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1. Introduction and main results
Let Q C R? a bounded cusp domain defined by
Q={(z,y) eR*:0<z<a,g(x)<y<p ()}, (1)

where a > 0 is small enough and ¢, ¢, are two real-valued functions defined on [0, a| and
satisfying the following conditions

L o=, =, € C*([0,a]) and ¢ (0) # 0.

2. ¢y, p, are strictly monotone functions on [0, a.

3. ¢;(0) =¢(0) =0, fori=1,2.

We suppose that 0f2 the boundary of €2 is defined by
I = {(x’¢1 (.T)) <z < a}?

[y = {(z,0y(2)):0<z<a},
I3 = {(a,y):p5(a) <y <y (a)},

We wish to study the following model elliptic problem
Au=h, ingQ, (2)
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subject to the following conditions
Op,u =0, on Iy, (3)

and
u=0, onI'y, u=0, onTIj, (4)

where Au = 02u + 02u and 0,u is the outward normal derivative.
We are concerned with the solvability of Problem (2)~(4) when the right-hand side h is
taken in the little Holder space h?” (2), with 0 < 2v < 1 consisting of functions f such
that f € C* (Q) and

|f (xay) B f (x’,y’)\

lim sup 5, = 0
e=0% o< (@) -’ ) lo<e [(z,9) — (@, 9)|I5

We assume also that
h(0,0) = (a, ¢y (a)) = (a, ¢, (a)) = 0. (5)

To the best of our knowledge, Comparatively with the LP-theory, there is a few results
available in the published literature concerning the Holder continuous regularity for elliptic
problems with mixed boundary conditions set on cusp domains. Most of these studies
focused on some particular domains containing a conical singularities, see [ 1], [ 8], [ 11].
This communication can be viewed as a continuation of [ 2], [ 4], [ 5], [ 6] in where the
solvability of Dirichlet problem for Laplace equation in little Holder space was discussed.
The paper is organized as follows. In the next section, we show that our problem can be
transformed by natural changes of variables into an abstract second order differential of
elliptic type. Section 3 is devoted to the study of the abstract version of the transformed
problem. In the last section, we go back to our first problem in the cusp domain and we
will prove our main result expressed by the following theorem

Theorem 1 Let h € h? (), with 0 < 2v < 1. Assume that
h (07 0) = ((Z, ¥1 (CL)) = <a7 12 ((I)) =0.

Then, the problem
0?u + 8§u =h, inf,

O,u =0, onls,
u=0, only, u=0, onljs,

has a unique strict solution u € C?(Q) such that
(o (x))2y O*u and (o (x))zy 8§u c h?(Q).

2. Change of variables

Consider the following change of variables
T :Q—1I,

) (6 = (- [ 5 ),

where II is the semi infinite domain
IT=10,400] x]0,1].
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Then

1 /
o = {0+ o) + Soo
¥ ®
1 2
+ {n2 (¢ +m¢')” Ogv + 2 (¢ +1¢') aggv}
1
+@ {2<P’90’2 — Py — 1 <<P<P" —2 (90’)2> } .

whith
v(&§n) = (voT)(z,y) =u(x,y),

g(&mn) = (goT)(x,y)=h(z,y).

Consequently, Problem (2) becomes
v+ 0Zv+ Lv=f, inTl, (7)

where

FEm=¢"(€g(&n), (&mn eIl (8)
and L is the second differential operator with C'"*°-bounded coefficients on II given by
Lo = 7*(¢h+ne) v+ 2 (s + ) Oyev + ' Ogv
+ (290’90’2 — oy =1 (9090” -2 (90')2)) .

It is easy to see that that condition (3) means that

O (§,0) — 0(§) Oev (£,0) = 0, (9)
where ) (5)
_ P2
N A

On the other hand, condition (4) implies that
U(L??):Oa 0<n<l,
v(4+00,m) =0, 0<n<1, (10)
v(&1), £>0.

The following lemma give us some informations about the regularity of the new hand
term f given by (8)

Lemma 2 Let 0 < 2v < 1. Then

1.
heh® Q)= feh®(l).
fen™ ) = (p)*heh?(Q).

Proof. The result is easily obtained by reiterating the same technique used in Proposition
3.1in [ 3].
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Remark 3 It is necessary to recall that any function of h2v (Q)_ccm be extended to a
function of h* () . This is why we shall write in the sequel h* (Q) or h* ().

As in [ 3] and [ 5], our strategy is based on the study of problem
v+ v =f, inll, (11)

associated with the following boundary conditions
v(L,n) =0,v(+00,n) =0, 0<n<l,
Opv (£,0) — 0 (&) Bev (§,0) = 0,v(£,0) =0, £ =0.

3. Statement and study of the abstract version of Problem (11)-(12).

(12)

In order to study the Problem (11)-(12) with respect to the variable 7, we introduce
the following vector-valued functions :

v 1 [0,1] = Gy ([0,+00]); n —v(n); v(n)(&) =v(En),
foo[0,1] = Gy ([0, 4+00]); n — f(n);  f(m)(&) = f(&n).

where
(0. +cD) = {u € C (000D Jim_w(e) =0}
Problem ( 1)-(12) can be written as an abstract differential equation
Vi) +Av(n) = f(n) 0<n<T,
(13)
v"(0) — Bv (0) = 0,v(0) = 0.
where
D (A) = {w € C? ([0, +00]) : w(0) =0},
LG = o, -
and
{ D (B) ={w € C} ([0, 4+o0]) : w (0) = 0}, (15)
(Bw) (&) =0(&) v (§).

The complete study of the abstract version of Problem (11)-(12) needs some informations
about the spectral properties of (14) and (15)

Lemma 4 The non densely defined operators (A, D (A)) enjoys the following propriety :

0, +o0[ € p(A) and 3 Ca > 0:YA>0 (A=A, ) < % (16)

Proof. First, observe that
D (A) ={w € Cy ([0, +00]) : w (0) =0}

On the hand, for ¢ € D (A), one has
+o0
(A=A = [ k€ s)olsds
0
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where
e~V sinh \/Xs 0<s<E,
V=
k(€ s) =
e—V2s ginh \/Xf s> €
VA
with
Re VA > 0.
Then

[ K otsias

Re V)¢

E
6_(

|/\|1/2T\/X (sinh(Re \/Xf) + cosh(Re ﬁf)) 191

< — |l
SO AMPRevd T F

Ca
< 7 lollg-

By the same way, one has

Lemma 5 The non densely defined operators (B, D (B)) enjoys the following propriety :

C
J=00,0[C p(B), 3Cp>0:YA>0 [[(B+A) |, < TB (17)

Remark 6 Now, we provide some auxiliary materials which are used to state our main
Theorem :

1. Propriety (16) implies that
Q = —V _A7

1s well defined and it is the infinitesimal generator of a generalized analytic semigroup
(e”Q)0<n<1, see E. Sinestrari [ 12].

2. Observe that due to (5) and (16), the real Banach interpolation spaces D4 (v) are given
by
Dy (v)={¢€h*([0,1]): ¢(0) = §(1) = 0} .

for more details, see A. Lunardi [ 10]
8. Thanks to (5) and taking into account Lemma 3 in [ 2], we deduce that
h* (T) = L=(]0,1[; D4 (v)) N B*([0,1]; E). (18)

From [ 13], we know that the unique solution of (13) is given by

Q' | Q' |
e"9b, + e(1=Mp, + 5 / e(”fs)Qf(s)ds + N /e(sn)Qf(s)ds
0 n
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where b; and by belong to E. These constants are uniquely determined by the boundary

conditions of problem. A formal computation gives
AL /
7B S —
un) = =42+ By [ 0Q (s)ds
0

A_l
_ (;?73) (Q + B) e

19901 f(s)ds

Afl
_ (629’3) (Q + B) e(2=mQ

e CQ 71 f(s)ds

/
/

1

A_l
S (1 Q- By [ e0Q i (s)ds

0

n 1
1 1
+5 / eI Q L f(s)ds + 3 / Q el TMC f(s)ds
0 n

where

A(QB) = (I — €2Q) (Q + B) + 2QG2Q

Remark 7 It is necessary here to indicate that the existence of A(_Ql B) 18 jJustified by

1. The use of the sum’s operator theory which allows us to prove that the bounded operator
(Q + B) " is well-defined, see [ 7],[ 5]

2. The use of the results of [ 10] p.60, which affirm that the operator I —e?? is well-defined,
boundedly invertible.

Due to the regularizing term A(_Ql B) and by adapting the same techniques used in [ 3]
and [ 9], we obtain the following useful results

Proposition 8 Let f € h?([0,1]; E) with 0 < 2v < 1 such that
fF0)=f(1)=0.

Then, Problem (13) has a unique strict solution

v e C*([0,1]; B) N C([0,1]; D(A))

satisfying the mazximal reqularity property

v" and Av € h**([0,1]; E).

Proposition 9 Let f € L>(]0,1[; Da(v)) N C([0,1]; E), with 0 < 2v < 1 such that
f(0)=f(1)=0.

Then, Problem (13) has a unique strict solution
ve W (0,1[; £) N L=(]0,1[; D (4)),

satisfying the maximal regularity property

V" and Av € L=(];0,1[; D4 (v)).
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Now, we are in position to summarize all results concerning our Problem (11)-(12)

Proposition 10 Let f € h?(II) such that
f(0.1) = £(0,0) = f (+00,.) = 0.

Then, there exists a unique strict solution v € C%(IT) of Problem (11) such that
0*v O —
5 5y € b ().
o5™ on?
4. Resolution of the original problem

Recall the complete equation of our initial problem (7) in IT
v+ 02v+ Lv=f, inTl,

where

FEn =¢*©g&n), (&mn) ell,

and L is the second differential operator with C'"*°-bounded coefficients on II given by

Ly =
2
1% (¢ +19')" Ohv + 2 (¢ + ') Diev
+90’8§v
+ (290’% — Py — 1 (sw" -2 (90’)2» v
Consider now the following Banach spaces

Xaq
= {ver):v(l,.)=0,v(+00,.) =0, 9v (,0) — 0(.) Fev (.,0) = 0,v(.,0) =0},

and
X, = {f € () : £(0,1) = £ (0,0) = f (+00,.) = 0}

Therefore, we deduce that the Laplace operator A is an isomorphism from X, into X,,.
We will denote its inverse by A~ meaning

A Xd — Xa,

AL X, — Xa

For a fixed £, > 0 large enough, we introduce the linear operator
M : h¥(II) — R?(I0),

19
Fo MP=F(E) f, (19)
where k is a real function of class C* defined as follows
0 0< &<,
k() =19 §-& 1<£<2,
1 £>2.

Proposition 11 The linear operator
M : r¥(II) — R (1),
feMf=Ek(@©)f,
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18 continuous and one has

||Mf||h2V(ﬁ)

< 2|1 fllper )

Proof. Since 0 < k < 1, then

M A oo

) < 1l ooy

Given a small § > 0. Let (&,,75), (£4,7,) € II such that

(§2,m9) # (§1,m1)
and ||(£5,7,) —

It is easy to see that
Mf (§2:m2) —
= k(&) f(§2m2) —
= k(&) f(&nma) —
= k(&) [f (€ama) —

Observe that
1k (€2) — K (€1)] < [&s

On the other hand, one has
| M f (§5m5) —

(&1,m)|| < 0. Assume, for instance that £; < &,, 1y < 1y

Mf (517”1)

k(&) f(&,m)
k(&) f (Exmi) + K (&) f(§1,m) —
F &)+ £ (E,m) [k (&) — K (&)]-

&

Mf (517771)|

1(&5
|f (527 772) _

=&, — 1
f(&1,m)]

DI
€2 — &

<
||(€2 - §177]2
’f(€27772) —

- 771)||2V
f(fp?h)‘

+ [ £l ooy €, — &, |21/

<
1(&2

SO

M f || oo my +

[1(€2—E€1:ma—m1)II<6

< 2{[fllpeeqm +

this implies that
1M fl v amy

Moreover

lim sup

0=0|(6g—&y my—m)II <6

IN

lim

=0 | (ey—&me—n)lI<8 |(&o

lim 612 = 0.
0—0

IN

— &1, — My

[1(€2—&1,ma—m1)II<0 ||(€2

& [ PR

| M f (§,m2) — M (&m0
(€2 — &1oma — 771)||2V

|f (€a:m2) — f (§1m)|

— &1y — 771)”21/ '

sup

< 2| fll vy -

|Mf <£27772) B Mf (517771)|
(62 = &1im9 — 771)||2V
|f<£277]2) B f(€17771)|
G e

|£2 - §1|
€ — &

60
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Set

L:=MolL.

It is easy to see that

L: h2+2”£ﬁ) — h¥(II),
[ Lf=k@©)f,

is continuous and one has

||Zth20(ﬁ) <2 ||L||h2"(ﬁ) :

Consequently we deduce that for a suitable ¢ large enough, the operator

A+ L,

is an isomorphism from X into X,. This, alllows us say that the following equation

v+ [AT Lo = AT (20)

is well defined. Therefore one can inverse equation (20) in the space X;. Consequently
one obtains the following representation

v=(T+A7'L) ATl (21)

At this level, to justify our main result it suffices Just to follow the same steps as in [ 3]
and | 6].
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