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1. Introduction

Equilibrium problem, which was studied Blum and Oettli [1] in 1994, have had a great
impact and influence in the development of several branches of pure and applied sciences,
provides us a natural, novel and unified framework to study a wide class of problems
arising in physics, economics, finance, transportation, network and structural analysis,
elasticity and optimization; see [2-8] and the references therein. Recently, the equilibrium
problem, which covers variational inequality problems, saddle point problem, variational
inclusion problems, zero point problems, have been extended and generalized in many
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directions using novel and innovative techniques; see [9-13] and the references therein. It
is known that the equilibrium problem is equivalent to a fixed point problem of nonlinear
operators. Halpern iterative process (HIP) is an efficient and powerful process to study
fixed points of nonlinear operators. Halpern iterative process generates a sequence {x,}

in the following manner:

Tpi1 = au+ (1 —a,)Tx,, VYn>0,

where u is a fixed element, T" is a nonlinear mapping and {«,} is a control sequence. HIP

was initially introduced in [14]. Halpern showed that the following conditions

(C1) lim,,—y00 a, = 0;
(C2) >0 g an = oo,

are necessary in the sense if HIP is strongly convergent for all nonexpansive mappings,
then {x,} must satisfy conditions (C1), and (C2). Due to restriction (C2), HIP is widely
believed to have slow convergence though the rate of convergence has not be determined.
Thus to improve the rate of convergence of HIP, one can not rely only on the process itself;
instead, some additional step of iteration should be taken; see [15-20] and the references
therein.

The purpose of this paper is to study the equilibrium problem in the terminology of
Blum and Oettli [1] and fixed points of a family of nonlinear operators via a monotone
projection algorithm. Strong convergence theorems are established without the aid of
compactness in the framework of reflexive Banach spaces. The paper is organized as
follows. In Section 2, we provide some necessary definitions, properties and lemmas. In
Section 3, the main strong convergence theorems are established in the framework of real
reflexive Banach spaces. In Sections 4, some applications are provided to support our

main results.

2. Preliminaries
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Let E be a real Banach space and let £* be the dual space of E. Recall that the

normalized duality mapping J from E to 2F" is defined by

Jo={a" € E": ||z|* = (z,27) = ||l="||*}.

Let B = {z € E : ||z|| = 1} be the unit sphere of E. F is said to be strictly convex if
|z +y|| < 2 for all z,y € B with # # y. It is said to be uniformly convex if for any

e € (0,2] there exists § > 0 such that for any =,y € Bg,

|l —y|| > € implies |z +yl <2—20.

It is known that a uniformly convex Banach space is reflexive and strictly convex. F is said
to be smooth or is said to have a Gateaux differentiable norm iff lim,_, ||sz + y|| — s||z||
exists for each x,y € Bg. F is said to have a uniformly Gateaux differentiable norm if
for each y € Bp, the limit is uniformly obtained Vz € Bp. If the norm of E is uniformly
Gateaux differentiable, then J is uniformly norm to weak* continuous on each bounded
subset of £ and single valued. It is also said to be uniformly smooth iff the above limit is
attained uniformly for x,y € Bg. It is well known that if £ is uniformly smooth, then J
is uniformly norm-to-norm continuous on each bounded subset of E. It is also well known
that if £ is uniformly smooth if and only if £* is uniformly convex.

From now on, we use — and — to denote the strong convergence and weak convergence,
respectively. Recall that F is said to has the KKP if for any sequence {z,} C F, and
x € E with ||z,|| — ||z| and z, — z, then ||z, — z|| = 0 as n — oo. It is well known
that if F is a uniformly convex Banach spaces, then E has the KKP; see [21] and the
references therein.

Let C be a nonempty subset of E and let B : C' x C' — R, where R denotes the set of
real numbers, be a function. Recall the following equilibrium problem in the terminology

of Blum and Oettli [1]. Find Z € C such that

B(zy) >0, VyeCd. (2.1)
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We use Sol(B) to denote the solution set of equilibrium problem (2.1). Given a mapping
A:C — E* let

B(z,y) = (Az,y —z), Vz,yeC.

Then z € Sol(B) iff Z is a solution of the following variational inequality. Find Z such
that
(Azy—2) >0, VyeC. (2.2)

The following restrictions are essential in this paper.

(R1) B(z,z) =0,V € C,

(R2) B(x,y) + B(y,z) < 0,Va,y € C;

(R3)

B(z,y) > limsup B(tz + (1 — t)x,y),Vz,y,z € C,

t—0

where ¢ € (0,1);
(R4) for each x € C, y — B(z,y) is convex and weakly lower semi-continuous.

Let E be a smooth Banach space. Consider the functional defined by
$(x,y) = lzl* + ly* — 2z, Jy), Va,y € E.

In a Hilbert space H, \/é(z,y) = ||z — y||. Let D be a closed convex subset of H.
For any x € H, there exists an unique nearest point in D, denoted by Ppx, such that
|z — Ppz|| < ||z —yl]|, for all y € D. The operator Pp is called the metric projection from
H onto D. It is known that Pp is firmly nonexpansive. In [22], a new operator Proj
was introduced based on the metric projection in the framework of Banach spaces. Recall
that the generalized projection Projc : E — C is a map that assigns to an arbitrary
point € E the minimum point of the functional ¢(x,y), that is, Projcx = z, where
is the solution to the minimization problem ¢(z,x) = Iyrgg ¢(y,x). From the definition of
¢, one has
(lzll = llyl)* < é(z,y) < (lyll +ll=l)?, Yo,y € E. (2.3)
Let T': C'— C' be a mapping. Recall that a point p € C' is said to be a fixed point of

T iff p = T'p. In this paper, we use Fiz(T) to denote the fixed point set of T". Recall that

a point p in C' is said to be an asymptotic fixed point of T iff C' contains a sequence {x,,}
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which converges weakly to p such that lim,, o ||z, — Tx,|| = 0. The set of asymptotic
fixed points of T" will be denoted by F%(T) Recall that T' is said to be closed if for any
sequence {x,} with lim, ,,, Tz, = ¢/ and lim,, o, 2, = 2, then T2’ = ¢/.

Recall that a mapping T is said to be relatively nonexpansive iff
6(p.Tq) < é(p,q), Vg€ C,Vp € Fix(T) = Fiz(T) # 0.
T is said to be relatively asymptotically nonexpansive iff
o(p, T"q) < kao(p,q), Vg€ C,¥p € Fia(T) = Fiz(T) # 0,%n > 1,

where {k,} C [1,00) is a sequence such that k, — 1 as n — oc.

T is said to be quasi-¢-nonexpansive iff

o(p, Tq) < é(p,q), Vg€ C,¥p e Fix(T) # 0.

Recall that a mapping T is said to be asymptotically quasi-¢-nonexpansive iff there

exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that
o(p, T"q) < kno(p,q), Vqe C,¥p e Fix(T) #0,Vn > 1.

Remark 2.1. The class of quasi-¢-nonexpansive mappings and the class of asymptoti-
cally quasi-¢-nonexpansive mappings are more desirable than the class of relatively non-
expansive mappings and the class of relatively asymptotically nonexpansive mappings.
Quasi-¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive do not require

the restriction Fiz(T) = FZL‘(T)

T is said to be a generalized asymptotically quasi-¢-nonexpansive mapping iff there
exist two sequences {k,} C [1,00) with &k, — 1 and {&,} C [0,00) with &, — 0 asn — o

such that

o(p, T"q) < kpd(p,q) + &, Vqge C,Vpe F(T)#0,Yn > 1.

Remark 2.2. The class of generalized asymptotically quasi-¢-nonexpansive mappings is
a generalization of the class of generalized asymptotically quasi-nonexpansive mappings
in the framework of Banach spaces.

In order to our main results, we also need the following lemmas.
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Lemma 2.3 [1] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let B : C x C — R be a bifunction with (R1), (R2), (R3) and (R4).
Letr > 0 and x € E. There exists z € C such that rB(z,y) > (z —y,Jz — Jx), Yy € C.

Lemma 2.4 [22] Let E be a reflexive, strictly convex, and smooth Banach space and let

C a convex and closed convex subset of E. Let x € E. Then

é(y, Projox) + ¢(Projex,x) < ¢(y,x), Vye C.

Lemma 2.5 [22] Let C be a convex closed subset of a smooth Banach space E and let

p € E. Then q = Projcp if and only if (¢ — vy, Jp — Jq) > 0, Yy € C.

Lemma 2.6. [15] Let E be a reflexive, smooth and strictly convex Banach space such that
both E and E* have the KKP and let C' be a convex and closed subset of E. Let T be a
closed, generalized asymptotically quasi-p-nonexpansive mapping on C. Then Fizx(T) is

convexr and closed.

Lemma 2.7 [9] Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let B be a function with (R1), (R2), (R3) and (R4). Let r > 0 and
x € E. Define a mapping KB by

KBz ={2€C:rB(z,y) > {(z—y,Jz — Jz), YyecC}.

Then the following conclusions hold:
(1) KB" is a single-valued firmly nonexpansive-type mapping;
(2) KB is quasi-¢-nonexpansive and Fix(KP") = Sol(B);
(3) ¢(q, KB x) + ¢(KPrx, x) < ¢(q, ), Vq € Fiz(KPT).

3. Main results

Theorem 3.1. Let E be a reflexive, smooth and strictly convex Banach space such
that both E and E* have the KKP and let C' be a convexr and closed subset of E. Let
A be an index set and let B; be a function with (R1), (R2), (R3) and (R4). Let T; :
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C — C be a generalized asymptotically quasi-¢-nonexpansive mapping for every i € A.
Assume that T; is closed and uniformly asymptotically reqular on C for every i € A and
NieaFixz(T;) (N NieaSol(B;) is nonempty and bounded. Let {x,} be a sequence generated

in the following manner:

(
xg € E chosen arbitrarily,

Ca,iy = C,C1 = NieaClui), 11 = Proje, o,
JYni) = iy o1 + (1 = amy) JT] Ty,

Cint1i) = {2 € Clniy 1 0(2, unyi)) — 0(2,2n) < amayD + &ni}

\Cn+1 = mieAC(m-l,z‘), Tpt1 = PTOan+1$1,

where {u@m. i)} is a sequence in Cy, such that v, ;) Bi(Um.i), ¥) > (Ui =Y, ) — JYmna)
y € Oy, D :=sup{od(w, 1) : p € NieaFix(T;) (NieaSol(B;)}, {am,i} is a real sequence
in (0,1) such that lim, e on) = 0, and {ru )} is a real sequence in [a;, 00), where {a;}
is a positive real number sequence, for every i € A. Then the sequence {x,} converges

strongly to ProjﬂigAFia:(Ti)ﬂmeASol(Bi)xl-

Proof. The proof is split into seven steps.

Step 1. Prove that Niep Fiz(T;) () NieaSol(B;) is closed and convex.

Using Lemmas 2.6 and 2.7, we find that N;ep Fiz(T;) () NieaSol(B;) is closed and convex
so that the generalization projection onto the set is well defined.

Step 2. Prove that C), is closed and convex.

To show C, is closed and convex, it suffices to show that, for each fixed but arbitrary
i € A, C,) is closed and convex. This can be proved by induction on n. It is obvious
that C(1; = C is closed and convex. Assume that C,,; is closed and convex for some
m > 1. Let For 21,20 € Cpny1,), we see that 21,25 € Cpp ). It follows that z = tz) +
(1 =t)z € C(myiy, where t € (0,1). Notice that ¢(z1, Upm,) < A(21,Tn) + Ay D + &ny
and @22, Um)) < O(22,Tn) + AmiyD + &ni. The above inequalities are equivalent to
2(z1, Jom — Jugm,)) < |lzm|l* — ||u(m,i)||2 + QD + & and 2(20, Jxp — JUany)) <
|Zml|? = i lI? + @iy D + &ni Multiplying ¢ and (1 — ¢) on the both sides of the
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inequalities above, respectively yields that and
2(z, Jtm — Jugm) < [@mll® = Nyl + &ma D + &ns-

That is, ¢(2, Uim)) < O(2, Tn) + Qi D + &nyis where z € Cp, ). This finds that Cppq
is closed and convex. We conclude that C, ; is closed and convex. This in turn implies
that C,, = NMjeaCn,i) is closed, and convex. This implies that Ilc, z; is well defined.

Step 3. Prove Niep Fix(T;) (NieaSol(B;) C C,,.

Since limy, o0 k(n,) = 1, we may assume that k) <1+ 5 (" a8 for Vn > 1. Note that
Niea Fiz(T;) () NieaSol(B;) € Cy = C'is clear. Suppose that ﬂiGAFm( T;) () NieaSol(B;)
C Cim,) for some positive integer m. For any w € Niea Fiz(T5) () NieaSol(B;) C Cim,
we see that

¢(w7 u(m,i))
= ¢(w, J o1 + (1 = apni) JT "))
= ||w||* - 2(w, A,y Jx1 + (1 = i) ST )
(3.1)
+ lama o1 + (1= Qi) JT ||
< |lw||* - 200 (im0 (W, J1) = 2(1 = () (w, JT" x,)
+ amallea]]? + (1= ama) | T2
< ¢(w> xm) + O‘(m,i)l) + g(m,i)a

where D = sup{¢(w,z1) : w € MieaFix(T;) () NieaSol(B;)}. This shows that w €
Cimt1,)- This implies that Miep Fix(T;) () NieaSol(G;) C Cnyy. Hence, Niea Fiz(T;)
NieaSol(B;) C NieaCnyiy. This completes the proof that NMca Fix(T;) () NieaSol(B;) C
C.

Step 4. Prove {z,} is bounded

Since z,, = Projc, 1, we find from Lemma 2.5 that (z, — z, Jz; — Jx,) > 0, for any

z € C,,. Since Niep Fiz(T;) () NieaSol(B;) C C,,, we find that

(xp —w,Jry — Jxy) >0, Yw € Migp Fix(T;) ﬂ NieaSol(B;). (3.2)
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Using Lemma 2.4, one sees that

¢(xn, ©1) < G(Projn,cyria(r) Nnieasol(B)T1, 1) = G(PTOjn, e Fia(T) ( NicaSol(B)L15 Tn)

< A(Projn,cp Fiz(Ty) (\NicaSol(B)T15 T1)-

This implies that {¢(x,,x1)} is bounded. Hence, {x,} is also bounded. Since the space
is reflexive, we may assume that z,, — 7.

Step 5. Prove & € Miep Fix(T;).

Since (), is closed and convex, we find that x € C,,. This implies from z,, = Projc,x;

that ¢(x,, x1) < ¢(Z, x1). On the other hand, we see from the weakly lower semicontinuity

of the norm that
o(Z,21) = |Z))* — 2(z, Jay) + |||

<liminf([|z, [|* = 2(z, J21) + [J21]*)

n—oo

= liminf ¢(x,, 1)
n—oo

S lim sup ¢(Ina xl)

n—oo

< ¢(i7 1’1),

which implies that lim, . ¢(z,, 1) = ¢(Z,x1). Hence, we have lim,,_, ||z.|| = ||Z|.
Since F has the KKP one has z, — z as n — oo. Since z,, = Projc,r1, and x,1; =
Proje, ., ,x1 € Cpy1 C Cy, one sees ¢(Tn, 1) < ¢(Xpy1,21). This shows that {¢(x,, z1)} is
nondecreasing. Since it is also bounded, one sees that lim,, ., ¢(x,, 1) exists. It follows

that ¢(z,41,2n) + &(2n, 1) < O(Xpi1, x1). This implies that

lim ¢(x,11,2,) = 0. (3.3)

n—oo

Since ¢<xn+17 y(n,l)> S ¢(xn+17 xn) + a(n,z)D + 5(71,2’)7 HGHCG, we have

nh_g)lo ¢($n+1a y(n,i)) =0. (3-4>
It follows that lim, e (||Zns1]] = [|[Yna)||) = 0. This implies that lim, o ||[Ymall = [1Z]|-

On the other hand, we have

T [y | = 1 s = 1) = 1771, (35)
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This implies that {Jy@.:)} is bounded. Since both £ and E* are reflexive, we may assume
that Jyuq,) — y*? € E*. Since E is reflexive, we see J(E) = E*. This shows that
there exists an element y* € F such that Jy* = y®. It follows that A(Tpi1, Yny)) =

zn1ll” = 2(Tns1, JYn)) + | 7Y(n,0)|1?. Therefore, one has
0> |1z — 20z, 4™ + g™ = l|z]* — 2z, Jy') + |y'* = 6(z,y") > 0.

That is, Z = y’, which in turn implies that y*? = Jz. It follows that JYmy —
Jr € E*. Since E* has the KKP, we obtain from (3.5) that lim, o JYy@m:) = JZ. S-
ince limy, o0 a(ny) = 0 for every i € A, one has lim, o [ Jymq) — JT7'x,|| = 0. Note
that
12 = T < |79y = T2l + 1 Tgn) — I

one has JT"z, — JT as n — oo, for every i € . Since J~! is demi-continuous, we
have Tz, — z, for every i € A. Since |||T7z,| — ||Z||| < ||J(T]*x,) — JZ||, one has
| Tz, || — ||Z]], as n — oo, for every i € A. Since F has the Kadec-Klee property, one

obtains lim,, . [|7*z, — Z|| = 0. On the other hand, we have
T2 = 7)) < T — Tr| + T — 3

In view of the uniformly asymptotic regularity of T}, one has lim,, o, |72, — Z|| = 0,
that is, T;7'z, —x — 0 as n — oo. Since every T; is closed, we find that T;z = z for
every i € A.

Step 6. Prove Z € NepSol(B;).

Since rp41 = e, 21 € Cpyqq, we find that ¢(2n41, Um,i)) < O(Tns1s Tn) F(na D+
It follows from (3.3) that

nh_)rglo P(Tp41, Ugn,iy) = 0. (3.6)

Hence, we have limy, oo ([|Zn+1]|| = ||ttn,5)l]) = 0. This implies that lim, o [|[u@mq || = [|Z]-
On the other hand, we have

T ([ Jugy || = lim fuey || = [zl = [[72]- (3.7)

This implies that {Ju(,, } is bounded. Since both E and E* are reflexive, we may

assume that Jug, ;) — u? € E*. Since E is reflexive, we see J(E) = E*. This shows
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that there exists an element u’ € E such that Ju’ = u™*?. It follows that ¢(z,11,Uwm)) =

|Znt1]]? = 2(Tns1, Ju@i) + | Juem,ql|*. Therefore, one has
0> [|1Z]* — 2(z, ut*) + [[u®|? = [|Z]* — 2(z, Ju') + ||u’||* = ¢(z,u") > 0.

That is, = ', which in turn implies that u* = Jz. It follows that Ju,; — Jz € E*.
Since E* has the KKP, we obtain from (3.6) that lim, . Ju(,; = JZ. Hence, we have
My, o0 || JU(n,i) — JYmll = 0. Since (Y — Uiy, Jums) — JYm.i)) + Tni) Bi(Umay, y) > 0,
Yy € C,, we see that

1y = ) | TUmiy — Yl = Ty Bi(ys i), Yy € Cp.

In view of (R4), one has B;(y,z) < 0. For 0 < t; < 1, define y;) = tiy + (1 —t;)z. It
follows that ¥, € C, which yields that B;(y.,),Z) < 0. It follows from the (1) and
(R4) that

0 = Bi(Yt,i), Yiti)) < tiBi(yeay, y) + (1 — ) Bi(yi), T) < tiBi(yei), y)-

That is, B;(y(),y) > 0. Letting ¢; | 0, we obtain from (R3) that B;(z,y) > 0, Vy € C.
This implies that = € Sol(B;) for every i € A. This shows that € N;cASol(B;).
Step 7. Prove T = Projn,, riz(T;) N NseaSol(B:)T1-

Letting n — oo in (3.2), we see that
(@ —w, Jry — JT) 20, Vw € NieaFix(T;) (| NieaSol(By).

In view of Lemma 2.5, we find that that & = Projn,_, riz(1,) NnseaSoi(B,)®1- This completes

the proof.

Remark 3.2. Theorem 3.1 improve the corresponding results in [9,11,15,18-20] from
a finite family of nonlinear mappings to an uncountable infinitely family of nonlinear
mapping. And the algorithm is more efficient since w, ;) is searched monotonicially in C,,
instead of always in C'. Theorem 3.1 does not require that the framework of the space
is both uniformly convex and uniformly smooth, which is a standard assumption in most
of related work. The typical example of the space in Theorem 3.1 is a reflexive, strictly

convex and smooth Musielak-Orlicz space; see [19] and the references therein.
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From Theorem 3.1, we also have the following result.
Corollary 3.3. Let E be a reflexive, smooth and strictly convexr Banach space such that
both E and E* have the KKP and let C' be a convex and closed subset of E. Let A be
an index set and let B; be a function with (R1), (R2), (R3) and (R4). Assume that

NieaSol(B;) is nonempty. Let {x,} be a sequence generated in the following manner:

(
x9 € E  chosen arbitrarily,

Ca,i = C,C1 = NieaC1,i), 21 = Proje, o,

C(n+1,i) = {Z € C(n,l) : ¢(Z7u(n,z)) - ¢(Z7xn> S O}a

Cn+1 - ﬁZ'EAC((n—Q—l,i)a Tnt+1 = PTOan+1CC'1,
\

where {um )} is a sequence in Cy, such that v, Bi(Wmna, Y) = (Umi) — Y, JUma) — JTn),
y € Cp, {amy} is a real sequence in (0,1) such that lim, o amqy = 0, and {rumq)} is a
real sequence in [a;,00), where {a;} is a positive real number sequence, for every i € A.

Then the sequence {,} converges strongly to Projn,_,so(B,)%1-

4. Applications

First, we give some deduced results in the framework of Hilbert spaces.
Theorem 4.1. Let E be a Hilbert space and let C' be a conver and closed subset of E.
Let A be an index set and let B; be a function with (R1), (R2), (R3) and (R4). Let
T, : C — C be a generalized asymptotically quasi-nonexpansive mapping for every i € A.
Assume that T; is closed and uniformly asymptotically reqular on C for every i € A and

NieaFix(T;) (N NieaSol(B;) is nonempty and bounded. Let {x,} be a sequence generated
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wn the following manner:

(
x9 € E/ chosen arbitrarily,

Cay = C,C1 = NieaC), 1 = Peywo,
Ying) = O 1 + (1 = an)) T @0,

Clatri) = {2 € Cluiy * Uy — 2[1* = Iz = 2l < @D + &l

Crt1 = NieaClni1,i)s T = Po, 11,

where {u@ )} is a sequence in Cp, such that v, Bi(Uma,Y) = U — Y Umng) — Ymn))s
y € Cp, D :=sup{||w—z1|]* : p € NicaFiz(T;) (N NieaSol(B)}, {awmn} is a real sequence
in (0,1) such that limy, e ) = 0, and {r@,} is a real sequence in [a;, 00), where {a;}
is a positive real number sequence, for every i € A. Then the sequence {x,} converges
strongly Lo Pn,_, Fiz(T;) (\MsenSol(B;)T1-

Proof. In the framework of Hilbert spaces, one has /é(z,y) = |z — y|, Vz,y €
E. The generalized projection is reduced to the metric projection and the general-
ized asymptotically-¢-nonexpansive mapping is reduced to the generalized asymptotically
quasi-nonexpansive mapping. Using Theorem 3.1, we find the desired conclusion imme-

diately.

Corollary 4.2. Let E be a Hilbert space and let C' be a convexr and closed subset of E.
Let A be an index set and let B; be a function with (R1), (R2), (R3) and (R4). Assume

that N;eaSol(B;) is nonempty. Let {x,} be a sequence generated in the following manner:

§
xo € E chosen arbitrarily,

Ca,py = C,C1 = NieaCiy, v1 = Po, o,

Cintri) = {2 € Cniy : lunay = 217 = Iz = 2all* < @iy D + &nil,

KCn"Fl = ﬂiEAO(TL+1,i)a xn-i—l = PCH+1$1,

where {uwmq} is a sequence in Cy, such that v, Bi(Umna,Y) > (Umi) — Y, Umng) — Tn),s

y € Cp, {awmy} is a real sequence in (0,1) such that lim, o amqy = 0, and {rumq)} is a
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real sequence in [a;,00), where {a;} is a positive real number sequence, for every i € A.

Then the sequence {,} converges strongly to Pn,_, soi(B,)%1-

Let A: C' — E* be a single valued monotone operator which is continuous along each
line segment in C' with respect to the weak* topology of E* (hemicontinuous). Recall the
the following variational inequality. Finding a point x € C' such that (z — y, Az) < 0,
Vy € C. The symbol N¢(z) stand for the normal cone for C' at a point x € C; that is,
Ne(z) ={z* € E* : (x —y,2*) > 0, Vy € C'}. From now on, we use VI(C, A) to denote

the solution set of the variational inequality.

Theorem 4.3. Let E be a reflexive, smooth and strictly convex Banach space such
that both E and E* have the KKP and let C' be a conver and closed subset of E. Let
A be an index set and let A; : C — E* be a single valued, monotone and hemicon-
tinuous operator. Let B; be a function with (R1), (R2), (R3) and (R4). Assume that
NieaVI(C, A;) (NieaSol(B;) is not empty. Let {x,} be a sequence generated in the fol-

lowing process. d

(
xrog € E chosen arbitrarily,

Cl’i = O, xl = PTOjClzzmiEAC(l,i)I07
iy = VI(C Ay + L(J = Ja,))

JYng) = (1 = ama))2ni + @i Jor, n>1,

C1(n+17i) = {w € C(n,z) : qzﬁ(w,xn) > gb(w, un,i)}a

| Cnt1 = NieaCntriy Tntr = Projo, o,  Vn 21,

where {u(, )} is a sequence in C,, such that v Bi(Wm), ¥) = (Uma) — Y, JUmi) — JYma)
y € Cp, {awmy} is a real sequence in (0,1) such that lim, o amqy = 0, and {rumq)} is a
real sequence in [a;,00), where {a;} is a positive real number sequence, for every i € A.

Then the sequence {,} converges strongly to Projn, ,vi(c,A:) \seaSol(B:)%1-
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Proof. First, we define a new operator M; by

Ajx + Ne(z), zeC,

0, xé¢C.

MZ'ZIZ' =

Hence, M; is maximal monotone and M, *(0) = VI(C, A;) [9], where M; *(0) stands for
the zero point set of M. For each r; > 0, and x € E, we see that there exists an unique
T,, in the domain of M; such that Jx € Jx, + r;M;(z,,), where z,, = (J + r;M;) "' Jx.
Notice that z,; = VI(C, %(J — Jx,) + A;), which is equivalent to (z,; — y, 7 Aizn; +
(Jzni — Jx,)) < 0, Vy € C, that is, %(an — sz-) € Nc(zni) + Aizn;. This implies
that z,; = (J + r;M;) ' Jx,. From [23], we find that (J + r;M;)~'J is closed quasi-
¢-nonexpansive with Fix((J + r;M;)~*J) = M;'(0). Using Theorem 3.1, we find the

desired conclusion immediately.
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