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ABSTRACT

The problem of a steady, non-linear, mixed convective two dimensional laminar boundary layer flow of a viscous,
incompressible nanofluid past an inclined stretching plate in the presence of magnetic field, heat generation and
suction has been considered. Two different types of nanoparticles such as copper and alumina with the base fluid
water are considered. Using a similarity approach, the governing partial differential equations are transformed
into ordinary differential equations and they are solved numerically using MATLAB. Numerical investigations are
carried out for different values of physical parameters and the effect of all these parameters over the flow field and
temperature are discussed by means of graphs. The numerical values of skin friction coefficient and rate of heat
transfer for various values of physical parameters are also obtained and are tabulated. Comparison with
previously published results for the regular fluid is presented and it is found to be in excellent agreement.
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INTRODUCTION

The laminar boundary layer flow over a stretchingace has attracted the attention of many reseasch the last
several decades. The analysis of such flows fppligations in many areas such as the aerodynaxtiagston of
plastic sheets, the boundary layer along matedablling conveyors, the cooling of an infinite métaplate in a
cool bath, and the boundary layer along a liguitl fn condensation processes. In special, the proslconcerned
with the mixed convective hydromagnetic boundaryetaflow and heat transfer past a stretching serfted
applications in polymer technology and metallurgyene hydromagnetic techniques have been used. 8bthe
industrial examples of the problem are extrusiomcpsses, cooling of nuclear reactors, glass fibwdyztion, hot
rolling, wire drawing and crystal growing.

Sakiadis [1] was the first person to discuss timeitar boundary layer flow of a viscous and inconspiiele fluid
caused by a continuous moving rigid surface. Thavfbver a linearly stretching sheet for the steady-
dimensional problem was analysed by Crane [2]. &tigses of flows usually occur in the drawing ddgtlc films
and artificial fibres. The hydromagnetic mixed ceative flows over a stretching surface were ingggéd by [3-
6]. Mucoglu and Chen [7] analysed the study onedigonvection along an inclined flat plate, witle #ngle of
inclination from the vertical and the plate is kegita uniform temperature. Later, many investigetiavere
proposed on hydromagnetic flow over inclined stigtg surface considering various physical situaiand few
of them are [8-12].

Recently, Nanofluid is a new class of fluid withnoaized particles dispersed in a poor thermal cotidty base
fluid, such as water and ethylene glycol, to insee#is thermal conductivity. These particles, galemetal or
metal oxide, increase conduction and convectiofifictent, allowing for more heat transfer out okthoolant. It
seems that the nanofluid was first introduced bpiGimd Eastman [13] and it was adopted by manyarebers.
There are several industrial and engineering aptitins of nanofluids such as chemical productiatarsand
power plant cooling, cooling of transformer oiloguction of microelectronics, automotive and ainditioning
cooling, advanced nuclear systems, nano-drug dglivaicro fluidics, transportation, biomedicine,lidestate
lighting and manufacturing.

The recent book by Das et al [14] and more recgview paper by Kakac and Pramuanjaroenkij [15] erachan
excellent aggregation of the study done on namdgluDztop and Abu-Nada [16] analyzed the numestaly of
free convection in partially heated rectangular lesures filled with nanofluids using different typeof
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nanoparticles. Khan and Pop [17] have proposegitbielem of laminar fluid flow over the stretchingriace in a
nanofluid and they investigated it numerically. AlnjDevi and Julie Andrews [18] studied the lamitaundary
layer flow of nanofluid over a flat plate and it svéound out that the suspended nanoparticles eehitwecheat
transfer capacity of the fluids. The convectivesland heat transfer of an incompressible viscousfhaid past a
semi-infinite vertical stretching sheet in the gnese of a magnetic field was examined by Hamad. [Tyamkha
and Aly [20] focused on the numerical solution tdagly natural convection boundary-layer flow ofamafluid

consisting of a pure fluid with nanoparticles alangermeable vertical plate in the presence of mithgfield, heat
generation or absorption, and suction or injecéffacts. Rana et al [21] investigated the steadyethiconvection
boundary layer flow of an incompressible nanoflaldng an inclined plate embedded in a porous meditim

laminar hydromagnetic mixed convection flow of ceppvater and alumina-water nanofluids over an medi
plate was considered by Anjali Devi and Suriyakuif22]. Aly et al [23] analysed the analytical andnmerical

solutions for mixed convection boundary-layer ndundf flow along an inclined plate embedded in aqus
medium. Yacob [24] demonstrated the mixed convactibfluid flow and heat transfer over a stretchirggtical

surface immersed in a nanofluid. Srikanth et &l [RBvestigated theoretically the MHD flow of a rdluid past
an inclined permeable plate with constant heatcmand thermal radiation.

In the present study, our main objective is to giigate the effects of suction and internal heaegation over the
mixed convective hydromagnetic flow over an incatingtretching plate with two different types of nfuoins
namely, copper-water and alumina-water nanofluiisrough an appropriate similarity transformatiohg t
governing partial differential equations are redudéeto ordinary differential equations, which aken solved
numerically using MATLAB. The effects of the var®unon-dimensional parameters namely, Magnetic petem
volume fraction, angle of inclination, Suction paeter, heat generation parameter, mixed conveg@ameter
and Prandtl number over the flow field and temperadistribution are discussed with the aid ofpipsa The
numerical values of skin friction coefficient andi$éelt number are also analysed with the helpldésa

FORMULATION OF THE PROBLEM

Consider the steady two-dimensional, incompressibi@inar, hydromagnetic mixed convective nanofiflav
over an inclined stretching plate with the effeatsuction and internal heat generation. The gkiaclined at an
angle of inclinatiore with the vertical direction. The gravitational aterationg is acting downward. The physical
coordinategx, y) are chosen such that- axis is chosen along the plate andheaxis is measured normal to the
surface of the plate. The stretching velocity af thate is linear, which is taken as= U,,(x) = ax wherea is a
dimensional constant. The temperature of thecétieg surface if,,(x) = T,, + bx and the ambient temperature
is T,. The fluid is water-based nanofluid containing tdifferent types of nanoparticles namely Cu (coppexd
Alumina (Al,O3). It is assumed that the constant suction veloaity normal to the stretching plate. A uniform
magnetic field of strengtB,is applied normal to the plate. The magnetic R&gaumber is assumed to be small
and therefore the induced magnetic field is assutbdik negligible in comparison to that of the &apimagnetic
field. Further, since the flow is steadyrl E = 0. Also divE = 0 in the absence of surface charge density. Hence
E = 0 is assumed. Moreover, it is assumed that theusand joule’s dissipation are considered to lyigible.
The thermophysical properties of the nanofluidsgiven in Table 1.

Table - 1 Thermo Physical Properties of Base FluitVater, Copper and Alumina at 25C (Oztop and Abu Nada [16])

p (Kg/nt) C, (J/Kg.K) K (W/mK) | gx10Pk™

Water 997.1 4179 0.613 21
Copper 8933 385 400 1.67
Alumina 3970 765 40 0.85

Under the above assumptions, the equations of Méihdary layer flow are

ou ov

oxTay =0 @
u u 0%u | g(pB)ns(T-To)cosa  gBZu

U=+ V==V, - 2
ax ay ~ Y ay? Pnf Pnf 2)
0 0 92 —T,

uZ 4L = T 4 Q0T 3)

ox oy~ oy (PCp) g
The boundary conditions for the velocity and terapae of this problem are given by
Aty=0, u=U,(x), v=—v,,T=T,(x) =T, + bx 4)

As y > o, u-0, T-T,
Here u and v are velocity components in x andtgctions respectively/,, (x) = ax is the stretching velocity,
is the suction(v,, > 0), By is the strength of the magnetic field apgs the internal heat generatié@, > 0).
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For the present study, water has been considerthe dmse fluid with Pr = 6.2 at 5. The nanofluid considered is
water mixed with solid spherical copper and aluoniminanoparticles. The effective density, heat ciapatynamic
viscosity, thermal expansion coefficient, thermi#flugivity and the thermal conductivity of the ndhuids are given
by
u
pup = A= ®pr+9ps, (06, = A =9)pCo), +d(pCo), iy = 7= ;)25
k kg + 2k; — 2¢(ky — k)
OBy = (1 = )y + BPB)s ,tny = oL =
! 4 S0, o)y K ks 2k + (ke — k)

METHOD OF SOLUTION
In order to seek the solution of the problem, thikofving dimensionless variables are introduced:

$0x,y) = xJav; F(n), 0=y \f o) = 2= (5)
wherey (x, y) is the stream function such that it satisfies Bgwith u = % , U= —% and@ is the dimensionless

temperature. It is obtained that
u="U,0)F ), v =—Javy F(n) (6)

The momentum and energy equations together witbah@dary conditions can be written as

F"+(1—¢)?® {(FF" —F?) [(1 —P)+¢ (”—)] — M?F'+ 2 [(1 -+ ¢ (m)] 96056{}=0 (7

(B¢
1 knf _ (p P) _
Pk [(1 ¢)+¢(C)](F9 FO)+HH =0 (8)
with the boundary conditions as follows:
Atn=0, F =S, Fp =1, 6(n =1 9)

As 1 - o, F'(n) =0, 6(m) =0
Here the primes denote differentiations with respeg. The corresponding dimensionless group that agpeahe
governing equations are defined by:

Uy, (x)x gB(T, — T)x® (Gr)y  gbBy
(Re)y = )y =T AT g T
2 _ U_Bg — _Yw —_ 9 Y
M= apf ’ S /an ’ HS a(pCp)f' Pr ar

Where (Re,), is the local Reynolds number(Gr, ), is the local Grashof numbed,is the mixed convection
parameter, M? is the magnetic interaction parameter, S is theti@u parameter, Hs is the Heat generation
parameter and Pr is the Prandtl number.

NUMERICAL SOLUTION

The set of nonlinear coupled differential equati¢fisand (8) along with the boundary conditions ¢@hstitute a
boundary value problem. This boundary value probtamnot be solved analytically. The system of cedpion-
linear differential equations with the boundary ditions are solved numerically in the symbolic cartgtion
software MATLAB for various values of the governipgrameters such as Magnetic interaction parameateie
of inclination, volume fraction, suction parametard heat generation parameter with fixed value®raindtl
number and mixed convection parameter. The asymgiotindary conditions given by equation (9) weglaced
by using a value of 15 for the similarity varialglg,, as follows

Nmax = 15, F'(15) =0, 0(15) =0
The choice of n,,4, = 15 ensured that all numerical solutions approachedatymptotic values correctly. The
absolute error tolerance for this method i€.10he numerical values for skin friction coefficteand the Nusselt
number are also obtained and are tabulated fogrdift values of ¥ ¢, «, S and H

Concerning this study, the physical quantities i@fcical interest are the local Skin friction caeiffnt G and the
local Nusselt number Nwand are defined as

— _w — ou
Cr = pr@n)? where t,, = s (6y)y=g (10)
— Xqw [ T
Nu, = P— where q,, = —ky (6y)y=g (12)
Using Eq.(5) into Egs.(10) and (11), we get
1 n le !
C/(Rey); =0 ¢>25 F"(0), Nuy(Rey); '2= —k—ffe (0) (12)
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RESULTS AND DISCUSSION

The mixed convection problem associated with steadw-linear, two-dimensional laminar flow of naluids
over an inclined stretching plate in the presentemagnetic field, suction and internal heat gerieratis
thoroughly studied and numerical results are obthilNumerical solutions of the problem are obtaifeed/arious
values of physical parameters involved in the stsdgh a2, a, ¢, S, Hs, Prand 1. The Prandtl number is
kept constant at Pr = 6.2 and the mixed conveqtemameter is fixed at = 1.5 for different values of physical
parameters such ag? = 0,1,2,4,a = 0°, 30°, 45°60° ¢ = 0.01,0.03, 0.05,0.1, S= 0.1, 0.3, 0.5,0.7 and
H; = 0.0, 0.5,0.7,1.0. Numerical computations of results are demondrtieough graphs over the flow field and
temperature. Further, Skin friction coefficient ah& non-dimensional rate of heat transfer are doaunt and are
presented by means of tables.

In order to check the accuracy of the computationathod, the numerical values of the skin frictmefficient

and the reduced nusselt number for a regular #und in the absence of volume fraction, suction ipatar and
Heat generation parameter with those reported lhgki®t al. [4] and they are presented in Tabld B. dbserved
from table 2, that the present results are foundbagoin excellent agreement between the resultdsexihich

justifies our numerical scheme in the case of mand n = 1 to that of Ishak et al. [4]. The effettmagnetic
interaction parameter over the dimensionless vildor both the copper-water and alumina-water flaids is

shown in Fig.1. The presence of transverse magfielitsets in Lorentz force effect, which resufighe retarding
effect on the velocity field. Increasing valuesnadignetic field, the retarding force increases emmkequently the
velocity gets decelerated. Thus, the presenceeofrthgnetic field reduces the momentum boundary lnjekness
due to the Lorentz force effect for both the typésanofluids.

Fig.2 reveals the influence of Magnetic field omperature distribution for both copper-water angh@ha-water
nanofluids. It is observed that for increasing ealwf M, the temperature increases which physically cosvbg
fact that the effect of Magnetic field is to enhartbe temperature. Also it is interesting to ses the thermal
boundary layer thickness increases due to incrieabtagnetic field for both the types of nanofluidr both the
copper-water and alumina-water nanofluids, the dsianless velocity for different values efis depicted in Fig.

3. It is observed that the increasexinthe velocity of the fluid gets decelerated. Italso elucidated that the
thickness of the momentum boundary layer decrefisemicrease im. Fig. 4 displays the effect of inclination
angle o on temperature distribution for specified paramsetéor both the copper-water and alumina-water
nanofluids. Whem increases, temperature also increases. Howewechtimge is not significant.

Table — 2 Comparison of skin friction coefficient ad nusselt number for various values of M whensS = 0,
Hs=0,a=0%¢=0,Pr=1and A1=1

M Ishak et al [4] Present Results
F'(0) —6'(0) F'(0) —6'(0)
0.0 -0.5607 1.0873 -0.5608 1.0873
0.1 -0.5658 1.0863 -0.5659 1.0863
0.2 -0.5810 1.0833 -0.5810 1.0833
0.5 -0.6830 1.0630 -0.6830 1.0630
1 -1.0000 1.0000 -1.0000 1.0000
2 -1.8968 0.8311 -1.8968 0.83111
5 -4.9155 0.4702] -4.9156 0.4703
1 T 1
Hs=0.5 Hs=0.5
0.9 S=05 S=05
a=45 a=45
0.8 9=0.01 ] 9=0.01
T 0.7,
0.6
F(n) 5
0.4
0.3
0.2] Cu-water
----- Al O -water ] Cu-water
o AN~ —/— N e A0 water
% 1 2 3 4 2 3 4
n —>» n —>»
Fig. 1 Dimensionless velocity profiles for differenM? Fig.2 Temperature distribution for different M 2
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F'(n)
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0.4
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0N Al LO water | 1
00 1 2 3 4
e
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rofiles for differentt

1
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09 M2=2.0
$=05
0.8 =001 ]
0.7t
0.6f
0
(")0.5-
0.4
0.3f
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0
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Fig.4 Temperature distribution for different values of a
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Fig.5 Dimensionless velocity profiles for differenvalues of Hs

1
Hs =0.5
09 M%=2.0
a =45
0.8] ¢=0.01
0.7]
0.6
F'(n)
05 $=0.1,0.3,05,0.7
0.4]
0.3]
0.2]
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ol O |- AIZO3-water
0 L X
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Fig.7 Dimensionless velocity profiles for differenvalues of S

n —»

Fig.6 Temperature distribution for different values of Hs
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Fig.8 Temperature distribution for diferent S

The influence of heat generation parameter on déinaetess velocity for both copper-water and alumirzder
nanofluids is portrayed through Fig.5. When thet iegenerated the buoyancy force increases whidtrn cause
the flow rate to increase giving rise to the insee@ the velocity profile for both the copper —eraand alumina-
water nanofluids. As a consequence, the hydrodymdmmundary layer thickness of the nanofluid incesawith
increasing heat generation parameter. Fig.6 shbevhéat generation parameter on the temperaturédtson for
both the copper-water and alumina-water nanoflu@&ing to the presence of heat generation (Hs >itQ}
apparent that there is an increase in the thertaé¢ ®f the fluid. Thus, the thermal boundary laffeckness
increases due to increase in heat generation pteafoeboth the types of nanofluids.
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The effect of Suction over dimensionless veloditglisclosed through Fig.7 for both the copper-watet alumina-
water nanofluids. The velocity is found to decaterwhich accompanies a rise in S. This phenomenerpected
because the suction pulls the fluid toward the waatid the buoyancy force acts as the pulling folicés worth
mentioning that the momentum boundary layer thiskneeduces for both the copper-water and alumirtarwa
nanofluids. Fig.8 displays the temperature distidsufor both the copper-water and alumina-waterafiaids for
different values of Suction. While the increasesottion parameter accelerates the transverse rfioiibn it has
tendency to decrease the temperature. Moreovethémemal boundary layer thickness and the surfao®eérature
are also decreasing for both the types of nandfluid

Fig.9 predicts the various values of volume frattiwver the dimensionless velocity for both the @ppater and
alumina-water nanofluids. The fluid velocity is falito decelerate with increasing number of copp@oparticles.

In controversy, the nanofluid velocity accelerabgdncreasing the volume fraction of aluminium npaxicles. It is
interesting to note that the nanofluid momentumnuolauy layer thickness decreases slightly by adtiegnumber
of copper nanoparticles while the reverse is trmiethe momentum boundary layer in the case of aliumi
nanoparticles. The temperature distribution fofedént values of for both the copper-water and alumina-water
nanofluids is shown in Fig.10. Increasing valuesaume fraction lead to both the enhancementeaigerature
and the thermal boundary layer thickness for bla¢hcbpper-water and alumina-water nanofluids.

1 1
Hs =0.5 Hs=0.5
09 M2=2.0 0.9 M2=20
S=05 S=05
08 a=45 08 a=45
0.7] 0.7]
0.6} 0.6}
F'(ﬂ)0.5 8(n),
0.4] L 0.4
0.3] 1 0.3]
¢=0.01,0.03,0.05,0.1
02 R 1 02 @=0.01,0.03,0.05,0.1
X
N Cu-water Cu-water |
01 \\ ----- AlLOwater | ] [ O \ N AlLO-water
. : o
% 1 2 3 4 0 1 2 3 4

n —> n —»
Fig.9 Dimensionless velocity profiles for differenty Fig.10 Temperature distribution for different ¢

Table — 3
F"(0) for copper — water and alumina-water

Table — 4

! Variation in —% 0'(0) for copper — water and alumina-water
f

nanofluids for different values of M?, a, ¢, S and H,
wheni =1.5and Pr=6.2

Variation in

nanofluids for different values ofM?, a, ¢, S and H,
wheni =1.5and Pr=6.2

1 k
" _onf
M @ | @ | S |Hs a-—g O M| o« | ¢ | S |Hs i 0O
Cu-water Al,O; — water Cu-water Al,O; — water
0 -1.177528 -1.139268
1 0 -1.578668 -1.547770 0 4513825 4517526
45 05| 05 0 4.423501 4.425643
2 0.01 -1.894297 -1.866861 1 |45 05| 05
1 5401313 5377428 2 0.01 4.352213 4.353628
7 4.237745 4.238408
0° -1.823434 -1.796437
5 | 30° 05 | 05| 1855797 -1.828600 0° 4.363394 4.364693
45° | 001 | | -1.894297 -1.866861 5 | 30° 05 | 05| 4358307 4.359660
60° -1.944683 -1.916930 45° | 0.01 | 2| 4.352213 4.353628
0.01 -1.894297 | -1.866861 60° 4344163 4.345662
o | 45° | 003 | Jo | 5o | -2.024549 -1.941820 0.01 4.352213 4.353628
0.05 : : -2.158342 -2.019739 2 45° | 0.03 05| 05 4.365763 4.370552
0.1 -2.509973 -2.228854 005 ™ ' 4.378498 4.387355
01 536837 1571263 0.1 4.407535 4.429375
5 | 45° | o1 | 03| g5 | 1742623 | -1.721353 , 0.1 2420316 2424280
: 05 | 05| 1894207 -1.866861 5 | 45° | oor| 03] g5 | 3346121 3.348833
0.7 -2.045111 | -2.011008 0.5 4.352213 4.353628
o0 1oo7772 L 880181 0.7 5.413996 5.414060
45° 05| -1.894297 | -1.866861 . 00 4884654 | 4884292
2 001 | 05| ;2| 'gason 1859938 > | 45° | 001l o5l 05| 4352213 4.353628
' : : : 1 07| 4.106558 4.109114
1.0 | -1.873690 -1.846592
10| 3.681647 3.687033
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Table 3 demonstrates the result of the skin faictoefficient for both the types of nanofluids thfferent values of
M?, a, ¢, Sand Hs when Pr=6.2 and 2 = 1.5. The individual effect of Magnetic interaction pareter,
angle of inclination, volume fraction and Suctianto decrease the skin friction coefficient forithacreasing
values whereas it enhances for increasing valueBeaf generation parameter for both the copperrwaate
alumina-water nanofluids. The reduced nusselt nunfilirevarious values of parameters used in our yaglis
presented in Table 4. Analysis of the tabular ddtews that the magnetic field, angle of inclinatemd heat
generation parameter have the same trend so asctease the reduced nusselt number. However, tbet eff
volume fraction and the effect of Suction are saimib enhance over the reduced nusselt number.

CONCLUSION

The problem of laminar hydromagnetic mixed conwertboundary layer flow of an incompressible viscous
nanofluid resulting from an inclined stretching fage in the presence of suction and internal heaegtion has
been investigated numerically. Numerical resultsviglocity and temperature distribution are obtdifer various
values of physical parameters. The variations in-dimnensional skin friction coefficient and reducHdsselt
number for various values of governing parametkss resented by means of tables.

The following conclusions are arrived from all fiesults and discussion of numerical computations:

» In the absence of volume fraction, suction andrimdl heat generation, the author’s results aradda be in
excellent agreement with that of Ishak et al. [dthe case of m=1 and n = 1.

» The influence of Magnetic field is to reduce thendnsionless velocity, skin friction coefficient atiéd reduced
nusselt number while its effect is to enhance #raperature for both the types of nanofluids. Havethe
similar effect is observed with the increase indhgle of inclination.

* Increase in volume fraction of copper-water naridflead to retardation in the velocity and the ogifmeffect
is noticed for alumina-water nanofluid. The entement of temperature, skin friction coefficientiagnitude,
reduced Nusselt number and as well as the thickokfse thermal boundary layer with increase inuvoé
fraction for both the types of nanofluids.

» The effect of Suction is to decrease the non-dim@as velocity, temperature and the skin frictiamefficient
whereas its effect is to increase the rate of tiaasfer for both the copper-water and alumina-nvadmofluids.

» Increasing values of heat generation parameten Bsnhancement the velocity, temperature and skdtidin
coefficient whereas its effect over the reducedsalisiumber is to suppress it.
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