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Rezumat: in cadrul acestei lucriri se va
prezenta implementarea unui sistem de control a
procesului real “pendul invers rotativ”. Acest
sistem prezinta restrictii puternice de timp real si
totodata precizia comenzii calculate trebuie sa fie
cat mai mare, datoriti faptului ci sistemul are in
plan vertical Up un singur punct de echilibru
instabil. Algoritmii implementati sunt bazati pe o
structura de reglare cu reactie dupa variabilele de
stare si proiectarea s-a realizat prin metoda
LQR(Linear Quadratic Regulator) si prin metoda
directi Lyapunov, realizindu-se astfel si o
comparatie intre cele doua metode.

Cuvinte cheie: Lyapunov, LQR, pendul
invers rotativ

1. DESCRIEREA PROCESULUI
PENDUL INVERS ROTATIV

Pendulul invers rotativ este utilizat
foarte mult in domeniul sistemelor de control
pentru a ilustra idea tehnologiei controlului
automat. Fiind un sistem neliniar si instabil,
practic are 2 puncte de echilibru in plan
vertical, unul stabil vertical-Down si altul
instabil vertical-Up, este foarte util in testarea
noilor dezvoltari in domeniul sistemelor
neliniare. Ca si constructie, este format dintr-
un brat actionat de un motor de c.c. ce se
roteste 1n plan orizontal §i are atasat la capat
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Abstract: This paper will present the
implementation of a real process control system
“inverted pendulum rotating”. This system has
powerful real-time restrictions and also calculated
the accuracy of the order must be as large because
the system is planning vertical Up one unstable
equilibrium point. Implemented algorithms are
based on a reaction after adjusting structure state
variables and design was done by the method
LQR (Linear Quadratic Regulator) and Lyapunov
direct method, thus achieving a comparison
between the two methods.
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1. INVERTED PENDULUM ROTARY
PROCESS DESCRIPTION

Rotary inverted pendulum is used very much
in control systems to illustrate the idea of
automatic control technology. Being an
unstable nonlinear system and basically has
two vertical equilibrium points, one stable
and one unstable vertical-Down-Up-down,
is very useful in testing new developments
in nonlinear systems. As construction
consists of an arm driven by a DC motor
that rotates horizontally and is attached to
the end of the pendulum itself that rotates in
a vertical plane perpendicular to the actuator
arm, as in Fig.1.
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pendulul propriu-zis care se roteste intr-un
plan vertical perpendicular pe bratul de
actionare, ca 1n Fig. .
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Fig.1. Vertical Up
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Datorita faptului ca pendulul invers
rotativ are 2 grade de libertate rotationale si
numai un element de executie, acest sistem
intrd in categoria sistemelor subactionate.
Ideea mentinerii pendulului in pozitia
vertical-Up consta in proiectarea unui sistem
de control care sa balanseze, printr-o corectie
continud a comenzii la motorul de actionare,
pendulul in jurul punctului de echilibru
instabil din planul vertical. Motorul care
realizeaza actionarea este conectat mecanic la
bratul pendulului printr-un mecanism de roti
dintate care realizeazd o multiplicare a
turatiei §1  totodatd  conecteazd @ si
potentiometrul de masura a pozitiei bratului.

2.MODELAREA PENDULULUI iN
POZITIE VERTICAL-UP

Pornind de la Fig.l. a pendulului pozitionat
in plan vertical-Up, vom avea proiectia
migcarii pendulului in planul XOY ca in
Fig.2. Modelarea miscérii pendulului se va
realiza folosind ecuatiile Euler-Lagrange si
vom considera pentru simplificare ca avand
centrul de greutate chiar in varful pendulului.

pendulum.

Because the rotary inverted
pendulum has two rotational degrees of
freedom and only one element of
performance, this system falls into the
category of under operated systems. The
idea of maintaining the pendulum in
vertical-up position is to design a control
system to balance, through a continuous
adjustment to the engine control actuators,
the pendulum around the equilibrium
unstable plane. Performing drive motor is
connected mechanically to the arm by a gear
mechanism that achieves a multiplication of
speed and also connect and position
measuring potentiometer arm.

2.MATHEMATICAL MODELING FOR
VERTICAL_UP PENDULUM

Based on Fig.l. the pendulum positioned
vertically-Up, we have movement in the
plane projection xOy as Fig.2. Modeling of
pendulum motion will be made using the
Euler-Lagrange equations and we consider
for simplicity as being the center of gravity
even at the top of the pendulum.
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Lagrangeanul sistemului este:

Fig.2. Projection in xOy plan
Pendulum motion in the horizontal
plane

Lagrangean system is:

L =%J,,0't2 +%mpL20'52 +%(Jp +m, ") +%mp12a2 sin’ B—m, LléBcosf—m,glcos =

(1)

1 2N 22 1 25\ 92 1 2.2 = 2 s
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Pentru coordonata
ecuatia Lagrange:

g() 2,
dt\oa ) oa “

unde 7, -este cuplul total care actioneaza

generalizatd o avem

asupra axei de rotatie in directia cresterii lui
o . Acesta reprezintd cuplul exercitat de
motor-7, care trebuie sd invingd cuplul de

m

frecare.

r,=71,—-Ca

unde C, -este coeficientul de frecare vascoasa
in jurul axei de rotatie pentru unghiul « .

Folosind relatiile (1),(2), (3) prima ecuatie de
migcare a bratului pendulului devine:

For generalized coordinates o we have
Lagrange equation:

(2)

where 7, - is the total torque acting on the

axis of rotation towards higher « . This
engine is the torque ; - the torque required

to overcome friction.

3)
where C, - is the viscous friction coefficient

around of rotation axis for « angle.
Using (1),(2), (3) first motion equation of
pendulum arm is:

(J, +m,L)é +m Pésin’ B—m Llfcos f+2m I*6fBsinfeos f+m LI sinf =7, - C,a (4)

Similar, pentru a 2-a coordonatd generalizata
L -unghiul bratului avem ecuatia Lagrange:

d[{OoL) OL
—| = |—===T
df[ﬁﬂ] op 7

unde 7,-este cuplul total care actioneaza in

jurul axei de rotatie a bratului In directia
cresterii ~ unghiului p. Consideram

Idem, for second generalized coordinate [ -
angle of arm has Lagrange equation:

()

Where, 7,- is the total torque for acting

around of rotation axis of arm in direction of
rising the angle fS. Consider 7,=-C,5,
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7,=-C, B, unde C,este coeficientul de
frecare vascoasa a pendulului in jurul axei de
rotatie cu unghiul £.

Astfel, folosind relatiile (1),(5), obtinem a 2-a
ecuatie de miscare:

where C ) is the viscous friction coefficient

around of rotation axis for £ angle.

So, using (1), (5) we obtain the second
motion equation:

(J, +m,I*)B—m Llécosf+m, Licfsinf—m ¢’ sinfeosfp—m Licfsinf—m glsinf =t

= -m Llgcos B+ (J, +m,I*)f—m I’d’sin fcos f—m glsin f=—C,f

Astfel, din relatiile (4) si (6) se obtin ecuatiile
de miscare pentru sistemul “pendul invers
rotativ” in pozitia vertical-Up:

(J, +m,L)é+m *ésin® B—m LiBcosf+2m I*éBsinfcosf+m LIF sinf =1, —Cyé
—m,Llgcosf+(J, +m I*)B—m I’d’ sinBeosf—m glsinf=-C,f

3. LINIARIZAREA SISTEMULUI iN
JURUL UNUI PUNCT STATIONAR DE
FUNCTIONARE,CAZUL PENDUL-UP

Pornind de la relatiile (7) ce reprezinta
ecuatiile pentru brat si pentru pendul in
pozitia vertical-Up, vom liniariza aceste
ecuatii 1n jurul unui punct stationar de
functionare a,, B,, caracterizat  de

urmatoarele relatii:
a(t) =a, + Aa(t); B(t) =B, +AB(1)

Pozitia «,-este unghiul unde trebuie tinut
bratul in plan orizontal si implicit pendulul sa

fie in echilibru vertical Up. Astfel o, = a,,,

este chiar marimea de referintd pentru sistem.

{ a(t)=a, +Aa(t) N {d(t) =Ad(t)
B(t)= B, +AB(H) = AB(1) B(t)=AB(1)

Ecuatiile de stare(7), liniarizate in jurul
punctului stationar devin:

(6)
So, from (4) and (6) we obtain the motion
equation for “rotation invers pendulum” in
up-vertical position

(7)

3. SYSTEM LINEARIZATION
AROUND A STATIONARY POINT
OPERATION, THE CASE PENDUL_UP

Starting from the relations(7) what are the
equations for the pendulum arm and the
vertical Up position, these equations will be
linearized around a steady operating
point,, B, ,characterized by the following

relations:
3)

The position ¢, -is the angle where the arm
should be held horizontally and thus be in
balance pendulum vertical Up.  Thus
@, = a,, 1s the reference for the system.

.. 9)

{o'é(t) = Adi(1)
B(t)= A1)

The state equation(7), linearized around the
stationary point is:

. fa ha cb = db
H B> B> B Ol = b’
5, I ea 6 ea 0— ea ol 6 ea
= + u 10
P e R e olx |T|__de (10)
% b’ —ea b*—ea b*-ca ¥ b’ —ea
4 0 0 1 0L 0
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unde:
KK

a=(J,+m,[*);b=-m Ll;c=C, + ;2 b.d =

a

4. PROIECTAREA STRUCTURII
SISTEMULUI DE CONTROL PRIN
METODA LQR

Implementarea structurii de reglare cu reactie
dupa variabilele de stare este prezentatd in
Fig.3. cu raspunsurile in timp real prezentate
in Fig.4.

Aa

o =0 u(t)=-kx(t)

where:
K

R—t;e:Jp +m 1%, f=C,;h=-m,gl

a

4. STRUCTURE OF CONTROL
SYSTEM DESIGN WITH METHOD
LQR

Implementation of the control structure with
state feedback is presented in Fig.3. with
real-time responses shown in Fig.4.

State Feed-back
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Fig.3.Structura sistemului de reglare cu reactie dupa variabilele de stare

Annals of the ,,Constantin Brancusi” University of Targu Jiu, Engineering Series, Issue 3/2010

234



Analele Universititii “Constantin Briancusi”

din Targu Jiu, Seria Inginerie, Nr. 3/2010

i3 PANEL-=>>Remote Control TCP Client >>>

>Pendul Invers

5 000~ masuratorl CH2>>>>Alfa -poziia Brat

Y [ a'l ‘l“\l'\"";f';ﬂ ‘I‘\’I"f)f
X —=0—=pOZ1t1C-Dral
4.000- & I > >
Parametrii M atricei de reactie dupa stare
3000}~ s, A
K1| 43.7711 b
2000 [ iTITY el Pisere LA PRI IR A tw]
K2| 243 8488
1.000-|

K3 -13.8364

K4, -7.0711 (DO

0 20 40 B0 B0 100 120 140 160 180 200 20 240 260 280 300 3P0 340 380 3h0 400 420 440 480 dEEI 500 520 540 560 580 600

= ¢ -viteza brat

4000- masurator Viteza CH255>>Alfa_dot -viteza Brat
i
2000- 4 by 1 | | I o [ 1
i U I W Y 6 1 IV o W 01 i R
I i e P uunmﬁiﬁmm fr
0.000- v i BT MJUUIJW A L JHIrﬂMfL/IHHL il HHHU\/\I\/‘HHIM
| i B i i 1 e i it it 3 I s 11
. . ) L s ] ek i e T | B 21 | L
Timer Comunicatie cu serverl+ preluctare date/afisare o gog— ¥ ¥ t i | I e B
5862817 1ms L I ! T =
ADOO- 4 4 4 T e N T T
- 0 20 40 B0 80 100 120 140 160 180 200 220 240 280 280 300 320 340 360 380 400 420 440 460 430 500 620 40 6O 580 60D
afisare activata
e 2100 oo 0400 masuraton CH1>»>>BetasTeta -pozitia Pendul Vo) 14 P - |
0 i, 2 0,300 A, = P =POULZILIT PCLIAUL
a4 HEFERINTA 0.200~

a0

Local command >~

4000~ masuratori Viteza CH1>>>>BetarTeta_dot -viteza Pendul

Remote cnmmand:—‘a

2000~

o A e AP A S P AR A e ettt BN 1)
‘ ;

7 T i
T i T PR r— It F i

|
Y | i i
¥

annection Statu L”

¥
¥ i 1

2000~
Client 1P Server IP:

1031125 103188 !
Client Name, Server Name:

JELIENT pendul |SERVER_PENDUL 0 ¢ omanda P ‘ [

' ' I | ' ' i i | i ' i i | i I ' i | i I | ' | i I | ' |
0 20 40 B0 80 100 120 140 7160 180 200 220 240 260 280 300 320 340 360 380 400 420 440 460 480 500 520 540 560 580 600

| u-comanda calculata

Transmit 50—

ED 1.0 ; 0-

eeeeee 50— T 'U'f"'|

|r13335a -7.0711 = ¥ i 1 T
-110-

ca
il f mmmf“
i S 410

0 20 40 60 80 100 120 140 160 160 200 20 240 260 260 300 320 M0 36O 0 400 420 440 460 460 500 520 540 560 580 60O

|| I i f [ L I |

Fig.4. Raspunsul sistemului real obfinut pentru variatia treapta a referinfeia,

5. PROIECTAREA STRUCTURII
SISTEMULUI DE_ REGLARE PRIN
METODA DIRECTA LYAPUNOV

Ideca de baza in liniarizarea Intrare-lesire
este gasirea unei relatii directe intre marimea
de comanda si iesirea sistemului. O metoda
de a gasi aceasta relatie este sd derivam
succesiv. marimea de iesire pand apare
marimea de comanda direct in ecuatie.
Procedand in aceastd maniera vom avea:

y=p; j=f=——

Se poate observa ca intrarea “u” apare direct
in iesire la a 2-a derivare a iesirii si astfel
vom liniariza sistemul (7) Intrare-lesire prin
reactie, impunand o comanda virtuald v de
forma:

dKM)

VEV=PE Gaan

———(b+m Llcosﬂ—u)

5. STRUCTURE OF CONTROL
SYSTEM DESIGN WITH DIRECT
LYAPUNOV METHOD

The Dbasic ideea in state feedback
linearization is finding a direct relationship
between control signal and output signal of
the system. One way to find this relatioship
is successively derive the output signal until
control signal appear direct in the equation.
Thus we have:

(b+m, Llcosﬂ—u)

It may be noted that the input signal “
appers directly in the output signal for
second derivative of otput signal and we
achieved fedback input-output liniarization
of the system (7) and impose a form of
Virtual command:

(11)

a
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Comanda reala aplicatd la motorul de The real command applied to the motor
actionare va fi de forma: drive will be as:

L det(M)v—b a2

Il?mlecos,B

a

Structura sistemului este prezentata in Fig.5.  The system structure is presented in Fig.5.

endul
Vi V=Vi1t+Vvj —v v, p
_“O”, . Y comanda u model
neliniara matematic
- _‘HA neliniar

Fig.5.Structura sistemului proiectat prin metoda a doua Lyapunov

Comanda obtinutd pentru sistemul “pendul The command obtained for the system
invers rotativ”’ prin proiectare cu metoda a “rotary inversed pendulum” is:
doua Lyapunov este:

v=—kyx,—kx,—k,Cx,—k,C,x;—k,Cyx, —k,D,x, —k,D,x, —k,D,x, —k,D,x,
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Fig.6.Raspunsul sistemului real pendul-invers
CONCLUZII CONCLUSIONS
Cerintele de timp real ale acestui Real-time requirements of this
proces sunt foarte puternice si acest lucru a process are very strong and this has

necesitat realizarea unei distributii mai mari a
prelucrarii. Implementarea a fost realizata ca
o structurd de reglare cu reactie dupa
variabilele de stare, 1iar proiectarea
algoritmului de reglare a fost realizat prin
metoda LQR si metoda a doua Lyapunov.
Prin realizarea unei comparatii ale celor 2
raspunsuri, metoda directa Lyapunov, fiind o
metodd bazatd pe o functie energetica,
realizeaza stabilizarea pendulului in pozitie
vertical-Up cu o robustete mai mare in jurul
pozitiei de echilibru, pe cand metoda LQR,
desi stabilizeaza mai bine pendulul, are un
domeniul mic de stabilitate in jurul punct
stationar de functionare.
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