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1. Introduction

Let (X,d) be a metric space and T : X — X be a mapping such that there exists a lower semi-
continuous function ¢ : X — [0, o) satisfying d(x,Tx) < ¢(x) — ¢(Tx), then T is called Caristi
mapping. Caristi proved in [1] that every Caristi mapping on a complete metric space has a

*Corresponding author

Received April 11, 2015.



2 MUHAMMAD USMAN ALI TAY YAB KAMRAN, QUANITA KIRAN

fixed point. Then, Kirk [2] proved that the metric space (X,d) is complete if and only if every
Caristi mapping for (X,d) has a fixed point. Jachymaski [3] introduced the notion of Banach
G-contraction and proved some fixed point theorems for mappings satisfying this notion on
complete metric space with a graph. Afterwards, many authors extended Banach G-contraction
in different ways, see for examples, [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. In literature we have
several interesting results on gauge spaces, see for example [14, 15, 16, 17, 18, 19, 20]. In this
paper we prove some fixed point theorems for Caristi type multivalued mappings on a complete

gauge space. For completeness we collect the following definitions.

Definition 1.1. [20] Let X be a nonempty set. A function d : X x X — [0, o) is called pseudo

metric in X if for each x,y,z € X
: (i) d(x,x) =0 foreach x € X;

: (i) d(x,y) = d(y,x);
2 (iii) d(x,2) < d(x,y) +d(y,x).

Definition 1.2. [20] Let X be a nonempty set endowed with the pseudo metric d. The d-ball of

radius € > 0 centered at x € X is the set
B(x,d,e) ={ye X :d(x,y) < €}.

Definition 1.3. [20] A family § = {d,|a € 2} of pseudo metrics is said to be separating if for
each pair (x,y) with x # y, there exists d, € § with d,(x,y) # 0.

Definition 1.4. [20] Let X be a nonempty set and § = {d,|a € 2} be a family of pseudo metrics
on X. The topology T(F) having subbases the family

B(F) ={B(x,d;,€):x€X,d, € Fand € > 0}

of balls is called topology induced by the family § of pseudo metrics. The pair (X,%(§)) is
called a gauge space. Note that (X,T(F)) is Hausdorff if we take § is separating.

Definition 1.5. [20] Let (X, ¥(§)) be a gauge space with respect to the family § = {d,|a € 2}

of pseudo metrics on X. Let {x,} be a sequence in X and x € X. Then,
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: (i) the sequence {x, } converges to x if for each a € 2l and € > 0, there exists Ny € N such
that d,,(x,,x) < & for each n > Ny. We denote it as x,, =3 x;
: (ii) the sequence {x,} is a Cauchy sequence if for each a € 2 and € > 0, there exists
Ny € N such that d,(x,,x,,) < € for each n,m > Ny;
: (i) (X,%(F)) is complete if each Cauchy sequence in (X, T(§F)) is convergent in X
: (iv) a subset of X is said to be closed if it contains the limit of each convergent sequence

of its elements.

A directed graph (V,E) consists of a set of vertices V, and a set of directed edges E. The
elements of E are denoted by ordered pairs of vertices. A directed graph, can have loops and
permits one or more edges joining the same vertices. More than one edges going in the same
direction between same vertices called parallel edges, which are not allowed in our results. For

basic terminologies of graph theory we refer [21].

Definition 1.6. [3] A mapping 7 : X — CL(X) is said to be G-continuous if for each sequence

{x,} in X such that (x,,,x,+1) € E and x, — x as n — oo, we have Tx, — Tx as n — oo,

Definition 1.7. A mapping g : X — [0, o) is said to be G-lower semi continuous, if for each se-

quence {x, } in X such that (x,,x,+1) € E and x,, — x as n — oo, we have g(x) < liminfy,_e g(x).

2. Main results

Through out this section we assume that G = (V,E) is a directed graph such that V = X and

{(x,x) : x € V} C E and G has no parallel edges.

Theorem 2.1. Let X be endowed with a graph G and complete gauge structure {d, : a € 2}
which is separating. Let T : X — CL(X) be an edge preserving mapping and let for each a € %,
we have ¢, : X — [0,00) be a lower semi continuous function such that for each x € X andy € Tx

with (x,y) € E, we have

(1) da(3,Ty) < 9u(x) — @ua(y) for each a € 2.
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Assume that the following conditions hold:

: (i) there exist xg € X and x| € Txo such that (xp,x) € E;
: (ii) there exists a sequence {q, : qq > 1}acq such that for each x € X, we have y € Tx
satisfying

dy(x,y) < qqdy(x,Tx) for each a € 2.

: (iii) for each a € 2, a function g, : X — [0,0) define by g,(x) = d,(x,Tx) is G-lower

semi continuous.

Then T has a fixed point.

Proof. By hypothesis (i), we have xo € X and x; € Txg such that (xp,x;) € E. From (1), we

have

2) dy(x1,Tx1) < @g(x0) — @q(x1) for each a € 2.

By using (ii) and (2), we have g, > 1 for each a € 2 and x; € Tx; such that

3) da(x1,%2) < gadg(x1,Tx1) < qa®a(x0) — gada(x1) for each a € 2.

Since T is edge preserving, we have (xj,x;) € E. Continuing in the same way we get a sequence

{xm} in X such that (x,;,x,,+1) € E and
dg(Xms Xm+1) < qadn(Xm, Txm) < Ga®a(Xm—1) — qaPa(xm) for each m € N and a € 2.

This implies that for each a € 2 the sequence { ¢, (x;,)} is a nonincreasing sequence, there exists

rq > 0 such that @,(x,,) — r, as m — oo. Now consider m, p € N, we have

da(XmyXm+p) < da(XmyXmi1) + da(Xms1,Xm+2) + da(Xm12,Xm+3)
+ -+ da(Xmgp—1,Xmsp)
< 4a(@a(xm—1) = 9a(Xm)) + Ga(Padm) = a(Xm+1)) +
qa(Pa(Xmi1) = Qa(Xm+2)) + - + Ga(@a(Xm+p—2) = Pa(Xm+p—1))

4) = qu(Pa(xm—1) — Oa(xmyp—1)) for each a € 2.

This implies that {x,,} is a Cauchy sequence in X, since ¢, — r, for each a € 2(. By complete-

ness of X, we have x* € X such that x,, — x* as m — oo. Since each g,(x) is G-lower semi
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continuous then we have d,(x*, Tx*) < liminf,, d,(x,,, Tx,) = 0 for each a € 2. This implies

x* e Tx*. O

Theorem 2.2. Let X be endowed with a graph G and complete gauge structure {d, : a € 2}
which is separating. Let T : X — CL(X) be an edge preserving mapping and let for each a € 2,
we have @, : X — [0,00) be a lower semi continuous function such that for eachx € X andy € Tx

with (x,y) € E, we have

(5) da(x,y) < @a(x) — 9u(y) for each a € A

Assume that the following conditions hold:
: (i) there exist xo € X and x; € Txq such that (xo,x1) € E;
: (iii) T is G-continuous.

Then T has a fixed point.

Proof. By hypothesis (i), we have xo € X and x; € Txg such that (xp,x;) € E. From (5), we

have
(6) da(x0,x1) < @a(x0) — ¢q(x1) for each a € 2.

Since T is edge preserving, we have (x1,x;) € E. Thus, continuing in same way we get a

sequence {x,,} in X such that (x,,x,+1) € E and
dg(Xms Xm+1) < Oa(xm) — @a(xp41) foreachm € Nand a € 2.

This implies that for each a € 2 the sequence {¢,(x;,) } is a nonincreasing sequence, there exists
rq > 0 such that ¢, (x,,) — r, as m — oo. Now consider m, p € N, we have
da (xm,xmﬂ?) < da(Xmy Xmi1) + da(Xmr15Xm12) + da(Xm12,%m+3)
+ o da(Xmtp—15Xmtp)
< Pa(xm) = Ga(Xmt1) + Pa(Xm+1) — Pa(Xmi2) +
Pa(Xm+2) = Pa(Xmi3) + -+ + a(Xmsp—1) — Ga(Xm+p)

= @u(Xm) — @a(xmsp) for each a € 2.
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This implies that {x,,} is a Cauchy sequence in X, since ¢, — r, for each a € 2(. By complete-
ness of X, we have x* € X such that x,, — x* as m — 0. As T is G-continuous then we have

x* e Tx*. O

Theorem 2.3. Let X be endowed with a graph G and complete gauge structure {d, : a € A}
which is separating. Let T : X — CL(X) be an edge preserving mapping and let for each a € 2,
we have Y, : X — [0,00) be a upper semi continuous function such that for each x,y € X with

(x,y) € E, we have

©) da(y, Ty) < Wa(x) — Wa(y) for each a € 2.

Assume that the following conditions hold:

: (i) there exist xg € X and x| € Txo such that (xg,x) € E;
: (ii) there exists a sequence {q, : qq > 1}aeq such that for each x € X, we have y € Tx

satisfying
dy(x,y) < qqda(x,Tx) for each a € 2.

s (iii) If {x,} is a sequence in X such that (x,,x,+1) € E for each n € N and x, — x as

n — oo, then (x,,x) € E for eachn € N.

Then T has a fixed point.

Proof. By hypothesis (i), we have xo € X and x; € Txg such that (xp,x;) € E. From (7), we

have

(8) dg(x1,Tx1) < Wa(xo) — Wa(xp) for each a € 2.

By using (ii) and (8), we have g, > 1 for each a € 2 and x; € Tx; such that

9) dg(x1,%2) < gady(x1,Tx1) < gaWa(x0) — gaWa(x1) for each a € 2.

Since T is edge preserving, we have (x1,x;) € E. Continuing in the same way we get a sequence

{xm} in X such that (x,,,X,,+1) € E and

dg(Xms Xm+1) < qada(Xms TxXm) < qaWa(Xm—1) — qaWa(xm) for each m € Nanda € 2.
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This implies that for each a € 2 the sequence {y,(x,)} is a nonincreasing sequence, there

exists r, > 0 such that y,(x,,) — r, as m — co. Now consider m, p € N, we have

da(xmyxm—i-p) < da(xmaxm—i-l)+da(xm+laxm+2)+da(xm+27xm+3)

+--- +da(xm+p717xm+p)

< qa(Wa(Xm—1) = Wa(xXm)) + qa(Wa (Xm) — Wa(Xmy1)) +
(]a(‘l/a(xm—i-l) - Wa(xm—i-Z)) + - +Qa(ll’a(xm+p—2) - Wa(xm+p—l))
(10) = qa(Wa(xm—1) — Wa(Xm+p—1)) for each a € .

This implies that {x,} is a Cauchy sequence in X, since ¢, — r, for each a € 2. By com-
pleteness of X, we have x* € X such that x,, — x* as m — . By hypothesis (iii), we have

(Xm,x*) € E. From (7), we have
dy(x*, Tx") < Wu(xm) — Wa(x™) for each a € 2.

Letting m — oo in above inequality, we have d,(x*,Tx*) = 0 for each a € . Thus, we have

x* e Tx*. O
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