 
Transient velocity distribution is used to calculate the time to 
achieve steady state condition. From the calculated time and 
average velocity, the distance travelled by a fluid particle to 
reach the developed stage is found. This is the hydrodynamic 
entry length [3]. 

The estimation of 𝐿𝑒 is very important because some equations 
such as the Darcy-Weisbach equation for frictional head loss, 
often applies only to the hydro-dynamically fully developed 
flow portion of the pipe flow. Furthermore, measurement 
devices such as orifice plates, venture tubes, flow nozzles pitot 
tubes, hot-wire anemometers, etc, must be placed in the region 
where the flow is hydro-dynamically fully developed. 
Otherwise, improper installation of such devices leads to 
inaccurate readings and resulting wrong calculations. In the 
literature on fluid mechanics and heat transfer numerous 
studies and formulas about entry length have been reported so 
far. For instance, it was proposed that the entry length for 
turbulent flows in circular pipe can be taken as 50 times of pipe 
diameter, D [2]. Another suggestion was stated as follow [4]: 

 (
𝐿𝑒

𝐷
)

𝑙𝑎𝑚𝑖𝑛𝑎𝑟
= 4.4𝑅𝑒𝐷

1/6 (1) 

Where 𝑅𝑒𝐷 is the Reynolds number based on pipe diameter (D). 
Some other formulas on the entry length in both laminar and 
turbulent flows are given in Equation (2-8) [1],[5]-[7]. 
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(
𝐿𝑒

𝐷
)

𝑙𝑎𝑚𝑖𝑛𝑎𝑟
= 0.05𝑅𝑒 (2) 

 (
𝐿𝑒

𝐷
)

𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡
= 1.359𝑅𝑒𝐷

1/4 (3) 

 (
𝐿𝑒

𝐷
)

𝑙𝑎𝑚𝑖𝑛𝑎𝑟
= 0.06𝑅𝑒 (4) 

 (
𝐿𝑒

𝐷
)

𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡
= 4.4𝑅𝑒1/6 (5) 

 (
𝐿𝑒

𝐷
)

𝑙𝑎𝑚𝑖𝑛𝑎𝑟
= 0.065𝑅𝑒 (6) 

 (
𝐿𝑒

𝐷
)

𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡
= 0.693𝑅𝑒𝐷

1/4 (7) 

 (
𝐿𝑒

𝐷
)

𝑙𝑎𝑚𝑖𝑛𝑎𝑟
= 0.057𝑅𝑒 (8) 

Although large number of formulas have been reported to 
calculate the entry length in circular cross-sectional pipes a few 
works have been done on non-circular pipes. The oldest 
expression on the subject was proposed as follows [8],[9]: 

𝑥𝑒 =
𝑥′𝑒

𝐷
=

0.6

(0.035𝑅𝑒 + 1)
+ 0.056𝑅𝑒 (9) 

Where 𝑥′𝑒 is the actual entry length. Equation (10) and 
Equation (11) were proposed for laminar flows in pipes and 
channels [10]. 

𝐿

𝐷
= [(0.619)1.6 + (0.0567Re)1.6]1.6 (10) 

𝐿

𝐷
= [(0.631)1.6 + (0.0442Re)1.6]1.6 (11) 

Laminar flow in both circular and non-circular pipes were also 
investigated by Bahrami and Tamayol [11]. A study on the entry 
length in turbulent pipe flows presented that the centerline 
mean velocity is associated with ratio of boundary layer 
thickness and hydraulic diameter [12]. Velocity distribution in 
a two-dimensional (2D) model was showed by means of 
indirect turbulence model after the validation of the results 
with direct numerical simulation (DNS) of Navier-Stokes 
equation [13]. Axial velocity and skin friction coefficient 
distributions through a turbulent pipe flow were calculated 
[14] and pressure drop in circular and non-circular cross-
sectional pipes were analyzed for fully developed turbulent 
flows [15]. 

It was reported that the entry lengths in circular and non-
circular conduits in laminar flows are not longer than that of the 
turbulent internal flows [16]. 

The entry length is not only important in fluid mechanics, but 
also in heat transfer where the counterpart of hydraulic entry 
length is the thermal entry length (𝐿𝑡). Thermal entry length is 
defined as the length from the pipe inlet to the point where the 
dimensionless temperature profile becomes invariant of the 
pipe length [17]. In turbulent flows, 𝐿𝑡 is relatively short due to 
intense turbulent transverse transport of energy. Up to now, 
several experimental and numerical studies have been 
reported for thermal entry length in literature for laminar, 
turbulent, smooth and rough surfaces [18]-[20]. It was 

reported that heat transfer coefficient that varies with the axial 
as well as radial distances depends on flow velocity, dimensions 
and surface nature [21]. Thermal entry length is characterized 
by Prandtl (𝑃𝑟) and Re numbers while hydrodynamic entry 
length depends on Re number. Both lengths may have the same 
values when 𝑃𝑟 ≈ 1, or, for large Pr, the thermal entry length 
may be very larger of the two [22]. 

Corresponding literature survey reveals that there are few 
studies dealt with the hydrodynamic entry length for circular 
and non-circular cross-sectional pipes. However, the effects of 
the roughness on the hydrodynamic entry length of pipes with 
various cross-sections have not been reported so far and this is 
the main motivation behind the present study. It should be 
noted here that the present study just focuses on the 
hydrodynamic entry length since thermal entry length is out of 
scope of the paper. 

2 Mathematical model and numerical method 

In the present study, effects of roughness on the entry length of 
pipes with various cross-sections have been investigated by 
considering three different cross-sections; circular, equilateral 
triangle and square as shown in Figure 1(b). For comparison, a 
common parameter called hydraulic diameter (𝐷ℎ) has been 
defined as given in Equation (12): 

𝐷ℎ =
4𝐴𝑟𝑒𝑎

𝑊𝑒𝑡𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟
 (12) 

Where area is the cross-sectional area of the pipes and the 
perimeter is the wetted surface. It should be noted here that for 
an appropriate comparison the hydraulic diameter of the 
circular, triangle and square cross-sectional pipes are fixed to 
𝐷ℎ = 0.6 𝑚 while the length of the pipes are 50 m. Simulations 
have been run for free-stream turbulence intensity (𝐼) of 0.037 
that was calculated as a function of Re number. As shown later, 
two more free-stream turbulence intensities have been used in 
the simulations to reveal its effects on the hydrodynamic entry 
length. Investigated geometries and corresponding values used 
in the simulations have been given in Table 1. Water with 
density  = 997.561 𝑘𝑔/𝑚3 and dynamic viscosity  =
8.887 × 10−4 𝑃𝑎𝑠 has been used as working fluid that enters to 
the pipe from left-hand side and leaves it from the right side as 
shown in Figure 1(a). Therefore, left side of the pipe was 
defined as velocity inlet while the right one was specified as 
pressure outlet. All the remaining surfaces were assumed to be 
no-slip walls for the cases of smooth pipes and roughened 
surface pipes. 

 

(a): Boundary conditions. 

 

(b): Investigated cross-sections (dimensions are in m). 

Figure 1: Boundary conditions and investigated cross sections. 

Initially, the walls were kept smooth and simulations were run 
for that case. Then, their surfaces were considered as rough 
wall with various heights as shown in Table 1. 
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Table 1: Investigated geometries and corresponding values 
used in the simulations. 

 Circle Square Triangular 

Dh (m) 
 

0.6 
 

0.6 
 

0.6 
 

ReDh 

(x105) 

1.20, 2.39, 
3.59, 4.78, 
5.98, 7.17 

 

1.20, 2.39, 
3.59, 4.78, 
5.98, 7.17 

 

1.20, 2.39, 
3.59, 4.78, 
5.98, 7.17 

 

/Dh 

0.0000 
0.0167,  
0.0333, 
0.0500, 
0.0667 

0.0000 
0.0167,  
0.0333, 
0.0500, 
0.0667 

0.0000 
0.0167, 
0.0333, 
0.0500, 
0.0667 

Pipe geometries have been split into several volumes called 
grid or mesh. The mesh structure applied to the pipes is given 
in Figure 2. 

  

      (a): Square.                    (b): Circular. 

Figure 2: Mesh structure for different geometries. 

Grid density has been increased towards the surfaces of the 
pipes to obtain the desired y+ value as shown in Figure 3. The 
non-dimensional distance between the wall surfaces to the first 
grid point can be calculated by means of y+ value. Figure 3 
makes clear that the maximum magnitude of the y+ is less than 
50 at the inlet. At the pipe surfaces it reduces to approximately 
30. 

 

Figure 3: Wall y+ distributions along the pipe. 

Before proceeding into the analyses a grid independence study 
was performed for the same grid structure. Grids (meshes) are 
termed depending on their number of mesh elements such as; 
rough mesh (104664 elements), normal mesh (305388 
elements), fine mesh (1421508 elements) and finally finer 
mesh (2010572 elements). Analyses have been performed with 
each mesh and their results were compared in terms of axial 
velocity distribution. Figure 4 shows the grid independence 
study performed for a square cross-sectional smooth pipe.  
Comparisons reveal that from the inlet to the point where axial 
velocity reaches its maximum almost all the meshes have the 
same velocity distribution. Although this is partially correct for 
the region where flow is fully develop, however, there are some 
minor discrepancies between the rough and finer meshes after 
decreasing of the axial velocities and getting to a plateau. From 
𝑥/𝐷ℎ = 60 to the pipe exit all meshes have the same velocity 
magnitude. In the recovering region the fine mesh is closest to 
the finer one and therefore, other meshes have been eliminated. 
Considering the available computational resources all the 
remaining simulations have been carried out with the fine 
mesh.  

 
Figure 4: Mesh independence study. 

The steady - incompressible continuity (Equation (13)) and 
momentum equations (Equation (14)) are given as follows. 

𝜕𝑈𝑖

𝜕𝑥𝑗
= 0 (13) 

𝑈𝑖

𝜕𝑈𝑗

𝜕𝑥𝑖
= −

1

𝜌

𝜕𝑝

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑖
(𝜈

𝜕𝑈𝑗

𝜕𝑥𝑖
− 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅) (14) 

Where 𝑈 stands for the velocity components, 𝑝,  and𝜈 
represents the pressure, density and kinematic viscosity of the 
fluid [1]. When a decomposition is applied to the flow variables 
(velocity components and pressure) these variables must be 
rewritten in terms of mean and fluctuating components. 
Reynolds stresses in the end of the momentum equations need 
to be modeled to get a solution. Such models are known 
turbulence models. Although several turbulence models are 
available in the literature, standard 𝑘 −  (SKE) turbulence 
model has been adopted in the present study since it was 
proved that SKE turbulence model can be used for duct flows 
[23],[24]. The governing equations for SKE turbulence model 
have been given for turbulence kinetic energy, 𝑘 (Equation 
(15)) and its dissipation rate,  (Equation (16)) as given below 
[25]: 

𝜕(𝜌𝑘)

𝜕𝑡
+ div(ρkU) = 𝑑𝑖𝑣 (

𝜇𝑡

𝜎𝑘
𝑔𝑟𝑎𝑑𝑘) + 2𝜇𝑡𝑆𝑖𝑗𝑆𝑖𝑗 − 𝜌휀         (15) 

𝜕(𝜌휀)

𝜕𝑡
+ div(ρεU) = div (

𝜇𝑡

𝜎𝜀
𝑔𝑟𝑎𝑑휀) + 

𝐶1𝜀

휀

𝑘
2𝜇𝑡𝑆𝑖𝑗𝑆𝑖𝑗 − 𝐶2𝜀𝜌

휀2

𝑘
 

(16) 

Where the first terms in the above equations represent the time 
rate of change of 𝑘 or  and transport of 𝑘 or  by convection. 
The other terms in the right hand side of the equations are for 
transport of 𝑘 or  by diffusion, rate of production of 𝑘 or  and 
finally rate of destruction of 𝑘 or , respectively. Eddy viscosity, 
𝜇𝑡is defined as given in Equation (17): 

𝜇𝑡 = 𝜌𝐶𝜇

𝑘2

휀
 (17) 

The magnitude of the dimensionless constants presented in  
Equation (14) – Equation (17) are given in Table 2. 

Table 2: Empirical constants employed in equations. 

𝐶𝜇 𝜎𝑘 𝜎𝜀  𝐶1𝜀 𝐶2𝜀 

0.09 1.00 1.30 1.44 1.92 

Pressure field is solved by SIMPLE algorithm which is based on 
pressure-velocity coupling. SIMPLE is a commonly used 
algorithm for calculating pressure and velocity fields in an 
iterative manner. All the governing equations are discretized 
using a cell based finite volume method and the advection 
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terms are discretized with a first-order upwind interpolation 
scheme. In the present study, the numerical results were 
obtained by solving the above equations iteratively. Each 
computation took approximately 10001500 iterations were 
continued until residuals were less than 10-3 for all cases. 

3 Results 

Validation of the present simulations have been done by 
comparing them with the data of Anselmet et al. [12]. From 
Figure 5 it is seen that there are a perfect agreement between 
two studies from the inlet of the pipe to 𝑥/𝐷ℎ = 30 where it is 
defined as hydro-dynamically developing region. In the hydro-
dynamically developing region the axial velocity accelerates 
due to the thickening of the velocity boundary layer regarding 
the shape of the cross-section of the pipe [12]. Although the 
maximum velocity reported by Anselmet et al. [12] decreases 
after 𝑥/𝐷ℎ = 30, velocity obtained from the present study 
increases approximately 4% until 𝑥/𝐷ℎ = 38. Then it decreases 
and follows the experimental data from 𝑥/𝐷ℎ = 50 to the outlet 
of the pipe. The region where axial velocities do not change any 
more is the hydro-dynamically developed flow region. A 
discrepancy between two results is seen in the region that 
covers 30  𝑥/𝐷ℎ   50. 

The region that starts from the station where the axial velocity 
makes a peak and to the station that the velocity stabilizes is the 
region where the flow is recovering. It has been thought that 
although it works well in the other regions, the turbulence 
model preferred in the present study is incapable to calculate 
the velocity distribution correctly in that complex region. It is 
seen that except that region the present study is agreed well 
with Anselmet et al [12] and Yuksel [2]. 

 

Figure 5: Axial velocity distributions of the present study and 
Anselmet et al.[12] at 𝑅𝑒 = 1.2 × 105. 

Development of the flow has been checked by comparing the 
velocity distributions at 𝑥/𝐷ℎ = 25 and 𝑥/𝐷ℎ = 58.33. Figure 6 
reveals that the flow has not become fully developed yet at 
𝑥/𝐷ℎ = 25 since the velocity profile is completely flat at the 
region covers −0.2  𝑦/𝐷ℎ  0.2. 

 

Figure 6: Axial velocity distributions at various stations in the 
square cross-sectional pipe. 

Validation of the present numerical study is also performed by 
comparing the results with the solution of 1/n power law 
velocity profile: 

𝑢

𝑢𝑒
= (

𝑦

𝛿
)

1/𝑛

 (18) 

Where 𝑢, 𝑢𝑒 , 𝑦,  and n stands for x-velocity at any location, inlet 
velocity in x-direction, boundary layer thickness and constant, 
respectively. Theoretical velocity distributions are presented 
for two different n values; 𝑛 = 6 and 𝑛 = 7 (Figure 7). It is 
demonstrated that the theoretical and computational results 
are in good agreement specifically after 𝑦/ = 0.5. Despite the 
fact that some differences are occurred from the inlet to 𝑦/ =
0.5, both numerical and theoretical velocities have the same 
distribution in the remaining parts of the boundary layer. 

 

Figure 7: Comparison of the axial velocity distributions in the 
circular cross-sectional pipe. 

Before proceeding into the analyses in more detail the effects of 
turbulence intensity (𝐼) on the entrance length have been 
investigated. As Figure 8 implies the hydrodynamic entry 
length is barely affected by the increase of the freestream inlet 
turbulence intensity. This is fairly consistent with the results 
reported for a helically coiled pipe [26]. 

 

Figure 8: Effects of turbulence intensity (I) on the entry length. 

Effects of roughness in a square cross-sectional pipe are given 
in Figure 9 where the change of axial velocities is demonstrated 
for roughness of /𝐷ℎ = 0.0167, 0.0333, 0.0500 𝑎𝑛𝑑 0.0667. At 
𝑅𝑒 = 1.19 × 105 it is seen that there is a direct proportion 
between the roughness height and maximum velocity at the 
centerline of the square pipe.  When the square pipe surface is 
assigned to be roughed of /𝐷ℎ = 0.0167 velocity becomes 
higher than that of the smooth pipe along all the pipe. When the 
roughness of the pipe surface increases the velocities at any 
location along the pipe and maximum velocity values increase 
as well. Another result that is consistent with the literature is 
that increasing the roughness shortens the entry length since 
the flow can able to be fully developed at earlier positions. 
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Figure 9: Effect of roughness on the axial velocity of a square 
cross-sectional pipe (𝑅𝑒 = 1.19 × 105). 

In Figure 10 effects of roughness in a circular cross-sectional 
pipe are depicted. It is clear that the correlation between the 
roughness height and entry length is almost the same for 
square cross-sectional pipe. However, the magnitudes of the 
maximum velocities at any roughness in the circular cross-
sectional pipe are lower than the maximum velocities occur in 
square cross-sectional one and the flow becomes fully 
developed in a shorter distance when the pipe is circular cross-
sectional. Velocity distributions reveal that the higher surface 
roughness leads forming the flow to be fully developed in 
advance regardless of the cross-section of the pipe. 

 

Figure 10: Effects of roughness on the axial velocity 
distribution in the circular cross-sectional pipe (𝑅𝑒 = 1.19 ×

105). 

Velocity distributions demonstrated in Figure 11 for smooth 
and roughened equilateral triangle cross-sectional pipes 
display that the entry length in equilateral triangle pipe is quite 
close to the entry length in square cross-sectional pipe and 
longer than that of the circular cross-sectional pipes as shown 
later. 

Effects of inlet velocities on the entry lengths in smooth pipes 
with different cross sections are presented in Figure 12.  
Figure 12a reveals that the longest entry length is formed in the 
triangle cross-sectional pipe while the shortest is seen at the 
circular cross-sectional one at 𝑅𝑒 = 1.15 × 105. When Re 
number increases the entry lengths for all geometries increase. 
The maximum velocity occurs in the equilateral triangle while 
the lowest velocity magnitude is occurred in circular  
cross-sectional pipe regardless of the Re number. Figure 12 
deduces that when Re number increases the magnitude of the 
maximum velocity decreases a bit no matter the cross-section 
of the pipes. 

 

Figure 11: Effect of roughness on the axial velocity distribution 
in the equilateral triangle cross-sectional pipe (𝑅𝑒 = 1.19 ×

105). 

 

(a): 𝑅𝑒 = 1.15 × 105. 

 

(b): 𝑅𝑒 = 2.39 × 105. 

 

(c): 𝑅𝑒 = 7.17 × 105. 

Figure 12: Axial velocity distribution in smooth pipes with 
various cross sections at different Re numbers. 

Change of entry lengths with Re number are given in Figure 13 
for vast range of Re numbers when the walls of the pipes are 
smooth. These lengths were measured where the fluctuation of 
axial velocities were less than %1.7. Although it is known that 
the thermal and hydrodynamic entry lengths are shorter in 
turbulent flows than that of the laminar flows, the 
hydrodynamic entry length may change with Re numbers 
because at high velocities the boundary layer on the pipe 
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surface will be suppressed by the flow that delays the merging 
of the boundary layer and extends the entry length. It is seen 
that entry lengths increase with Re number as aforementioned. 
At partially low Re numbers the lengths of the 
hydrodynamically developing regions are very close to each 
other`s. However, as Re number increases the length of the 
hydrodynamically developing region increases and the gaps 
between the magnitudes of the entry lengths increase several 
fold. 

 

Figure 13: Entry length at various Re numbers in square, 
circular and triangle cross-sectional pipes. 

4 Conclusion 

In the present numerical study, effects of surface roughness and 
geometrical shape of cross-section of the pipes on 
hydrodynamic entry length are investigated at various Re 
numbers. Series of simulations reveal that when the pipe 
surfaces are kept smooth the circular cross-sectional pipe has 
the shortest hydrodynamic entry length while equilateral 
triangle square cross-sectional pipe has the longest. When the 
surfaces are rough the shortest and longest entry lengths are 
occurred in equilateral triangle and circular cross-sectional 
pipes, respectively. It is deduced that Re number has a great 
effect on the entry length regardless of the surface roughness 
and type of the cross-section of the pipe.  
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