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For the wide class of 3D autonomous quadratic dynamical systems depending on
parameters the sufficient conditions of boundedness of solutions of any system from
this class are found. A connection between change of one of the parameters and a
recurrence plot structure, which was built on the time series for any system of this
class, is determined. Due to this connection it is possible to find bifurcation values
of the parameter of any system from the considered class only on its time series

without knowledge of differential equations of this system. Examples are given.
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1. Introduction

Let
xo = x(to), x1 = x(t1), ..., Tn = 2(tn) (1.1

)
be a finite sequence of numerical values of some scalar dynamical variable x(¢)
measured with the constant time step At in the moments t; = to+iAt; x; = 2(t;);
i =0,1,...,n. Sequence (1.1) is called a time series [1] — [3].

A common practice in chaotic time series analysis has been to reconstruct
the phase space by utilizing the delay-coordinate embedding technique, and then
to compute dynamical invariant quantities of interest such as unstable periodic
orbits, the fractal dimension of the underlying chaotic set, and its Lyapunov
spectrum. As a large body of literature exists on applying the technique to the
time series from chaotic attractors [4] — [8], a relatively unexplored issue is its
applicability to dynamical systems depending on parameters. Our focus will be
concentrated on the analysis of influence of a period doubling bifurcation on
behavior of the recurrence plot structure for the time series (1.1).
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2. Embedding Method for Chaotic Time Series Analysis

Let sequence (1.1) be the time series. In principle, the measured time series
comes from an underlying dynamical system that evolves the state variable in time
according to a set of deterministic rules, which are generally represented by a set
of differential equations, with or without the influence of noise. Mathematically,
any such set of differential equations can be easily converted to a set of first-order,
autonomous equations. The dynamical variables from all the first-order equations
constitute the phase space, and the number of such variables is the dimension
of the phase space, which we denote by M. The phase space dimension can in
general be quite large (in some cases it may be infinite) [5].

However, it often occurs that the asymptotic evolution of the system lives
on a dynamical invariant set of a finite dimension. The assumption here is that
the details of the system equations in the phase space and of the asymptotic
invariant set that determines what can be observed through experimental probes,
are unknown. The task is to estimate, based solely on one or few time series,
practically useful statistical quantities characterizing the invariant set, such as
its dimension, its dynamical skeleton, and its degree of sensitivity on initial
conditions. The delay-coordinate embedding technique established by Takens [2],
in particular, his famous embedding theorem guarantees that a topological equi-
valence of the phase space of the intrinsic unknown dynamical system can be
reconstructed from the time series, based on which characteristics of the dynamical
invariant set can be estimated.

Let

$(t) = F(y(t)),y € M C R? (2.1)
be the autonomous p-dimensional system of ordinary differential equations in the
phase space M.

We will consider that system (2.1) satisfies in the phase space M (an open
region in R”) to the conditions of the known Cauchy Theorem about existence and
uniqueness of solutions. Then for any initial condition y(0) = yo € M it is possible
uniquely to define the solution y(t) systems (2.1) on the formula y(t) = W¥(yo),
where W' is an evolution operator. (A domain G C M of the phase space M under
action of the evolution operator passes, generally speaking, in another domain
G; = WYG) Cc M. If G; = WG) = G, then the domain G is called an
invariant subset of the phase space M with respect to the action of the evolution
operator W*.)

The compact invariant with respect to the evolution operator set H € M
is called attracting if there exists an open set U C M containing H such that
for almost all y € U lim¢_oo W(y) € H. The indecomposable on two compact
invariant subsets attracting set H is called an attractor.

It is known [6] that it is possible to get the attractor satisfactory image of a
small dimension, if instead of the phase vector y(t) to use m-dimensional vectors
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derived from the time series (1.1) on the following formula:

€T

Tit1
x; = " 20— 0,10,21, ...l ..., (2.2)

Titm—1

where [ is a positive integer.
Consider the m-dimensional autonomous dynamical system

x(t) = Q(x(t)),x CR™, (2.3)
for which the following conditions
x(tg) = x0, x(t1) =x(to + 7) = %1, ..., x(t;) = x(to +i7) = %4

are fulfilled. (The magnitude x; depends on xy and 7, but it does not depend on
to. We will especially emphasize that the map Q : R™ — R™, determining the
right part of systems (2.3), it is not known. In addition, it is clear that the role
of the number [ in (2.2) plays the number 7.) The magnitude 7 is called a delay
parameter of the time series (1.1).

Introduce the evolution operator P! : R™ — R™ of system (2.3). For any
vector x € R™ the action of this operator in a coordinate form looks like:

P!(x) = (B5(x), P{(x), ..., Brmq ()7
Let ¢t = 7. Consider the sequence of real numbers
hie = Fg (%K), by = P{ (%K), bz = B3 (k) - -y heym—1 = Pryi(xk). - (2.4)

Introduce the new vector z; under the formula: zx = (hg, hgt1, -, hk+m_1)T.
Then there must be an operator A : R™ — R™ depending only on Q and 7 such
that z = A(x), where x = (24, Zit1, ..., Tiym—1) " is one of vectors (2.2).

Theorem 2.1. [2] Let d be a dimension of the attractor X generated by system
(2.8). Then for almost all 7 > 0 and m > 2d+1 the mapping A will be continuous
and one-to-one.

Theorem 2.1 means that if in the space R™ to select the set Hy such that
Vxi € Hg we have A(xg) € Hy, then on this set the map A is invertible and Vk
_ A-l
xip = A7 (zg).
By N denote the set of natural numbers.

Theorem 2.2. [3] Let iy,i2,...,14;, ... be an infinite sequence of positive integers.
If system (2.8) is a dissipative then for any compact opened subset ® C R™, any
7 > 0, and almost all x € ® the inclusion (P7)%(x) = PT(P7(...(P"(x))...)) €

i

®; | € N takes place.
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Thus, theorem 2.2 (which is sometimes called the Poincare recurrence theorem)
asserts that in the phase space of the dissipative system any trajectory beginning
from the almost liked point A of this space in some finite time (even very large)
will pass as much as close to A.

Theorems 2.1 and 2.2 allowed to create the necessary research instrument
which is used presently in the theory of the dynamic systems. Indeed, as the time
series (1.1) has only a finite number of terms and, consequently, it is bounded,
there is no justified arguments in order to assert that at the further measurements
we will derive very large values of terms of this series. Further, the time series (1.1)
describes the behavior of some phase variable of the explored dynamic process. If
we assume that the number of such phase variables is finite, then it is possible to
consider that there exists the evolution operator, which controls by the behavior of
this dynamic system in some finite-dimensional space. In addition, most systems
describing the dynamics of one or another processes in our world are dissipative.
Thus, the use of Theorems 2.1 and 2.2 for description of dynamics of the dissipative
finite-dimensional systems becomes more than justified.

Eckmann et al. [1] have introduced a tools which visualize the recurrence of
states x; in the phase space. Usually, the phase state does not have a dimension
(it is more than two or three) which allows it to be pictured. Higher dimensional
phase spaces can only be visualized by projection into the two or three dimensional
subspaces.

Now by x(4) denote the point x; = (24, T4 y1, ..., Tiym—1)", which is built from
the elements of the time series (1.1) describing the change of some scalar variable
(or some coordinate of the vector variable, if a phase trajectory in m-dimensional
space is considered); ¢ — 0,11, 2[, ...,4l. (If il +m — 1 > n, then number ¢ must be
replaced by the number k — kil = il — [n/l]l, where [n/l] is an integer part of the
number n/l. We will consider that [ = 7.)

Introduce in the first quadrant of the cartesian system of coordinates the
graphic square matrix 7' € R*HDx(+1) which is built on the following algorithm:
if point x(4) is close enough to the point x(j) (the concept of "closeness"will be
defined below) then such points are called recurrence, and in the matrix 7" a black
point with coordinates (¢, j) are put. If point x(i) is not near to the point x(j),
then in the matrix 7" no marks is done. The matrix F' is called a recurrence plot
of time series (1.1) [1] .

Let

Rij - 8(61 - ||XZ - Xj||)7 Xy Xy < Rm7 27] - 07 17 ey 1,

be a real function accepting only two values: 0 and 1. (Here we have ©(¢) = 1, if
& >0and ©(¢) =0, if £ < 0: it is the Heaviside function; ||v|| = \/v% + ... + v2,
is the Euclidian norm of the vector v € R™; ¢; is a radius of ball with a center in
the point x;.)

In the future, it is possible to be restricted to the situation, when Vi,j ¢; =
€; = €. In this case positive number ¢ is called a recurrence threshold and we have
symmetry of the recurrence plot with respect to the diagonal of the first quadrant.
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Indeed, if point x; is near to the point x;, then the reverse statement must be
right: the point x; is near to the point x;.

In the present paper we want to apply the instruments of the recurrence
analysis for research of periodic trajectories in the dynamic systems described
by 3D autonomous systems of differential equations. In order that such research
was correct it is necessary to provide the boundedness of solutions of the explored
systems.

3. Bounded Solutions of 3D Quadratic Dynamical Systems
Consider 3D real autonomous system
x(t) = Hx + f(x), (3.1)
where x = (2,1, 2)7; H = {hiy;}, 4,5 = 1,...,3, is a real (3 x 3)-matrix;

f(X) - (fl(x,y,z), fg(x,y,z), f3(m7y7z))T € R®

and

filx,y, 2) = arawy + agy® + a132z + azsyz + aszz’,

f2(,y,2) = brawy + bay® + bizwz + bazyz + baz?,
f3(x,y,2) = crawy + 022y2 + c13xz + c23yz + 3372

are real quadratic polynomials.
Suppose that the matrix

@12 A13
bia  bi3
Cl2 (13

has rank 1 or 2. Then by suitable linear transformations of variables x — z; +
aryr +aozy {(ag, a0 €ER), y — 11 ,_and z = 21 system (3.1) can be represented in
the same form (3.1), where H — H = {hs;}, 4,5 = 1,...,3, and

fr(@1, 91, 21) = Ta2yi + Tastn 21 + Aaazi,
fa(@1,y1,21) = browiys + bagys + biswi21 + basyrz1 + bazzi,

= ~ 2 - ~ =2
Ja(x1, 91, 21) = Ciaw1y + Ca2yi + Ci3x121 + Casyi21 + T332y,

and 512 75 0or 513 75 0.
Thus, without loss of generality, we will study system (3.1) under the conditions

a1 = aA13 = 0. (3.2)

Introduce into system (3.1) (taking into account (3.2)) new variables p and ¢
under the formulas: y = pcos ¢, z = psin ¢, where p > 0. Then, after replacement
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of variables and multiplication of the second and third equations of system (3.1)

on the matrix
( cos (1) sin ¢(t) )
—(sing())/p(t) (cos ¢(t))/p(t) )

we get

£E(t) = Sllit(t) + (812 CcOSs (]5(15) + s13s8in ¢(t))p(t)+
(a2 cos® G(t) + azs cos ¢(t) sin G(t) + azs sin® G(1))p*(1),
p(t) = (821 cos (]5(15) + 831 sin (]5(15)):8(15) + [822 cos? (]5(15) + 833 sin? (]5(t)+
$32 + $23) cos ¢(t) sin §(t)] p(t) +
b1 cos? ¢(t) + (b1 + c12) cos @(t) sin p(t) + 13 sin? G(t)]z(t) p(t) +
522 COS3 (]5(15) + (b23 + 022) COS2 (]5(15) sin (]5(t)+
bas -+ c23) cos G(t) sin® p(t) + cz3sin® ¢(t)] p*(t),
O(t) = (—s218in O(t) + s31 cOs qb(t))% + [532 cos? (1) — sa35in? P(t)+
(833 — 822) cos (]5(15) sin (]5(15)]—
[blg Sin2 (]5(t) -+ (blg — 613) sin (]5(t) CO8 (]5(t) — C12 COS2 ¢(t)]$(t)—
[—ca2 cos® ¢(t) + (baz — c23) cos® (t) sin (t)+
(bas — c33) cos o(t) sin? O(t) + bss sin® o) p(t).

Consider the first and second equations of system (3.3)

&(t) = sna + f(cos d,sing)p + faz(cos d,sin ¢)p?,
p(t) = g(cos ¢, sin )z + h(cos ¢,sin @)p + gi2(cos ¢, sin p)xp+ (3.4)
ga(cos ¢, sin @) p?,

where ¢ is a real parameter;

f(cos ¢,sin @) = s12 cos ¢ + s138in @,
fa2(cos ¢, sin @) = ag cos? @ + ags cos Psin ¢ + azzsin? ¢,
g(cos ¢, sin @) = s21 cos ¢ + $31 8in ¢,
h{cos ¢, sin @) = s2 cos? ¢ + s33sin? ¢ + (823 + $32) COs ¢ sin ¢,
g12(cos ¢, sin @) = b1 cos? ¢ + (bis + c12) cos psin @ + c13 sin? ¢,
Gaa(cos ¢, sin @) = byg cos® ¢ + (baz + c22) cos? Ppsin ¢
+ (b3 + ¢23) cos psin? ¢ + c33sin? .

Notice that the replacements of cartesian coordinates by polar is needed
so that in system (3.4) both equations would be nonlinear with respect to the
unknowns x and p. (The equation ¢(t) = ... in system (3.4) is not included.)

Let

Aq(cos ¢, sin @) = s11 - h(cos ¢, sin @) — f(cos ¢, sin @) - g(cos ¢, sin @),
Az (cos ¢, sin @) = faa(cos ¢, sin @) - g12(cos ¢, sin ¢),
As(cos ¢, sin @) = g2,(cos ¢, sin ¢) + 425 (cos ¢, sin ¢)

be the bounded functions.
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Theorem 3.1. [9, 10] Let s11 < 0. Suppose also that ¥Y¢ € R for system (3.4)
the following conditions:

(i) either Aq(cos@,sing) < 0 or Ayi(cosd,sing) is a periodic alternating in
sign on (—oo, 00) function;

(i) either Az(cosg,sing) < 0 and Asz(cos¢,sing) < 0 or Azx(cos ¢,sin ¢) and
As(cos ¢, sing) are periodic nonpositive functions,
are fulfilled.

Assume that the condition
htrglogf p(t) =0 (3.5)

is also wvalid. (From this condition it follows that Ye > 0 there exists a numerical
sequence t, — o0 as k — oo such that p(ty) <e.)
Then in system (8.1) there is a chaotic dynamic.

Theorem 3.2. Under the conditions of Theorem 8.1 the chaotic behavior of
solutions of system (3.1) (or (3.3)) is generated by 1D iterated process

pri1 = prexp|o — xpk — &Pk, pr > 0; k=0,1,2, .. (3.6)
Here 0 > 0,x > 0,& > 0.

Proof. Now we will consider that for some values of parameters system (3.1) has
a periodic solution. (It means that system (3.3) also has the periodic solution.)
Suppose also that ¢;(tx) = ¢i(to) + T -k, where to > 0, T' < N -7, and N is a
positive integer; k = 0,1,2,...; ¢ = 1, ..., n.. Introduce the designations:

s11 =& <0,
f(cos p(tr), sin p(tg)) = 12 = const,
faa(cos P(ty),sinp(tr) = (a2 = const,
g(cos @(tr),sin ¢(tr)) = &21 = const,
h{cos ¢(t),sin ¢(tr)) = 22 = const,
g12(cos P(tr), sin @(tr)) = ma = const,
g22(cos P(tr), sin @(tr)) = N2z = const.

(Note that we have £11&22 — 12821 < 0, M2z < O.)
Consider instead of system (3.4) the infinite sequence of systems of differential
equations
{ i) = Enwk + S12pk + 2207, (3.7)
pr(t) = E12k + Ex2pk + 2Trpr + Mo2pi '

(Here each of systems (3.7) is considering in the small neighborhood Oy at the
point {g: t € O, k = 0,1,2,.... As initial conditions xxg, pro for each of systems
(3.7) the solutions of system (3.3) in the point t; are appointed.)



RECURRENCE ANALYSIS OF TIME SERIES 63

Suppose that the time ty also satisfies the condition

i(to) = &nwo + Er2p0 + (2205 = 0.

By virtue of periodicity of solutions of system (3.3), we can construct the
sequence to, t1,..., tg,... such that for the first equation of system (3.7) the condition
Enxg + E12pk + Co2pi = 0 will be fulfilled Vi, k =0, 1,2, .... From here it follows

that )
 Si2pr + Qa2 1

&1

Consequently, Vi the second equation of system (3.7) will have the form

_ Euden —&12éan
&

T = ~0,1,2, ... (3.8)

n22é11 — m2&12 — 21822 o C(22mi2 3
Pr — Pk
&n &n

pr(t) P+

or

Pre(t) = (B —vpr — 5pR),

where 8 = (&11822—&12821)/&11 = B(tr), v = (M22&11 —m2&i2—E21(22) /€11 = Y(tk),
and & = (oomia/&11 = 0(tx) are positive.
From here it follows that

Pr = Cexp (/Otk [5(7) —(1)p(1) — 5(7)02(7)} dr)
and t
Prt1 = Cexp (/O - [5(7) —y(T)p(7) — 5(7)02(7)}%).

Having excluded from two last equalities the constant ¢ we get

Pk41 = Pk €XP (/tk+1 {ﬁ(T) —(T)p(1) — 5(7)02(7)} dT) :

73

Let the bounded positive function 6(¢) be a monotone decreasing on interval
[t;,tiy1], and let it be a monotone increasing on interval [¢;41,¢;42]. Then we have
(Second Theorem About Mean Value):

/t, h h((7)) - 0(r)dr = / . h(p(T)) - O(T)dr + / B ho(r)) - 0(T)dr =

t; tir1

3 tiro
00t +0) [ b 012 =) [ horn  (39)

where t; < & <tiy1, tip1 < < tip2. Hence, from (3.9) it follows that

Liq2
| b0t 0r)dr = bt piratire (3.10)
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where magnitudes p; = ft Ndr,pite = |, 5”2 h(¢(7))dT can have any signs.
Now let the function p(¢ ) be perlodlc. Then in (3.10) we have 0; = 0;42. From
here it follows that

Pi+1 = Pi €XP [Uz' — XiPi — 5%2} )
Pit2 = Pit1 €Xp [0i+1 — Xit1Pit2 — 5z'+1012+2}7

and, therefore, we have
Pit2 = piexp|o; + 0 — (Xi + Xit1)pi — (& + £l+1)pz}; i=0,2,4,...  (3.11)

It is clear that the quadratic function 0(p) = B —yp—dp? is decreasing on the
interval [0, 00). In addition, Vi the magnitudes o; + 41, Xi+ Xit+1, and & +&i41 do
not depend on ¢ (it is constant). Let o = o;+ 011, X = Xi+Xit1, and € = &+
Then taking into account formula (3.11) we can derive the following formula

Pk+1 = Pk eXp[a — XPk — fpi},k =14/2=0,1,2,...,

Lt

b1 Lt

0(7')/ B(r)-dr >0, £ = 5(7’)~d7'>(),x/ ~-dr > 0.
128 ty i1

The proof is finished. ]

A. N. Sharkovsky (see [11]) introduced the following new ordering of all
positive integers:

3557591113 %
=2-3%2-5%2-7 29
=22.3%22.5 %22, 7»22 9

2" 3»2"5 2"7
%2”“ 3= 20t 5>2n+1 7; .
2l g gl 22>2 1.

The first row the Sharkovsky ordering is all prime numbers except 1. The last
row is called Feigenbaum’s scenario of the period doubling bifurcation.
Let f(z) : [0,00) — [0, 00) be a real continuous function. The number z €
[0, 00) is called a cycle of period k if f(f(...f(x)...)) = x.
N e’

k
Theorem 3.3. [11] If the continuous function f(x) : [0, 00) — [0, 00) has a cycle

of period n with n %= k (in the sense Sharkovsky’s ordering indicated above), then
it also has a cycle of period k. If the map f(x) has 3-cycle then it map is chaotic.
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Theorems 3.1 — 3.3 have the following value for the study of time series.

1. From Theorem 3.1 it follows that if a time series is got from the solutions
of system (3.1), then his terms will not accept as much as desired large values.

2. Theorem 3.2 shows the structure of discrete maps which generate the chaotic
behavior of the time series.

3. Assume that the real 1D map f depends on some parameters and looks
like f(x,0,x,€) = - exp(e — yx — £x?) (see (3.6)). Then Theorem 3.3 shows
a transition scenario from the regular (periodic or quasi-periodic) to the chaotic
behavior of the time series as a result of change of the parameters of system (3.1).

4. Examples

In the examples of considered below we will assume that all conditions of
Theorem 3.1 are fulfilled. Then the chaotic behavior of solutions of system (3.1)
(or (3.3)) is generated by 1D iterated process (3.6).

1. Feigenbaum’s scenario is a demonstrating of the period doubling bifurcation
as a result of change of the real parameter p.

Consider the following system [10]:

&(t)
y(t)
(1)

In the polar coordinates system (4.1) takes the form (see (3.3))

—2x(t) + Ty?(t) + 42%(1),
pa(t) + 4y(t) + 72(t) — 6x(t)y(t), (4.1)
pa(t) — Ty(t) + 4z(t) — 6x(t)z(t),

i(t) = —2x + (Tsin? ¢ + 4cos® ¢) - p?,
[?(t) = - (cos ¢ +sing) - x + 4p — 6xp, (4.2)
¢(t) = =T7—p- (cosp —sing) - z/p.

Below four steps Feigenbaum’s scenario and transition to chaos are shown.

/‘\ 4500
\ 4000
3500

NN A AN RN NN RN RRRRARRNY

3000

£ 2500

2000

0’ 32 1500
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-0,35 0,15 0,65 5004 P A AP
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500 1000 1500 2000 2500 3000 3500 4000 4500
time

(al)p = 1.20. This is 1-cycle (b1)
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(ad)p = 1.38. This is 8-cycle (b4)

(thus, the scenario of period doubling bifurcation is realized: 16-cycle, 32-cycle,...)
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> T . ’v'
4500F

500 1000 1500 2000 2500 3000 3500 4000 4500
time

(ab)pu = 1.57. This is a chaos (b5)

Fig. 1. The phase portraits (al) — (a5) and the recurrence plots (b1) — (b5) of
system (4.1) are at different values of p. There is a period doubling bifurcation.

It is visible from Figure 1 that at different values u a structure of the recurrence
plots remains identical. Frequency of appearance of diagonal lines changes only.

2. The Sharkovsky ordering.

Consider the following system [12]:

&(t) = ax(t) + y(t) - (a20y(t) + ansz(t
g(t) = ho1z(t) + by(t) + cz(t) — d - z(
£(t) = ha12(t) — cy(t) + bz(t)

))7
t) -

) (aggy(t) + aggz(t)), (43)

In the polar coordinates system (4.3) takes the form

#(t) = ax + cos ¢ - (ag cos ¢ + agzsin @) - p?,

p(t) = (ha1 cos g + h31sing) -z + bp — dcos ¢ - (agg cos ¢ + agssing) - xp,

¢(t) = —c+ (hg1cos¢p — haysing) - x/p+ dsin¢ - (age cos ¢ + agzsing) - .

(4.4)

We note that on terminology of paper [12] system (4.3) is essentially singular.
It means that condition (3.5) is difficult to attain. Therefore in order that this
condition will be fulfilled it was required to explore the system for which hg; =
hs1 = 0. In this case system (4.3) has periodic solutions. Consequently changing
the parameters hg; and hs; it is possible to get chaotic systems (4.3). It is
especially important at such changes to get cycles of multiple 3 (3, 6, 12...) in
system (4.3) (or (4.4)). In obedience to Theorem (3.3) it means beginning of
transition of the system state from periodic to chaotic.

Below three steps Sharkovsky’s ordering and transition to chaos are shown.

Assume that a = —2.2, b =05, c=1.5,d =1, ass = —1,a03 = 1, hoy =
—3, h31 = p.



68

V. YE. BELOZYOROV, V. G. ZAYTSEV

L2 -1,0
x(t)

-08 -06 -04 -02

(al)p = 1.634. This is 3-cycle

0,0

-4 -1,2 -1,0 -0,8 -0,6 -04 -0,2 0,0

x(t)

(a2)p = 1.642. This is 6-cycle

b
S

Ny

-4 -1,2 -1,0 -08 -0,6 -04 -0,2 00

x(t)

(a3)p = 1.6422. This is 12-cycle

5500
5000
4500
4000
3500}
£ 3000
2500 )
2000 4
1500
1000
500
1000 2000 3000 4000 5000
time
(b1)
! /‘/ // ‘ / g v / // / 4 7 ’
5500 y Yy . y
. S e 7
5000 7 P ya s 7 ya e
s 7 rd 7 yd s
4500 S S e S S
B /! a a // 7 7 e
4000 Vs VRN / /
§ s A e
3500+, ARy A g
- / / S s e S
© / p v y
3000 T AR
£ ‘ PR A SN
2500 A A
2000 y S e /’
3 / / A7 / % e
1500 ~ 4 / S / /
R R A
1000} / v / // s /- Vs
» s S/ 7 - e
500 / s Y -/ s
e i S ,./ rd E
1000 2000 3000 4000 5000
time
(b2)

3000 4000
fime

(b3)




RECURRENCE ANALYSIS OF TIME SERIES 69

TH TC A SCAL T AL TC R TR
fw)/w -/w /w)fw)/

t )? »/_///{ L/f{ :, vc/{‘c/,vj
i .‘—fw;-/’w /WP;W o fw b
'//«i{:\"'“

-12 -1,0 -08 -0,6 -04 -02 00 0o G0 S KO W B0 7
x(t) time
(ad)p = 1.7202. This is a chaos (b4)

Fig. 2. The phase portraits (al) — (a4) and the recurrence plots (b1) — (b4) of
system (4.4) are at different values of p. There is the Sharkovsky ordering.

5. Conclusion and analysis of results

At the analysis of recurrence plots a big role plays the length of diagonal
lines (we will emphasize that on recurrence plots the length of line characterizes
a response time of trajectory in some region of phase space). This description
shows that the time interval in during of which some part of phase trajectory
passes parallel to other part of the same trajectory. In other words, the trajectory
repeats itself passing through the same region of phase space in different intervals
of time. Thus, if some diagonal lines parallels to the main diagonal, it means
periodicity of this process in some region of phase space.

As it was said above Theorems (3.1) — (3.3) play a large role in research of
the chaotic systems behavior. The role of Theorem (3.1) in this research is clear.
It remained to determine the role of Theorems (3.2) and (3.3).

First we note that these theorems explain the reason of appearance of chaos
in the smooth dynamic system. This reason is connected with the generation in
system (4.4) of the iterative process (3.6).

Further, in order to prove the presence of chaos in system (4.4) it is necessary
to confirm existence of 3-cycle at some values of the parameter p. On Figure 2 it
is visible that there exists moments ¢ such that for these moments p(t;) ~ 0.

In obedience to Theorem (3.1) it means appearance of chaos in system (4.4).
Theorem (3.3) asserts that the reason of origin of chaos is existence of 3-cycles
in system (4.4). It is well visible on Figure 2. In addition, on the same figure the
Sharkovsky ordering (3, 6, 12,...) is shown.

It is also necessary to say that the recurrence analysis well confirmed doubling
of period on Figures 1 and 2. Indeed, both in Feigenbaum’s scenario and in
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Sharkovsky’s scenario with growth of the parameter u the distance between two
parallel lines of one texture located by near is strictly doubled from some base

size.
Thus, we can assert that the recurrence analysis is an effective tool for the

study of time series of a different character.

10.

11.

12.
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