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Abstract 

Scattering potentials of hollow particles with ellipsoid-, cylinder- and parallelepiped-like 
shapes and adjustable edge sharpness are introduced as a difference of two 3D multi-Gaussian 
functions with suitable parameters. The far-zone intensity distributions generated on weak scatter-
ing from such potentials are shown to depend on the scatterer’s boundary thickness, edge softness 
as well as on its size relative to the wavelength. Possible extension to potentials formed by nested 
shells of the same or different types and potentials with semi-hollow center is outlined. 
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Introduction 
The classic Mie theory of plane wave scattering from 

uniform solid spheres [1] has led to closed form solutions 
for the angular distribution of the scattered energy depend-
ing on the wavelength of light as well as the size and the 
refractive index of the particle. The Mie solution predicted 
the redistribution of the incident uniform energy field into 
the fringe-like far-zone pattern with several well-
pronounced dark concentric circles centered about the in-
cident wave’s direction and appearing when the scatterer’s 
size is somewhat greater than the light’s wavelength. The 
important extensions of the Mie theory were later reported 
for scattering from soft spheres, hollow spheres, collections 
of spheres, cylinders [10]. Light scattering from particles 
with various physical and statistical properties remains the 
topic of acute scientific interest [2] – [9].  

In recent publications [11, 12] the attempt was made 
to predict the outcome of plane wave scattering from par-
ticles with different 3D shapes and adjustable edge 
sharpness covering the broad class of potentials from soft 
(Gaussian) to hard (step-like). This was achieved with the 
help of the 3D multi-Gaussian distributions for the scat-
tering potentials being weighed sums of positive and neg-
ative Gaussian function with well-chosen widths. It was 
shown that as the multi-Gaussian function approachesthe 
step function limit, the solution in [11, 12] tends to the 
Mie solution exhibiting strong interference-like scattered 
intensity distribution.  

The purpose of this paper is to explore the result of 
scattering from hollow 3D potentials with ellipse, cylin-
der and parallelepiped-like shapes with adjustable inner 
and outer edge sharpness. The dependence of the scat-
tered angular intensity distributionon the particle size, 
shape, edge sharpness and the shell’s thickness is to be 
examined in detail. Our results are based on the first Born 
approximation [13] and can accurately predict the out-
comes only in the situations when the refractive index 
within the scatterer is sufficiently close to unity.  

The practical importance of this study is in modeling of 
a number of airborne, underwater and bio-tissue based par-
ticles that have slightly different refraction index from its 

surrounding medium and either fully or partially hollow. 
Moreover, the convenience of fine tuning of the model to 
the particle’s outer and inner edge sharpness profiles al-
lows to treat practically all the optically soft particles with 
three basic types of 3D symmetry. In cases when the par-
ticulate collections of deterministic or random nature are to 
be accounted for the simple superposition of potentials 
with spatially different centers can be employed.  

1. Weak scattering theory 
In the scattering theory a particle occupying domain 

D and having the refractive index distribution n (r, ω), 
where r = (x, y, z) is the location in space and ω is the an-
gular frequency, may be characterized by its scattering 
potential [13]  
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where k = ω / c is the wave number, c being the speed of 
light in vacuum.  

If the monochromatic plane wave  
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with amplitude a (i) (ω) is incident from direction s0 
(| s0 | = 1) onto a deterministic stationary particle with po-
tential (1) then the far-zone intensity of the weakly-
scattered field, measured along direction r = rs 
(| s |=1, | r |=1), can be expressed as [13]  

[ ] 2( ) ( )
02

1
( ) ( ) ( )s iS r S F k

r
,ω = ω − ,ω ,s s sɶ  (3) 

where S (i) (ω) is the spectrum of the incident light, Fɶ  is 
the three-dimensional spatial Fourier transform  
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and K = k (s – s0) is the momentum transfer vector.  

2. Spherically symmetric potentials 
We begin the discussion from the simplest situation when 

the hollow semi-hard edge potential is spherically symmetric:  
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where ho is the maximum value of the potential, hi is such 
that ho

 >  hi, ho
 – hi is the minimum value of the potential 

(at the particle’s center), σo is the radius of the outer 
edge, σi

 >  σo, σo
 – σi defines the thickness (fill factor) of 

the shell and a normalization factor is  
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 are binomial coefficients.  

We note that the series in Eq. (5) may be equivalently 
written as a single function. Indeed, if  
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where u is a scalar variable and L is a positive integer, 
one may reprsesnt f (u) via finite series  
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In function u (in one dimension) is chosen as:  
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To obtain the angular distribution of the spectral in-
tensity of a plane wave scattered by sphere-like semi-soft 
particles we substitute the model of the potentials (5) into 
Eq. (3), and find that  
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The spectral intensity of a plane wave is always 
nonnegative, so the following condition must be satisfied.  

3 3
0 0o i ih hσ − σ ≥  (12) 

And this is automatically satisfied because of the pre-
vious condition.  

Figures 1 – 4 show spherically symmetric potentials 
FHS for different values of the summation index L, size 
σo, shell’s thickness and shell’s fill factor and the corre-
sponding scattered intensity distributions.  

For all the numerical examples we assume that the 
plane wave with wavelength λ = 632 nm is incident on 
scatterers with centers at x = 0, y = 0, and z = 0 and ho

 = 1, 
along direction s0 with coordinates s0x = sin θ0

 cos φ0, 
s0y = sin θ0

 sin φ0, s0z = cos θ0, where θ0 and φ0 are the polar 
and azimuthal incident angles in the corresponding spher-
ical system. The scattered field is then calculated for a di-
rection specified by a unit vector s with coordinates 
sx = sin θ cos φ, sy = sin θ sin φ, sz = cos θ, where θ and φ are 
the polar and azimuthal scattered angles.  

Figure 1 shows the hollow scattering potentials with 
spherical symmetry and different number of terms, L in 
the summation and the corresponding scattered far fields. 
As L, and hence, the edge sharpness, grow the number of 
fringes increase but saturate to eight for the whole angu-
lar range of forwarding directions.  

Figure 2 illustrates the dependence of the scattered in-
tensity on the effective radius of the spherical shell with 
L = 40, hi

 = 1 (completely hollow in the center), but with 
different values of σo and σi (for all cases mao / σi

 = 5). 
For shells with σo smaller than 1 / k the intensity de-

creases monotonically with azimuthal angle θ; for the 
shells with sizes comparable or grater than 1 / k the inter-
ference patterns are formed, with increasing number of 
dark fringes for larger shells.  

In Figure 3 the potentials of different thickness and the 
corresponding far-zone scattered intensity distributions are 
presented. As thickness increases, the hollow potential ap-
proaches solid potential, leading to smaller number of dark 
fringes occurring at large azimuthal angles.  

Figure 4 illustrates the capability of the model to 
predict the scattered intensity in cases when the center 
of the particle is partially filled. For this the value of hi 
is to be positive. On fixing L = 40, σo

 = 10 / k and 
σi

 = 5 / k and varying hi from 0 to 1, we find that for 
completely hollow and for semi-hollow particles the 
number of dark fringes is smaller than for the corre-
sponding solid particle.  

In order to extend the analysis from spherically sym-
metric shells to other 3D shapes we can use the same idea 
as in Ref. [12] based on arranging the multi-Gaussian 
summations as: single 3D (ellipsoid), (2+1)D (cylinder) 
and (1+1+1)D (parallelepiped).Of course, for hollow and 
semi-hollow potentials instead of single summations the 
differences of the sums are to be implemented.  

3. Hollow ellipsoids 
A scattering potential of an ellipsoidal scatterer with 

adjustable size, thickness, edge softness and fill factor 
can be modeled by the distribution: 

2
1

1

2 2 2

0 2 2 2

2 2 2

2 2 2

( ) ( 1)
4

exp
2 2 2

exp
2 2 2

L
l

HE
ll

xo yo zo

i
xi yi zi

Lk
F

lC

x y z
h l

x y z
h l

−

=

 
;ω = − × π  

   × − + + −    σ σ σ    

   − − + + .    σ σ σ   

∑r

 (13) 



Scattering of light from hollow and semi-hollow 3d scatterers with ellipsoidal, cylindrical and cartesian symmetries X. Chen, O. Korotkova 

Computer Optics, 2016, Vol. 40(5) 637 

     
Fig. 1. The potential and the intensity of the scattered plane wave for σo =  20 / k, σI =  5 / k, ho =  hi =  1,  
with L =  1 (solid curve), L =  4 (dashed curve), L =  10 (dotted curve) and L =  40 (dash-dotted curve) 

     
Fig. 2. The potential and the intensity of the scattered plane wave for L =  40 and different sizes: σo =  1/k, σI =  0.2 / k (solid curve); 

σo =  5 / k (dashed curve), σI =  1 / k (dashed curve); and σo =  10 / k, σI = 2 / k (dotted curve) 

    
Fig. 3. The potential and the intensity of the scattered plane wave for L =  40, σo =  10 / k and different thickness σI =  1 / k (solid curve), 

σI =  2.5 / k (dashed curve), σI =  5 / k  (dotted curve) 

    
Fig. 4. The semi-hollow potentials and the corresponding intensity of the plane wave scattered from them for hi =  0 (thick solid 

curve), hi =  0.25 (dash curve), hi =  0.5 (dotted curve), hi =  0.75 (dashed-dotted curve) and hi =  1 (thin solid curve) 
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Where the similar condition must be satisfied since 
the minimum value of the potential and the thickness are 
nonnegative. So ho

 >  hi, σxo
 > σxi, σyo

 > σyi, σzo
 > σzi.  

Figure 5(a) and 5(b) illustrate the hollow elliptical po-
tentials with L = 1 and L = 20, respectively. As the upper 
index increases the ellipsoidal shell with sharper inner 
and outer edges is formed.  

    

    
Fig. 5. Hollow (a) ellipsoid with L =  1, (b) ellipsoid with L =  20, 

(c) cylinder with L =  M =  20 and (d) parallelepiped with 
L =  M =  P =  20. For all figures σxo

 >  1/k, σyo
 >  1.5/k, σzo

 >  2/k, 
σxi

 >  0.5/k, σyi
 >  1/k and σzi

 >  1.5/k 
On substituting this expression into Eq. (3) one finds 

that the corresponding far field scattered intensity be-
comes  
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Similarly the the following condition must be satisfied. 

0 0ox oy oz i ix iy izh hσ σ σ − σ σ σ ≥ . (15) 

And this is also automatically satisfied because of the 
previous condition. Fig. 6 presents the density plots of the 
plane wave scattered from a typical ellipsoidal potential 
of fixed size with solid [6(a) and 6(c)] and completely 
hollow [6(b) and 6(d)] centers. Soft-edge case (L = 1, 
[6(a) and 6(b)]) and fairly hard-edge case (L = 40, [6(c) 
and 6(d)]) are considered. Compared with soft-edge, the 

hard-edge case lead to increased number of dark fringes. 
And in the soft-edge case, two dark fringes appear in the 
center in the hollow potentials. In the hard-edge case, 
compared with solidpotentials the hollow potentials lead 
to reduced number of dark fringes. 

   

   
Fig. 6. Density plots of the scattered intensity of a plane wave 

from ellipsoidal potentials with with σox =  10 / k, σoy =  8 / k, 
σoz =  6 / k, σix =  5 / k, σiy =  4 / k, σiz =  3 / k and (a) L =  1, hi =  0; 

(b) L =  1, hi =  1; (c) L =  40, hi =  0 and (d) L =  40, hi =  1 

4. Hollow Cylinders 
The potential of a hollow cylinder-like scatterer with 

semi-soft edges may be modeled by multiplying a difference 
of two 1D multi-Gaussian distributions corresponding to the 
axis of cylinder’s symmetry and a difference of two 2D mul-
ti-Gaussian distributions corresponding to the other two or-
thogonal coordinates. For instance a cylinder aligned with 
the scattered direction z has the potential of the form:  
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Where the similar condition must be satisfied. Here 
Cm has the same form as Cl in (6) but generally different 
value of upper index. In order to model a potential 
aligned with x or y directions it suffices to exchange in 
(16) all the quantities relating to z direction with those re-
lating to x or y directions.  

Figure 5(c) shows the hollow cylindrical potential 
with L = M = 20. We note that for L = M = 1 the cylinder 
reduces to the Gaussian shell in 5(a).  

Figure 7 shows typical distributions of scattered in-
tensity of light scattered from cylinders oriented along the 
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scattering axis and having various potential strength hi in 
the center. Generally for cylinders two sets of curves 
crossing each other appear. As hi grows from 0 (solid cyl-
inder) to 1 (hollow cylinder) the number of destructive in-
terference curves decreases.  

Figure 8 illustrates the interference pattern for cyl-
inders with the axis of symmetry along the direction 

perpendicular to that of the incident light wave. In this 
case for semi-hollow scatterers closed curves in θ – φ 
plane may appear. In addition, the comparison between 
Figs. 7 and 8 implies that the orientation of the cylin-
der plays the crucial part for qualitatively determining 
of the scattered intensity distribution.  

          
Fig. 7. Density plots of the far-field intensity of the plane wave scattered from the cylindrical scatterers with symmetry axis along the 

z-direction (coinciding with the scattering axis) with σox =  10 / k, σoy =  8 / k, σoz =  6 / k, σix =  5 / k, σiy =  4 / k, σiz =  3 / k for (a) hi =  0 
(solid ellipsoid); (b) hi =  0.1; (c) hi =  0.4; (d) hi =  1 (completely hollow ellipsoid) 

           
Fig. 8. Density plots of the far-field intensity of the plane wave scattered from the cylindrical scatterers with symmetry axis along the 
z-direction (perpendicular to the scattering axis) with σox =  10 / k, σoy =  8 / k, σoz =  6 / k, σix =  5 / k, σiy =  4 / k, σiz =  3 / k for (a) hi =  0 

(solid cylinder); (b) hi =  0.1; (c) hi =  0.4; (d) hi =  1 (completely hollow cylinder) 
On subsituting from Eq. (16) into Eq. (3) we find that the corresponding far-field scattered intensity takes the form: 
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5. Hollow Parallelepipeds 
A hollow soft-edge parallelepiped’s scattering potential can be modeled by a product of three one-dimensional mul-

ti-Gaussian distributions: 
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where Cn and Cp have the same form as normalization factor Cl in (6) but possibly different values of their upper 
indexes and also the similar condition should be satisfied.  

Figure 5(d) shows the hollow parallelepiped-like potential with L =  M =  P =  20. Just like in the cylindrical case, for 
L =  M =  P =  1 the parallelepiped shell reduces to the elliptical soft Gaussian shell in 5(a).  
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The far-zone scattered intensity distribution is now readily obtained on substituting from (18) into (3):  
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Figure 9 shows the scattered intensity patterns for 
several parallelepiped-like particles with different values 
of hi Solid [9(b)], semi-solid [9(b) and 9(c)] and hollow 
[9(d)] scatterers all have three sets of dark curves. Just 
like in the case of a cylinder, as hi grows bigger, the dark 
closed curves may appear for semi-solid scatterers.  

Figure 10 compares the scattered intensity patterns for 
light scattered from completely hollow parallelepipeds 
with different thickness: thicker walls of the scatterer 
[Fig. 10(b)] lead to fewer interference curves but more 
closed curves in the center.  

          
Fig. 9. Density plots of the far-field intensity of the plane wave scattered from the typical parallelepiped-like scatterers with  

σox = 10 / k, σoy =  8 / k, σoz =  6 / k, σix =  5 / k, σiy =  4 / k, σiz =  3 / k for (a) hi =  0 (solid parallelepiped); (b) hi =  0.1; (c) hi =  0.4; (d) 
hi =  1 (completely hollow parallelepiped) 

    
Fig. 10. Density plots of the far-field intensity of the plane wave 

scattered from two completely hollow parallelepiped-like 
scatterers (hi =  1) with σox =  10 / k, σoy =  8 / k, σoz =  6 / k but of 
different thickness: (a) σix =  9 / k, σiy =  7 / k, σiz =  5 / k and (b) 

σix =  2.5 / k, σiy =  2 / k, σiz =  1.5 / k  

6. Summary 
By means of multi-Gaussian functions in 1D, 2D and 

3D settings we have established analytical models for the 
scattering potentials that can be of different shapes: 
spherical, ellipsoidal, cylindrical and parallelepiped-like, 
as well as have adjustable size, outer and inner edge 
sharpness and shell thickness. On the basis of the first 
Born approximation and far-zone approximation we have 
analytically evaluated the distributions of scattered inten-
sities for all the cases for the incident plane wave. Our re-
sults illustrate that the solid, semi-hollow and hollow 
scatterers lead to qualitatively different far-field intensity 

distributions, forming the fringe-like patterns accounting 
for size, sharpness, and geometrical features as the pres-
ence of right-angle side-joints (cylinder and parallelepi-
ped) and the corners (parallelepiped). The models are of 
acute academic interest since they are entirely based on 
the dimension-separable and easily integrable and trans-
formable Gaussian functions.  

The model can be readily extended to the following 
cases: 1) The choice of different upper indexes for the po-
tentials can account for situations in which different 
smoothing is required in the three orientations; 2) The 
profile of the hollow part of the scatterer does not need to 
coincide with that of the external edge, for instance one 
can readily model a cube with the removed ellipsoidal 
central part; 3) The nested potentials of the same or dif-
ferent geometrical profiles can be employed; 4) Multiple 
exclusions at different locations within the scatterer can 
be used for modeling of the porous media.  
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