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1. Introduction

The nonlinear Schrodinger equation [1] appears in many physical contexts and applied
mathematics [8]. It is a very useful mathematical tool in describing many physical systems
in various fieldssuch as the propagation of classical waves in dispersive nonlinear media
[9].

It is a partial differential equation which describes the evolution over time of a quantum
object represented by a wave function 1 of a given physical system [1, 6, 7]. Also, it takes
different forms depending on the interaction potential or according to the type of nonli-
nearity. However, the nonlinear Schrodinger equation is usually described in dimension d
as :

D DA ) + s () (.) )

Wheret is the time, x is a spatial coordinate, the wave function ¢ of a system is a
postulate, which contains all the information, and unfolds several meanings. The letter ¢
denotes the complex number.
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d d
And we have x = ) rje; and A = > a‘Z—i_ is the Laplace operator. The parameter u
=1 =1 "
characterizes the nonlinearity of the problem[1].

To solve the equation (1), we look for a wave solution [6, 7] which is written in this
following form

Y (@,t) = e Mu () (2)

The parameter ) is interpreted physically as the chemical potential of the given system.
By replacing (2) in (1), we get the following FEuler-Lagrange equation :

1
—éAu + plul*u = \u (3)

In the case, where G is equal to the positive constant p, we will obtain the following
problem with constant that we will study in this paper.
We consider “the operator” H of Schrodinger [6] which for all u € Hj (Q2) :

Au = —Au + pu?

Where ) is an open bounded subset of RY with regular border 9Q and p € R*. Let
the problem be to find a function v € H} (2) and a real A € R solution of :

—Au+ pud = M in Q, Vu € RT (1)
u =0 on 0f)

This problem can be treated as an eigenvalue problem of the nonlinear "operator"
H with homogeneous Dirichlet condition. By using the Green’s formula, we obtain the
following energy minimization problem

w0

with J (v) = %/|Vl/|2—|—fz‘/y4foragive,u eERY,andve K=(veH (Q)//V2 =1
Q Q Q

Proposition 1. We suppose that x> 0 and if N is such that the injection of H} (Q)
in L* () is compact, then the functional J is infinite in Hj (Q2), the set K is non empty
and weakly closed in H] (©2) and J has at least a global minimum in K.

Remark 1. The problem (4) has more then a solution, since, u is a solution, then —u
and |u| are also solutions. To construct the iterative algorithm, we suppose that uy is
known at the iteration & and we find ug, ;. This is what we examine in the remaining
sections of this paper. For this, we posed g; = u? and we consider the next problem.

(5)

—AUjp1 + pgrups1 = Mgy in Q, V € RY
ug+1 = 0 on 0f)

This problem leads to a nonlinear eigenvalue problem according to the operator —A +
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pgrld.
Proposition 2. The solution u of the problem (4) is an eigenfunction associated to the

smallest eigenvalue of the operator —A + puu?Id. Then, it is solution of

1 2, M 2,2
ryrélfr(l§/]Vu| —|—§/uy (6)
Q Q
Proposition 3. All global minimum of J on K keeps a constant sign and the equation
(3) has a unique couple (u, \) solution such as u is nonnegative.
We have proved that the direct minimization problem (4) with a nonlinear constraint
has at most one nonnegative solution, which is also the positive single solution of the
equation(3). However, this last equation may admit an infinite solution and change sign.

2. Finite-element approximation

We propose an approach for an optimization of finite element analysis [4, 5|. Therefore,
we consider the first order finite-element method given by

Vi ={vn € C°([a,0]); Vhjwseisa) € Pr and vy (a) = vy (b) = 0}

Where i € {1,...,n} and with meshsize h =
We have :

2:1 Then V,, C H} (), and Vv, € V},.

n

vy (2) ZV (i) ¢ (1)

=1

with ¢, are the piecewise linear functions.
This method is used to evaluate the objective function with a nonlinear equality constraint
in order to find an approximate solution. The problem is discretized as follows :

Virélllr{th (vp) = in (Chvp, vp) (7)

with C = 3 (An+ §M,, ), K= qvn € R (B, va) = /Vi% =1,

Q
2 -1 -+ 0 41 - 0
-1 2 e 1 4 :
Ah:l 7Bh:ﬁ
A I U | N R 1
0 - -1 2 0 -~ 1 4

and M,, is a v dependent symmetric matrix.
Proposition 4. The function J, : K, — RY; v, — J (v},) is continuous on RY and K,
is a non-empty closed set of RY, then .J, has at least a minimum in Kj,.
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3. Iterative method

If u is a solution of (4) associated to the eigenvalue 2\, or if (u,\) is a solution of
(3) with u is nonnegative, then u is a solution of the following quadratic minimization
problem

1 2 M 2. 2
52%5/’“‘ —|—§/uy
Q Q

with the set K, =< v € H} () //uv =1 ». We will hold this note in what follows.
Q

Hence the objective idea of numerical solution of our problem, using the iterative me-
thod is to calculate the positive solution of (4) thanks to the following proposed algorithm :

— Choose vy > 0/ HUOHiQ(Q) =1
— For k > 0 calculate 7,1 solution of

1
Q Q

R Vk+41
-V =
k+1 k41l L2

- k=k+1
— if ||ogyr — kaLQ(Q) <ceork > kp.x RETURN
With £,,4, is the maximum number of iterations and ¢ is a given tolerance.

Proposition 5. Suppose that p = 0. If / uvg # 0, then the sequence (vy) J>0 Converges
Q
in H} (Q) to ¥ = u and it is a single non-negative solution of problem (4).
Proposition 6. For p > 0, if the sequence vy, — v in H} (), then v is a single
nonnegative solution of problem (4).

4. Numerical results

In this section, we proposed some numerical examples. We discuss the performance of
our proposed iterative algorithm. That is, while we have made a comparison between the
numerical results of this algorithm and the numerical results obtained by the pre-defined
function fminconMatlab. The function fmincon serves to minimize a quadratic subject to
nonlinear constraints. For 2 = ]0, 1|, the function fmincon solves the problem (7) without
any difficulties. However, if the number of discretization nodes n exceeds 80, the solution
begin to diverge as is shown in figure 1 (left). The figure 1 (right) shows that the proposed
method computes the solution and has encountered no problems for n = 100. We have
chosen kg = 500 and € = 1074,

For ;4 = 0, we have a solution associated to the linear calculated operator —A. The
exact solutioncorresponds to the function z — +/2sin (7x) as a proper function of the
linear operator —A associated with the smallest eigenvalue A\ = 72 = 9, 86960.
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Fig. 1 — Numerical results obtained by both function fminconMatlab (left) and the ite-
rative algorithm for p = 10 (right).
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Fig. 2 — Numerical results obtained by both function fminconMatlab (left) and the ite-
rative algorithm for p = 0 (right).

In figure 3 (left) we can see that the iterative algorithm computes the nonlinear solution
with success for n = 500 and g = 10. In addition, the number of iterations used is 124.
We can say that the iterative method is more effective in CPU time figure 3 (right).
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Fig. 3 — Numerical results obtained by iterative algorithm to n = 500 and p = 10 (left).
The CPU times presented in blue curve and red curve, respectively, by fmincon function
and the proposed method (right).
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Without imposing the constraint v > 0, there is a risk obtain the negative solution
which is the opposite of the solution we are looking for. But, the fmincon function give a
changing sign solution. This is the case of the following example, where we took p = 10,
2 =10, 100[, without considering the constraint v > 0, we get the solution illustrated in
figure 4.

Fig. 4 — Negative and changing signsolutionsfor n = 60.

In order to test the effect of the parameter of the problem, we have computed the
solution with different values of the size of 2 and i . We note that when the value p is very
high or when €2 is a large domain the function fminconMatlab and the iterative method
give a bad results. If the domain is wide ( for example Q = ]0,1000[ ) , the number of
discretization (n < 1000) is insufficient to approximate numerically the sought solution.

If the value p is very important ( for example p = 1000), the term / |Vol” becomes
0

negligible compared to the term p / v*. This explains the divergence of the solution.

Q
The iterative algorithm is more efficient and more optimal than the direct method.

Table 1 — Comparison of the numerical results.

n fminconMatlab | Iterative method
p=0 |60 [ A=09,87 A =9,898
=10 | 100 | A = 24,167 A= 24,167

5. Conclusion

In this paper, an eigenvalue problem of a nonlinear hyperbolic operator is studied. We
have proved the existence and the uniqueness of a nonnegative solution. In addition, we
have proposed a simple iterative to resolve this problem. The numerical result shows its
performance in CPU time and in convergence.
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Appendix

Proof of proposition 5
If 4 = 0 : Let the following minimization problem

1
min F (v) = min—/ Vol
'UeKvk vEky, 2
Q

To study the convergence, we go through various steps.

Beginning to prove that the sequence (||vg]|),>, is convergent. In fact, the following
inequality is immediate as Vg 1.

is a minimum of F' and vy is admissible : F' (0yy1) < F'(vg), which gives ”@’“““i’é(ﬂ) <

2
||UkHH5(Q)-

Knowing that vy = | Okt

—+1— and using the of Cauchy-Schwartz inequality, we have
|Uk+1HL2(Q)

0 < llorsill ey < lvell g -
So, the sequence <||vk|| H&(Q)> is a decreasing sequence and it is bounded below by

k>0
0, therefore it is convergent.
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In second step, we show that ||Tg11]| 12 (o) L
—00

In fact, we know that Fj, is a— convex, for a = 1.

F (501 + 30k) + 5 1Phi1 — vl < 3F (v6) + 3F (B41).-
As Upyq is a minimum, then we have

F (O41) + 3 0641 — UkHHI(Q) 5F (0) + 3F (Ok41)

- -2
Hona — vallige) < F 00) = F @en) = & (Il — 171130
And since ||Uk+1HHg(Q) < |[Ok41ll g3 (@) » then
11 2 2 2
3 10k1 = Orlliga ) < Mol @) = 10kl (0
According to the previous conclusion, we find ||0x1 — vg| m@ = 0

k—o00

Using the inequality of Poincaré : 3C}, > 0 such as

19kl 0y = ooy | < Insr = el sy < Co ks — el g

then ||vgi1 — UkHHg(Q) T 0.

In the third step, the sequence (Ux+1), is bounded in Hg () and the real sequence
(Ag), = <H7~}k+1”§15(9)>i5 also bounded. ) )

For a subsequence, 30 € H} () and A € R such as vy — v in H} () and \y — A in

k—oo
R.
Thanks to the compact injection of H} () into L*(Q), we have v, — @ in L? ().

k—oo
Since we have

_A'&kJr]_ = )\kvk; thus
/VkaVU = )\k/vkv Vv € D (Q)

When we tender k to 400, we obtain

/VﬁVv:X/Tw, Vv e D(Q)

Q Q

So —Av = A\v. Like this v > 0 p. p. and not null, therefore v > 0. B

The uniqueness of a positive proper function implies that v = u and A = .

Finally, the sequence (vy), converges weakly to u in Hy () and it is as ||vy]| Hi©) 7

”u”Hé(Q)’ in [3] we have (vy), converges strongly to u in Hy ().

Proof of proposition 6

If > 0 : The steps of this proof are similar to the case ;1 = 0, but assuming here that
the sequence (vy,), converges strongly to v in Hj (Q).

We recall that 71 is a solution of problem

min Fj (v) = min V) + %/U%UQ

/ka.:l /kazl Qo L

Q Q
We beginning by the step, to prove that ||6k+1||L2(Q) T 1. Such as

Vg41

U e T T
kt1 ||Uk+1HL2(Q) ’
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then, using the inequality of Cauchy-Schwartz, we have

1:/@k+1vkS/U%/@i+1,/vizli.e.
Q Q Q Q

k41l 20y = 1.

Besides, we have Fj, is strongly convex and vy; achieves a minimum for Fj, then
- - 2

3 F (Orer) + 5 1001 — vl o) < 3F (vr)

So,

it — wellyoy < 5F (o) = 3F (9k4)

giving

~ 2 ~
s =l < F0) = | [ ) F(ons)
Q
and since /ﬁiﬂ > 1, the

Q
i 101 = vkl 0y < F (08) = F (vk11)

< /|W| ——/rw+1| n / (02 — 2,1
< ;/|VUk| ——/|Vvk+1| +#/Uk/ Uk+1

lee that vy4q k—> vin H} (Q) and the injection of H} () in L* (£2) is continuous from

Rellich- Kondrachov (see [5]), then we have
1Or41 = vkl 1.0 0

Using the inequality of Poincaré : 3C}, > 0 such as

1Okl 20y = Nves1ll 2y | < N0er1 = vkl p2i0) < Cp l10rs1 — vill g1 o

Hence the result

||Uk:+1||L2(Q) oo 1, such as ||Uk||L2(Q) =L

Thus, we have Tg41 = [|T41/ 12(q) 0 in H} (), therefore

Vpy1 =0 T in H} ()

In the second step, we note th_at 0] 2y =1 = khj& [0l 2 (g - Let A = khi{.lo)\k

Let us demonstrated that (T), )\) is a solution.

In fact,

— U1 + [0V +1 = AUy,

multiplying this equation by a test function v € D (€2) and using the Greens formula,
we obtain

/Vf}kHVU + /L/Uz’[)k+1’l) = )\k/vkv
Q

Q Q
We already have, (vy), and (Ux11), are two sequence which strongly converge to o in
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H;i () and A, = / Vi) + ,u/v,%f),%ﬂ converge to real \.

Q Q
We deduce, by passing to limit, that

/V@Vv+u/@3v:;\/z7v.
Q Q Q

Since the last equality is true for all v € D (), then
— AT+ pv® = \v .
Thus v is a proper function associated with the smallest eigenvalue A of the non linear

operator —A + pu?Id, since the sequence (vg), is nonnegative, therefore its limit  is also
nonnegative. Thus v = v and A = \.
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