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Introduction
The encircled energy in a definite solid angle in the 
Fraunhofer zone under the diffraction of plane light 
wave on plane apertures of arbitrary shapes with arbi-
trary incident fields is calculated as the integral trans-
formation of angle-averaged aperture optical transfer 
function with a core in the form of the first-order Bes-
sel function. Such problems can arise in different ar-
eas of physics, i.e. astronomy, photodissociation lasers 
with open-discharge emission pumping [1], etc. Cal-
culations of these integrals with the oscillating func-
tion are not simple. The solution of inverse problems 
is even more difficult. Since it is often quite enough to 
have 10-15% of encircled energy calculation accuracy, 
it becomes relevant to search its close approximation. 
We proposed such approximation in papers [2-3], 
however its accuracy may be acceptable only if there 
are some restrictions on the shape of apertures and 
the structure of the incident field. The field should be 
smooth, and the apertures are not to be very rugged.
This paper offers the approximation of encircled ener-
gy based on another model if compared with that one 
shown in [2-3]. It allows us to obtain a higher accura-
cy of the approximation within a larger range of fields 
and apertures, and it has apparently good prospects 
of further improvement within the framework of the 
offered approach.

1. Basic relationships
In the classical diffraction problem of arbitrary mono-
chromatic light wave incident along the z – axis per-
pendicular to finite plane aperture ( 0z ), let us consider 
the encircled energy )(  withing the cone with a gen-
erator at the angle   to z  normalized by

2 2( ,0)E U r d r
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– the whole flow through apertures, )0,(rU


 – the 
field on the aperture with Cartesian coordinates 

 yxr ,


,   – the aperture area.
The expression for the encircled energy )(  behind 
apertures in a paraxial region of the Fraunhofer zone 
obtained in the framework of physical optics by means 
of the Kirchhoff method in the Fresnel approximation 
[4-5] is written as follows [2, 6] 
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Here   – is the wavelength; 1J  – is the 1st order Bes-
sel function; )(T  – is the optical transfer function 
(OTF) averaged by the  -angle of the polar coordi-
nates   ,


 entered into aperture planes in place 

of the Cartesian coordinates 
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The calculation of the field behind aperture in the frame-
work of physical optics by means of )0,(rU


 shall sup-

pose the fulfillment of the following conditions:
– the inequation / 1a   ( a  – is the aperture size): 
along with the condition of monochromatic radiation it 
enables to neglect edge effects on aperture, solve a scalar 
problem (in place of a vector problem) and pass on from 
the wave equation to the Helmholtz reduced wave equa-
tion 0),(),( 2  zrUkzrU


, where  /2k ,

with boundary conditions of the Kirchhoff geometrical 
optics. In case of additional conditions of Sommerfeld’s 
radiation 

0)/(lim 


ikUrUr
r

 

that provides the required rate of the field decay at in-
finity behind apertures, it has an exact integral solution 
to be solved by means of the Green function. For (1) we 
have taken the first Green function for plane apertures 
that gives the solution by means of the field on apertures 
without regard to the normal field derivative;
– the condition of paraxial zone

  1/3/ a  : one 
may go over from the Helmholtz reduced wave equation 
to the parabolic equation ,2 ( / ) 0x yik U z U      (

yx,  – is the transverse Laplasian), the exact solution 
of which is called the Fresnel approximation;
– the condition for the wave parameter / 1D z  
: it determines the z -distance from apertures (the dif-
fraction Fraunhofer zone) where the Fresnel approxima-
tion is additionally simplified. 
We shall further assume that the incident wave on aper-
tures is plane. Then, without losing generality, the func-
tion )0,(rU


 may be considered as real.

The optical transfer function (OTF) in uniform fields (
constrU )0,(


) on apertures is equal to a overlap-

ping area of two apertures displaced by  with respect 
to each other. The overlapping area is normalized to 
the aperture area, and )(T  – is the mean of the optical 
transfer function (OTF) with respect to the displacement 
angle. In other words OTF and )(T are considered to 
be geometrical aperture characteristics. If the field is 
non-uniform, OTF and )(T  will be the field-averaged 
characteristics by )0,(rU


 . It follows from the equation 

(2) that 1)0( T .
When  /2 11  is close to zero, it follows from 
the equation (1) that 2
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where the field-averaged aperture area is entered
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For the uniform field  eff , and for the non-uni-

form field eff . The equation (3) defines the first 
characteristic length

 /1 eff  (5)

The paper [6] showed, from a series expansion of (1) 
according to Willis method [7], that the asymptotic ap-
proximation )(  at larger  /2 22  is as follows

2 2

(2 / )( ) 1
(2 / )
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   (6)

where the second characteristic length – 2  is deter-
mined as 2

2 2
c

E U dl    (7)

The denominator in (7) has the integral over the aperture 
perimeter. In case of uniform fields the equation (7) goes 
over into the following:

P/22   (8)
where P  – is the aperture perimeter. The multipliers in 
(5,7) are taken so that for constrU )0,(


 on circu-

lar apertures 2,1  are equal to circle radius. For uniform 
fields 

12 //2  P  (9)
and the equation is true only for the circle. All the more, the 
equation (9) is true for non-uniform fields when a strict in-
equality has been performed even for the circle.
So the equations (3) and (6) shall give the approxima-
tions (1) at smaller and larger values 
  /2 ii  (10)
In the interim )(  may take different forms. There is 
the very few of analytical formulae for )( obtained. For 
example, the known Rayleigh function for circles at uni-
form fields may be written as follows

)()(1)( 2
1

2
0  JJcirc  (11)

where )(1,0 xJ  – means Bessel functions of orders 0 
and 1. In (11) the parameter (10) has been taken with-
out index because it includes the circle radius 2,1 .
The approximations (3) and (6) properly describe (11) 
at smaller and larger ; their combination connected 
at a cross point properly approximates the total Rayleigh 
function (see Fig. 2 in [2]).
The numerical calculation of the quadruple integral 
(1-2) due to oscillations 1J  takes considerable time, 
and it is required both in astronomy [8] and in some 
laser configurations [1]. The approximate calculation 
of (1) is assumed in many tasks. The paper [2] showed 
that in uniform fields and when parameter value 

21 /  (12)
is close to 1 (in accordance to (9), 1 ) a fairly good 
approximation )(  is (11) of 2  (10) with 2  from 
(8).
For the non-uniform field   is larger than for the uni-
form field. When 2  (7) is large (the field is small along 
the edges), then (6) shall “perform” only in proximity
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1)(  , and 2  doesn’t already determine )( in in-
termediate domain.
For this situation the papers [2-3] presented that if the 
field on apertures varies smoothly (Gaussian or expo-
nential functions), one may take (11) of the argument 

 )/(2 ,2,2 effeff , as the approximation )( ,
where eff,2  is calculated as per (8) with   to be re-
placed by eff , and P  – to be replaced by effP ,
obtained as a perimeter of a hole inside aperture equal 
in area to eff  with a horizontal boundary of the field 
amplitude relief or along the aperture boundary (where 
it cuts off a contour line)

effeffeff P/2,2  . (13)
It also turned out that almost without loss of approximation ac-
curacy one may not calculate effP  for the hole equaled exactly 
to eff  (in many cases it requires to solve transcendental equa-
tions), but may take the aperture area and perimeter, according 
to the same approach, which corresponds to the field amplitude 

2/1 e  of the maximum value (when the boundary field is great-
er, the aperture boundary should be considered).
The parameter (13) (and particularly its approximation “by 
level 2/1 e ”) is not followed from (1-2) and it is phenome-
nologically obtained. Its applicability has been proposed at

)( for different apertures, including those in iodine pho-
todissociation lasers with aperture fields of the Gaussian 
type or the exponent [1-2]. In [3] an unsuccessful effort was 
made to justify or improve a choice (13) for the approxima-
tion of the above type (11). Moreover, this approximation is 
completely poor, for example, if the field is large in a small 
part of the aperture (the “kernel”) and is small in its remain-
ing, much greater, part (the “periphery”), and the energies 
in the “kernel” and the “periphery” are comparable. 
We have proposed here a different, other than in [2-3], 
method of approximation )(  based on the models )(T .
If )(yF  – is the integral transformation )(xf  with an 
oscillatory core ( )oscG xy  (as per (1))

( ) ( ) ( )oscF y G xy f x dx   (14)

the oscillations oscG  may smooth over a contribution 
of f  into F . 
As a matter of fact, )(yF  defines not a proper type of

)(xf , but a set of its numerical characteristics (invari-
ants). Then the model )(xf , even not simulating it 
properly but retaining these invariants, can provide good 
approximation of )(yF  which depends on the invariants.
This determination was obtained in [9-10] as a result 
of numerical experiments with the calculation of sta-
tistical characteristics of the narrow-band random pro-
cess that has induced the similar approach to the approx-
imation )( , because the integral (1) is similar to (14) 
in its structure. Since both the kernels ( )oscG xy in (1) 
are different and )(xf has also a different meaning, the 
approach was not so much mathematical as physical, i.e. 

the choice of necessary invariants was made due to the 
physical sense of )(xf .
In [9-10] )0(f  and )0(oscG  in (14) are equal to ab-
solute maxima, i.e. the oscillations oscG  cut off a tail of

)(xf . In (1) )0(T  – is the maximum, but 0)0(1 J ,
thus it does not cut off the tail but the maximum )(T .
Therefore for the approximation )(  according to the 
method presented in [9-10] the formula (1) was con-
verted based on Bessel function properties by means 
of by-part integrating as follows

0
0

2( ) 1 ( )J d    


      
   (15)

where )(0 xJ  – is the zero-order Bessel function with 
already desired type of kernel (14) (the maximum is 
at zero and decrease  is performed with increasing the 
argument), and )(  is determined as follows

)()(  T . (16)
When (15) deduced from (1), the equations 1)0(0 J ; 

0)(;1)0(  TT . (17)
shall be taken into consideration. The numerical cal-
culation of )(  (if )(  are analytically unknown) 
was performed not according to (15) but according to 
(1), since otherwise the calculation of the triple inte-
gral (2) is to be added by one more task of the numer-
ical calculation of the derivative )(T .
The function )( shall meet the following conditions:

2

2 0 0

2(0) ; ( ) 1; ( ) effd d    
 

  
        (18)

The third equation in (18) arises from (4), the sec-
ond – from (16-17), and the first – from the equation 

2(0) 2 /T     obtained in [6] for uniform fields on 
aperture and generalized in [2] for non-uniform fields 
(see (6)).
It follows from (16-17) the relationship of moments of 

)(  and )(T

1

0 0

( ) ( )n nd n T d     
 

    (19)

Let’s first consider the case of uniform fields on aper-
tures when many characteristics have got a clear geo-
metric interpretation.

2. Uniform fields on apertures 
Let us enter, for convenience in place of (16), the 
dimensionless function )(~   of the dimensionless 
argument

2
2 2( ) ( ) ( )

2 2
T

               
(20)

where 2/ , 2  is set in (8). The equations (18) 
shall go over into 
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2/)(~;2/)(~;1)0(~ 2

0

2

0

 
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dd  (21)

and the expression (15), by means of 2 , shall go 
from (10) into

 




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0

202 )(~21)( dJ . (22)

If   (12) is known and the model )(~
mod   that satisfies 

(21) is to be substituted to (22), the obtained function 
)( 2mod   with exact )( 2 shall have equal behaviors

 22 2/  (3) in the origin of the angle coordinates and 
asymptotics 2/)/2(1   (6) at infinity. The function 

)( 2  does not decrease, tends to unity and can have flex 
points (the Fraunhoffer dark rings on a diffraction pattern). 
If in graph with 2  x-axis we draw two functions (11) of 

21  and 2 , then )( 2  shall first go along the first 
curve, and in the end it shall go over into the second curve. 
The transition may be diverse, i.e. monotone, with flex 
points or with a nearly lateral jump-over in the neighbor-
hood of a top “plateau”. Fig. 1 shows four functions (20) 
for different aperture shapes with 77,1  (rectangle, ring 
and two toothed apertures (TA)) taken from [2] and de-
fining diverse functions )( 2  (see Fig. 2). The toothed 
apertures (TA) are the gears with gear teeth in the form of 
ring pieces cut off radially. The shape of toothed apertures 
possesses a symmetry axis of the n -order and is determined 
by three parameters, i.e. the relationship of concentric circle 
radiuses d , a number of equal teeth n  and the ring-teeth-
filling factor   (a part of the ring occupied with teeth). 
 

Fig.1. Functions )(~   for four different apertures with
77,1/ 21  : TA-1; TA-2; the ring; the rectangle (the 

curve line extends to 8,8 );

 

Fig.2. Functions )( 2  are dashed-line curves corresponding to 
)(~   in Fig. 1. Full lines show the functions (11) of parameters 2  

(left) and 2  (right); the area between them is painted over

For the numeric calculation of )(~   for TA, prop-
er software has been developed which was also 
used for )(~   of ring apertures with non-uniform 
fields. From the obtained sets ),,( nd for )(~ 
Fig. 1 we have selected two ones, where 77,1 :
TA-1 (0.77; 10; 0.75) and TA-2 (0.25; 3; 2/3). 
In the rectangle 77,1  is equal to / 9,84a b   
( ( ) / [2 / 1,13; )a b ab       ), and in 
the ring it is equal to the ratio 0,52d 

  

( );1[)1/()1(  dd ).

For the ring and the rectangular )(~  are handled ana-
lytically [11-13]. We shall need )(~   for the ring
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 (23)

For the approximation )( 2  we tested a number of 
models )(~  selected based on three considerations, 
i.e. the possibility of analytical calculation (22) with 

)(~
mod   (or by means of the integral of parame-

ters which may be tabulated); simplicity in the cal-
culation of model parameters by means of charac-
teristics of apertures, the field or )(T ; and model 
usability for the non-uniform field on apertures. 
There are not so many analytically integrable functions 
in (22). In )(~

mod   we have used the linear function 
((22) together with it provide Bessel and Struve func-
tions), 

22)( xkxf   (24)
of the type of 2)2/(1)(~

circ  of the circular ap-
erture and two first summands in (23) ((22) of (24) 
on the interval  k,0  gives (11)) and the function of 
the third summand in (23)

xxxkxf /1)( 222   (25)
The integral (22) of (25) on the interval  k,1 is not 
analytically calculated and it depends on k  and one 
more parameter.
The given models )(~

mod   possess the parameters. 
In [11-13] several models have been considered 
possessing a number of 1 to 3 free parameters (af-
ter the execution of (21)) and different sources for 
these parameters.  This paper presents some results 
of this analysis and shows the best models with the 
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most successful selection of free parameters.  
The first group )(~

mod   represents piecewise linear 
models with 1-3 free parameters. Their analysis for 
the examples in Fig. 1 has shown that the close ap-
proximation )( 2  is provided by one-parametric 
rectangle and triangle models )(~ ,

mod  trirec , regardless 
of roughness of the approximation )(~   (Fig. 3).
Their parameters are calculated from quadratic equa-
tions (see below). The models with greater number of 
free parameters “fail” to the models in Fig. 3 for several 
reasons, i.e. the equations become more complicated 
to calculate the parameters from the values of aper-
ture invariant characteristics; more characteristics are 
needed; it often happens that the calculated parame-
ters cannot meet all necessary requirements. This is 
also true for non-uniform fields on apertures.
 

Fig.3.One-parameter models )(~ ,
mod  trirec . The value of 

)0(~
mod  and two of three parameters on the graph are 

determined by the equations (21), one parameter is free. In 
the context thereof 210 ll  , and h  – may be of any value

Of course, the more parameters, the greater approxima-
tion opportunities. However the aforementioned limita-
tions bring these advantages to naught. Performance po-
tentials of the models in Fig. 3 (using manual selection of 
free parameters) allow one to better improve the approx-
imation )( 2 . Improvements occurred due to model 
complications are negligeable for considered sources of 
parameters and they even can’t always be observed.
It is convenient to calculate model parameters in Fig. 3 
by means of 

21 lla   (26)
assuming this to be a free parameter. Then for the 
model )(~

mod tri  in Fig. 3 we shall have the following 
from the equations (21) 

2

1
22

21 ;)6(
l
l

h
a

allb






  (27)

For existing real positive values 21 , ll  in (26-27) 
it is necessary and sufficient that a  shall meet the 
following requirement (provided / 6 1,28  
) [12-13]

6a  (28)
Provided 6/1  , the requirement for a  is dif-

ferent (see [12-13]), but 1,28   is small even for 
uniform fields, and all examples herein shall refer to 
the case when 1,28  . The value 6  in table 
below is called mina .
The parameter a  (26) may be taken from different aper-
ture characteristics. Let us consider some opportunities 
[11-13]. For example, it may be taken from unengaged in 
(21) moments of )(~   (i.e. )(T  – see (19)), i.e. 





0

4
4

0

3
3

0
1 )(~;)(~;)(~ dIdIdI  (29)

The values 1I  for considered apertures are given in the ta-
ble below, and 4,3I  – in [11, 13]. Using the moment 1I  the 
parameter (26) for )(~

mod tri  in Fig. 3 shall be calculated by 

   211
2 66

1
 IIaI  (30)

Though (30) is quite favorable for the apertures and 
fields analyzed, let’s also consider some other options 
(26). 
If in (15) we expand )(0 xJ  in a zero Taylor series up 
to 4x , the following member shall be added to (3) 

2

2 2 4
2 2 2 40

( ) ( 4) ( 32 ) I  
 

      (31)

i.e. 4I may also be obtained as a source for (26). In ac-
cordance to (31), this should improve the approximation 

)( 2  in the origin of the angle coordinates, but this 
correction is low-observable. Replacing 

1Ia  by
4Ia dont 

improve the approximation )( 2 , although these two 
options are close to each other. Using

 
4I

 
for )(~

mod tri

the parameter 4Ia is calculated from the 4th-degree equa-
tion
4 2 2 2(6 ) 2 0a A a Aa A        (32)

where 4 2 2
46(5 6 ) (6 )A I             , 

and it should meet the above requirements 
(28).
One can also obtain a  from the condition that

max2 l ,  where max  – is the maximum  ,
for which 0)(~   (and 0)( T ). 

It equals to 2/)( 2
maxmax Da  , 

where 
2 2
max max4 ( 6 ) / ( )D        .

For the fulfillment of 2la 
 we need 0D . 

Along with (28) it may restrict max :










max

max

0
6

 (33)

where, as in (28), it is assumed that 6/ . See a 
contrary option in [13].
The values max and a of the considered examples are 
also given in the table below. The requirements of (33) 
from apertures in Fig. 1 may be satisfied only by the rect-
angle.

l1                                                                                                   l2
0

1

h

)(mod
rec

)(mod
tri
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Table. Characteristics )(~   for seven apertures and the fields thereon and different values of a  (26) 
for the triangle model in Fig. 3 (dashes mean that the parameter does not exist or not meet the 

requirement (28))

 1I max æ mina
1Ia 4Ia a æa a

Rectangle 
/ 9,84a b  1.77 1.85 8.77 0.10 4.34 19.5 12.9 11.6 – 13-15

Ring
52,0d 1.77 2.00 4.13 0 4.34 10.2 7.36 – – 7-9

TA-1 1.77 2.32 3.74 1.02 4.34 – – – 4.78 4.3-4.7
TA-2 1.77 2.12 4.27 0.31 4.34 6.62 5.91 – – 6.5-7
Example 1 3.37 3.61 20.8 0.75 8.25 12.4 12.1 23.6 10.5 12-13
Example 2 5.34 4.35 17.9 0.77 13.1 28.0 28.7 19.5 16.9 20-22
Example 3 12.0 10.1 34.3 – 29.5 50.4 63.4 35.2 <0 39-40

For )(~
mod tri  the parameter (26) may also be obtained 

from a zero slope ratio ...æ1)(~
0




)0()2/((0)~æ   T . (34)

Using (34) 2
æ (6 æ ) / ( æ 1)a       .

The series obtained for (22) in [7] (and more thor-
oughly analyzed in [14]) is presented only by the even 
derivatives )(~  and doesn’t contain (34):

...
)0(~21)( 3
22

2 


 



 

. (35)

In (35) only two first members are the asymptotic ex-
pansion (22) at infinity (vs (6)) and there is no sum-
mand of the type 2

2
 , as, for example, in asymptotics 

(11) [15]
...

4
2sin12cos21)( 32 











circ .

There is no any formula for the calculation of æ  in ar-
bitrary case. According to [3], the field non-uniformity 
provides contributions only into the  zero even derivatives 

)(T  (i.e. into the odd derivatives )(~  ). With regard to 
)0(T   from [2,6] and a part of )0(T   of non-unifor-

mities we shall obtain the following [12-13]

2 * 2
2

2

2( ) 1

...
4

T

U Ud r

E

 










  

 
 


  (36)

In (36) in the general case the coefficient at
 2  (pre-

settingæ ) is not total, i.e. there is a contribution of 
the field non-uniformity therein and no contribution 
of the aperture boundary. However, for the examples 
considered in this paperæ  is to be calculated. At uni-
form fields for apertures in Fig. 1: 

2
recæ 1/ ( ) ;

 

2

TA 2
n(1- d )æ

1 (1 ) /d n d
 

   



   

.

0æring   And even at equal   they differ greatly. 
And in the non-uniform field for three examples considered 

below, due to the radial symmetry of fields and apertures, 
æ  is just provided with the third summand (36), i.e.

2* 2 2æ E / ( )
C

U Ud r U dl  


  
 

Thus æ and æa  are also given in the above table. 
In Fig. 1 only for TA-1 there exists )(~

mod tri  by æ  
(the requirement (28) hasn’t been fulfilled for the 
rectangle and the ring, and for TA-2 æa  has an imag-
inary value).
From (22) )( 2mod tri  for )(~

mod tri in Fig. 3 equals to

 
   
   

mod 2 2 1

2
1 2 1 1 2 2 2 2

2 1 1 1 2 2 1 2 2

2

( ) 1 2 ( )

(1 ) ( )

(1 ) ( )

tri l l

l h l l F l l hF l

h l l J l l hJ l

     

      
         

 (37)

where  )()()()()2/()()( 10010 xHxJxHxJxJxF  ; 
whereas iJ  and iH  – are the i-order Bessel and Struve 
functions.
The expressions similar to (27-28,30,32-33,37) in 
their structure are also obtained for the rectangle 
model )(~

mod rec  (Fig. 3). They are presented in [13].

0 1 2 3 4 5

0

0.2

0.4

0.6

0.8

1
)();( ,

mod
rectri

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1
)();( 2

,
mod2
rectri

2

a

b

)(mod
tri

)(mod
rec

)( 2mod
tri

)( 2mod
rec

 
Fig.4. For the ring aperture with 77,1 : (а) – the graphs of 

)(~   ( full line) and the models )(~ ,
mod  rectri  Fig. 3 (dashed 

lines) at 
1Iaa  . For )(~

mod  tri the tail is cut-off on the 
graph; (b) – the graphs of )( 2  and )( 2

,
mod  rectri

 for 
)(~ ,

mod  rectri  from (а) (line types are matched)
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Fig.5. For TA-1 with 77,1 : (а) – the graphs of )(~   (full 
line) and the models )(~

mod rec  at 1Iaa  , )(~
mod tri  

at æaa  (dashed lines); (b) – the graphs of )( 2  and 
)( 2

,
mod  rectri

 for )(~ ,
mod  rectri  from (а) (line types are 

matched)

The calculation of )( 2
,

mod  rectri
 for apertures in Fig. 1 

at a  from the above table has shown [11-13] that both 
models can simulate )( 2 well and similar in accura-
cy, however )( 2mod tri  is more preferred, because (37) 
is usually monotonic as )( 2 , and )( 2mod rec  has 
detectable local extreme points. To estimate how well 
(37) can approximate the exact )( 2 , (26) was also 
selected manually for the better approximation )( 2  
( a  in the above table). At 

1Ia – (37) differed from 
)( 2  in the whole range of 2 within 10-15%. 

Figs. 4-5 show two worse examples, i.e. for the ring 
aperture and TA-1.
In [11-13] one more model of )(~   was considered 
based on (23) for the ring apertures, i.e. )(~

mod  r . In 
(23) the coefficients are determined by   (12), they 
were assumed to be of any kinds in the model (each 
summand is taken on the interval where it is real):





/

)(~

2222

2222
mod

gc

bar

 (38)

In (38) there are seven parameters limited in sense:
0,;;0;0  bccgba  (39)

where the relationship of a  and b  was taken for 
definiteness; the second inequality is obvious; 
and the last two ones give a typical type of )(~ 
and )( 2 . Perhaps, the condition 0,   in (39) 
may be eliminated just as it was done with the re-
quirement 0  corresponding to (23). Howev-
er, since even with (39) some good solutions have 
been found for all examples, the options not ac-
ceptable by (39) were rejected.
Taking into account (21), there are four free pa-
rameters left in (38). Their search by means of iI  
(29) shall result to the system, where in odd-moment 
conservation equations for )(~

mod  r  the ratio of un-
known variables cg / is included into the arguments 
of elliptic integrals. To avoid this, the model (38-39) 

was simplified by superposition of the relationship of 
g  and c , as in (23)

2/1/  cgp  (40)
Then elliptic integrals depending on p  in conservation 
equations for 3,1I  became numerical coefficients in the 
system of algebraic equations for the rest of three pa-
rameters. For the apertures in Fig. 1 at least two or three 
real solutions for model (38-40) have been obtained by 
means of 4,3,1I , even for the ring apertures. All of them, 
regardless of the difference in respective functions (38), 
have given close and good approximations )( 2  (bet-
ter than the models in Fig. 3 – see [11]). Most of these 
solutions roughly met the requirements of one of two 
equations (which is not the case in (23))

ac   (41)
bc   (42)

Therefore in [11] we have considered the mod-
el (38-41), and in [13] – the model (38-
40,42) (two free parameters have been tak-
en from the moments 3,1I ). As well as two 
one-parameter models (38-40) ( maxb ,
one of the requirements (41-42) has been fulfilled, 
and the resting parameter was taken from 1I ). For 
all apertures in Fig. 1 these one– and two-parame-
ter models possessed one or two solutions each and 
provided close and good approximations )( 2 ; be-
sides, the accuracy of their approximation seemed 
to be better than for a three-parameter model (38-
40). Even for the ring apertures, the exact function 
(23) of which can satisfy neither (41) nor (42) (see 
Fig. 6). By means of manual selection of parame-
ters for these models (not by means of iI ) we near-
ly managed to obtain the coincidence of )( 2mod

r  
with )( 2 .
The function )( 2mod

r  consists of two functions 
(11) (obtained from the first two summands in (38)) 
and the two-parameter integral of the function (25) 
(from the third summand in (38)).
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Fig.6. For the ring aperture with 77,1 : (а) – the graphs of

)(~   (full line) and the two-parameter models )(~
mod  r  

(38-41) (short and medium dashes) and (38-40,42) (long 
dashes, tail cut-off) with free parameters from 3,1I ; (b) – 
the graphs of )( 2  and )( 2mod

r  for )(~
mod  r  from 

(а) (line types are matched)
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Fig. 6 shows an example of approximation )( 2  by the 
function )( 2mod

r  of two-parameter models (38-41) 
and (38-40,42) with parameters from 3,1I . 
One of the approximations here is supposed to be 
the worst among all such approximations for aper-
tures in Fig. 1. However, its relative error has never 
exceeded 15%.

3. Spatially-nonuniform fields 
on apertures

For non-uniform fields on apertures   (12) is in-
creased and the functions (11) of 2  and 2  are 
more dispersed (vs Fig. 2), and there is no information 
about )( 2 in intermediate domain. In this case the 
proposed in [2-3] approximation )( 2 , by means of 
the function (11) with some phenomenological argu-
ment normalization (the calculation of which is con-
sidered to be a separate problem), coincides neither 
with (3) at small, nor with (6) at large values of the 
argument, and it may be applied only for smooth fields 
on apertures of the Gaussian type or the exponent.
Let us use here the aforesaid models. We shall be re-
stricted to the ring apertures and three examples of 
fields for which the approach [2-3] gives bad approxi-
mation. The fields descend radially and possess a radi-
al symmetry like apertures.
Example 1. The radius ratio is 2,0d ; the field ex-
ponentially descends from the inner radius 1r into the 
outer radius 2r  by 10 42, 2 10e    times.
Example 2. The radius ratio is 7,0d ; the field ex-
ponentially descends from the outer radius 2r  into the 
inner radius 1r by 

2,5 12,2e   times.
Example 3. The radius ratio is 5,0d ; the field de-
scends from 1r  into 2r  in accordance with the law

*

* *
2

1 32( ),
( )

1 32( ) 0,02, 1

x d d r drU x
r d d d r

      
     

,

i.e. there is a narrow “ring-kern” ( 53125,0* d ) where
2U  drops down linearly, and the “periphery” where 

the field is constant, and the energies 1E  in the “kern” 
and 2E  in the “periphery” are close to each other, i.e. 
1 2/ 1,11E E  . The number 2 0,02   is close to

018,04 e , which in [2-3] estimates the level 2U  of 
aperture efficient boundary for non-uniform fields. The 
approximation in [2-3] was the worst for these fields.
Characteristics of 

~
 for examples 1-3 and parameters 

of their models tri
mod
~
  in Fig. 3 are given in the above table 

and in [11-13]. Comparison for examples 1-3 
rectri,

mod  
with exact   [11-13] has shown that here also tri

mod is 
better than rec

mod and it is quite acceptable at 
1Iaa  . 

Slightly inferior to it are (37) with  aaa I ,4 , 
which are worse with æaa   (a slope )0(~  is not 
important in simulation of  ) – see Fig. 7 for the ex-
amples 2-3 at all a -values from the above table (the 

example 1 presents higher approximation accuracy).
Functional arguments in Fig. 7 and Fig. 8 are normal-
ized not on (7) as in Fig. 1-2,4-6, but on (13) as in 
[2-3, 11-13].
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Fig.7. The graphs of exact   and tri
mod  (37) with parameters 

from the above table for example 2 (а) and example 3 
(no curve line with æaa  ) (b)

Calculations of 
r
mod  

for examples 1-3 (models of 
the “ring” r

mod
~
 ) have shown that three-parameter 

models (using moments 4,3,1I ) are not successful, 
i.e. there were always two or four unequal options most 
of which were non-monotone. One-parameter mod-
els by 1I  are missing for all examples 1-3 both at 
(41) and at (42). However, there exist two-parameter 
models by 3,1I  in one or two options both at (41) and 
at (42), and they are close in quality to tri

mod  (37). 
The paper [11] gives their parameters and graphs at 
(41), and the paper [13] – at (42). The approxima-
tions at (42) proved to be better than at (41), and for 
examples 1-2 they are more exact than for example 
3. Fig. 8 gives three available options for example 3: 
one at (41) (the worst) and two at (42), one of which 
is very close to the ideal. Two-parameter models (38-
40,41) and (38-40,42) can assume a great variety 
of functions 

r
mod
~
 .
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Fig.8. For example 3: (а) – the graphs of exact 
~

 (full line) 
and two-parameter models 

r
mod
~
  (38-40) (dashed lines, 

tails cut-off): one curve line is at ac   (short dashes) and 
two curve lines – at bc   (medium and long dashes); (b) 
– the graphs of exact   and 

r
mod

  for 
r
mod
~
  from (а) (line 

types are matched)
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So, for plane fields on apertures the one-parameter 
triangle model (37) and the two-parameter model of 
the “ring” 

r
mod at (39-40,42) can both provide good 

approximations )( , if we take the moments 
~

 for 
the calculation of missed parameters.
The paper excludes the cases with “soft” apertures de-
fined only by the field, without a screen; they are poor-
ly described by the offered approach. The parameter 
(7) shall become infinite then and cannot be used in 
(12,18,20-21). From (6), in place of the first equation 
(18), it follows that 0)0(  , i.e. individuality of 

)0( is missing, which means that behavior specificity 
of   at large values of the argument is missing, too.
Calculations of )(  given in [13] for such radially 
non-symmetrical fields, descending in phase uniformity 
plane from the centre according to the Gaussian or the 
exponent laws with different coefficients in perpendic-
ular axes, have shown that at equal 1I  the functions

)(  may vary notably, i.e. generally they can’t be ap-
proximated by models with 1I  as the source of the miss-
ing model parameter.

Conclusion
The function )( is the integral transformation of 

)(  (16), the derivative of )(T , reversed in sign, 
with a kernel in the form of the zero-order Bessel func-
tion. In proximity to zero, )(  is determined by the 
second moment )(  (3), and at larger values of the 
argument [2, 6] – by the value )0(  (6) (see (18)). 
These both characteristics of )( are defined by aper-
ture geometry, i.e. by its area and perimeter averaged 
in accordance with field distribution on apertures; and 
simply by its area and perimeter – for uniform fields. 
However it is not sufficient for presentation of )(
within the whole range of determination. Such as areas 
and perimeters (with or without averaging) cannot re-
flect diversity of apertures and fields thereon.
By assuming that )( between (3) and (6) is mainly 
determined by one or two more characteristics of ap-
ertures and fields thereon, we have succeeded in ob-
taining good approximations for )( by means of re-
placement of )(  with the models meeting the above 
requirements (18) and maintaining these additional 
characteristics.
Let us take moments of )( or max  (if   (12) is 
not large) in place of the latest, and linear functions 
and the functions included into )(  of ring apertures 
for uniform field – as the model )( . Therefore for 
the approximation )(  with the relative accuracy of 
10-15% it would be enough to involve one or two mo-
ments 3,1I . The calculation of their larger quantity 
shall not improve the accuracy of approximation thus 
deteriorating it upon other indications, i.e. there are no 
solutions on model parameters available, )(mod   

has acquired “non-physical” local extreme points, etc. 
It is typical that the good approximation )( doesn’t 
require the same from the model )(  which is sup-
posed to be only a “carrier” of invariant characteristics.
Beyond the analysis we have left the feasibility of se-
lection of nI  and max  as additional invariant char-
acteristics of apertures and the field thereon.
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