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Abstract—In 1960, S. Sasaki [7] dicussed on differentiable manifolds which are closely related to almost contact structure. Also in
1961, S. Sasaki and Y. Hatakeyama [8] discussed on differentiable manifolds with certain structures which are closely related to
almost contact structure. In 1963, Y. Hatakeyama [1] discussed on differentiable manifolds with almost contact structures and in 2011,
R. Nivas and A. Bajpai [5] studied on generalized Lorentzian Para-Sasakian manifolds. Hayden [2] introduced the idea of metric
connection with torsion tensor in a Riemannian manifold. In 1980, R. S. Mishra and S. N. Pandey [3] discussed on quarter-symmetric
metric F-connection. In 1992, Nirmala S. Agashe and Mangala R. Chafle [4] studied semi-symmetric non-metric connection in a
Riemannian manifold. In this paper, generalized nearly Sasakian and generalized nearly special Sasakian manifolds have been
introduced and some of their properties have been established with generalized Co-symplectic manifolds. Induced connection in a
generalized special Sasakian manifold has also been studied.

Keywords—Generalized nearly Sasakian manifold, generalized nearly Special Sasakian manifold, generalized Co-symplectic
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1. INTRODUCTION
An n (=2m+1) dimensional differentiable manifold M,,, on which there are defined covariant vector fields A;,where i =
3,4,5,.....(n — 1), the associated contravariant vector fields T;, where i = 3,4,5, .....(n — 1), atensor field Fof type (1, 1) and a
metric tensor g, satisfying
(11) F2 = _In + Z?=_31Ai®Ti' FTl = O, AL(TL) . 1, Al(FX) = 0,

Rank F =n—1i
(12) g (FX' FY) =9 (X, Y) - Z?z_SlAL(X) AL(Y)J where Al(X) N g(X, Ti)'i = 35455: e (n - 1):

FX,Y) = g(FX,Y) = —"F(Y,X),

Then M, is called a generalized almost contact metric manifold (a generalized almost Grayan manifold) and the structure (F, T;, 4;,
g ) is known as generalized almost contact metric structure [6].

Let D be a Riemannian connection on M,,, then we have [6]

(1.3) (@) (Dx'F)(FY,Z) — Dy F)(Y,FZ) = S5 4,(V) (DxA) (2) — Ti5 4, (Z) (DxA)(Y) = 0
(b) (Dx'F)(FY,F2Z) = (Dy'F)(F2Y ,FZ)

A generalized almost contact metric manifold is called a generalized Sasakian manifold, if

(14) @)  iDxFY) + FPX 3 AQY) + g(FX,FY) XIS Ty =0 &
() Dy F)Y,2) — g(FX,FZ) S A(Y) + g(FX,FY)SI3 A,(Z) =0 &
(©) iDyT; = FX + T, — YT,

From which, we get

(15) (@) i(DyA)(FY) = g(FX,FY) &
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(b) i(DxAD(Y) — A;(Y) + X1 A (Y) = F(X,Y)

A generalized almost contact metric manifold is called a generalized Special Sasakian manifold (a generalized S-Sasakian manifold),
if

(16)(@ iDxF)(Y) - FX3 A(Y) + FX YIS T, =0

(b) iDx' )Y, 2) = FX,Z2) XIS AY) + FX Y A@Z) =0

(©) iDyT; = F?X + T, — Y} T;
From which, we get
(1.7) (@) i(DxA)(FY)="FX, V) &

(b) i(DxAD(Y) — A(Y) + XI55 A(Y) = —g(FX, FY)
A generalized almost contact metric manifold is called a generalized Co-symplectic manifold, if
(18) (@)  (DxF)Y + XI5 Ai(V)FDxT; + XI55 (DxA)(FY)T; = 0 &

(b) Dy’ F)(Y,Z) — Y15 A(Y)(DxA)(FZ) + X153 Ai(Z)(DxA)(FY) = 0
Therefore, a generalized Co-symplectic manifold will be a generalized Sasakian manifold, if
(1.9) (@) i(DxA)(FY) =g(FX,FY) & (b) i(DxAD(Y) = Ai(Y) + ZI5 A (V) = FX,Y) &

(€) iDxT; =FX +T; = Xi5'T;

And a generalized Co-symplectic manifold will be a generalized S-Sasakian manifold, if
(1.10) (a) i(DyA)(FY)="F(X,Y) &

(b) i(DxA)(Y) = A, (V) + 51 A(Y) = —g(FX,FY) & (c) iDxT; = F?X + T, — X155 T;
Nijenhuis tensor in a generalized almost contact metric manifold is given by
(1.11) 'NX,Y,Z2) = Dpx F)(Y,Z) — (Dpy F)(X,Z) + (Dx'F)(Y,FZ) — (Dy'F)(X,FZ)
Where ‘N(X,Y,Z) & g(N(X,Y),2)
2. GENERALIZED NEARLY SASAKIAN MANIFOLD
A generalized almost contact metric manifold is called a generalized nearly Sasakian manifold, if
(2.1) i(Dx'F)(Y,Z) = X155 A(V)g(FX,FZ) + X715 Ai(Z) g(FX, FY)

= i(Dy'F)(Z,X) = %15 A(Z) g (FX, FY) + X7 A (X) g (FY, FZ)
= (D, F)X,Y) = 315 A g(FY, FZ) + X715 A (Vg (FX, FZ)

From which, we get
(2.2) @) i(DxyF)Y + i(DyF)X + Y A (VF?X + YL A, (X)F?Y + 2301 T, g(FX,FY) =0 &

(b) i(Dx'F)(Y,2) +i(Dy' F)(X,Z) = X155 Ai(V) g (FX, FZ) — X153 Ai(X)g(FY, FZ) +

2015 AZ)g(FX,FY) =0
From which, we get

(2.3) () i(DxF)FY +i(DpyF)X = XI5 A (XOFY = 2370 T, F(X,Y) = 0 &
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(b) i(Dx'F)(FY,Z) — i(Dpy'F)(Z,X) — XI55 Ai(X) F(Y,2) = 28155 Ai(2) F(X,Y) = 0
(24) (@)  i(DxF)F?Y +i(Dp2yF)X — X158 Ay(X)F?Y = 2300 T, g(FX,FY) = 0 &
()  i(Dy'F)(F?Y,Z) = i(Dp2y F)(Z,X) + 3753 A(X)g(FY,FZ) = 2375 A{(Z)g(FX,FY) = 0
(25) @)  (DxF)Y + (DyF)X + XI5 Ai(Y){FDxT; — (Dr F)X} + X753 A;(X){FDy T; — (Dr,F)Y} +
i T{(DxAD(FY) + (DyA)(FX)} = 0 &
(b)  (Dx'F)(Y,2) + (Dy F)(X, Z) = 2153 Ai(V{(DxA)(FZ) — (D7, F)(Z, X))} —
i A CO{(DyA) (FZ) + (Dr, F)(Y, 2)} + X155 Ai(Z){(Dx A (FY) + (DyA)(FX)} = 0

Pre-multiplying X,Y,Z by F in (1.11) and using equations (2.1), (1.3) (b), we see that a generalized nearly Sasakian manifold will be
completely integrable, if

(26) 05 F) (Y.Z) = 05 (X ,Z)
3. GENERALIZED NEARLY SPECIAL SASAKIAN MANIFOLD

A generalized almost contact metric manifold is called a generalized nearly Special Sasakian manifold (a generalized nearly S-
Sasakian manifold), if

(3.1) iDxFY,2) + X5 A(Y)F(Z,X) + XI55 Ai(Z) F(X, Y)
= i(Dy'F)(Z,X) + XL A(Z)F(X,Y) + X2 A(X) F(Y,Z)
= i(D;F)X,Y) + XML A;(X)F(Y,Z) + SFL A, (Y) ‘F(Z, X)
From which, we obtain
(32) (8) i(DxF)Y +i(DyF)X — ¥EL A, (Y)FX — XM A (X)FY = 0 &
(b) i(Dx'F)(Y,Z) +i(Dy )X, Z) + XI5 Ai(Y) F(Z,X) — XI5 Ai(X) F(Y,2) = 0
This gives
(33) (@) i(DyF)FY +i(DpyF)X =¥ A,(X)F?Y =0 &
(b) i(Dx'F)(FY,Z) — i(Dpy F)(Z,X) + X155 Ai(X)g(FY,FZ) = 0
(3.4) (@) i(DyF)F?*Y +i(Dp2yF)X + Y Ai(X)FY =0 &
()  iDx'F)(F?Y,Z) = i(Dp2y F)(Z,X) + X155 Ai(X)F(Y,2) = 0
(3.5) (@) (DxF)Y + (DyF)X + X155 Ai(V{FDx Ty — (Dr,F)X} + X155 A CO{FDyT; — (Dr,F)Y} =0 &
(b)(Dx P, 2) + (Dy F)(X, Z) — B A(D{(DxAD(FZ) — (Dr, F)(Z,X)} -

Y A {(DyAD(FZ) + (D7, F)(Y,2)} =0

Pre-multiplying X,Y,Z by F in (1.11) and using equations (3.1), (1.3) (b), we see that a generalized nearly S-Sasakian manifold will

be completely integrable, if

36) 0z F)(7.2) = 07 F) (X .Z)
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4. GENERALIZED NEARLY CO-SYMPLECTIC MANIFOLD
A generalized almost contact metric manifold is called a generalized nearly Co-symplectic manifold, if
4.1)  (Dx'F)(Y,Z) = X755 Ai(Y)(Dx A (FZ) + X153 Ay(Z) (Dx A (FY)

= (Dy'F)(Z,X) — T3 Au2)(DyAD(FX) + EI55 Ai(X) (Dy A (FZ)

= (D7 F)X,Y) = X155 Ai(X) (DzA) (FY) + X755 Ay (V) (DzA) (FX)
Therefore, a generalized nearly Sasakian manifold will be a generalized nearly Co-symplectic manifold, if
(4.2) (@) i(DyA)(FY) = g(FX,FY) &

(b) i(DxA)(Y) — AN + 315 A(Y) = FX,Y) &  (0) iDxT; = FX +T; = X' T,
And a generalized nearly S-Sasakian manifold will be a generalized nearly Co-symplectic manifold, if
(4.3) (@) i(DxyA)(FY)="FX,V) o
(b) i(DxA)(Y) — A;(Y) + X5 A(Y) = —g(FX,FY) & (¢) iDxT; = FX +T; = XI5 T;
5. GENERALIZED INDUCED CONNECTION IN A GENERALIZED SPECIAL
SASAKIAN MANIFOLD
Let M,,,_, be submanifold of M,,,,,; and let ¢ : My,,_; = M,,,,1 be the inclusion map such that
d€Mypm_q > cd€Mypyq,
Where ¢ induces a Jacobian map (linear transformation) ] : T'Zm_1 > T yme1
T',m—1 IS tangent space to M,,,,_, at point d and T',,, 4, iS tangent space to M,,,,, at point cd such that
XinM,,_,atd - JX inM,,,,, atcd

Let g be the induced metric tensor in M,,,_; , then
(5.1) gx.¥)=((gUJX.J¥ )b
Semi- symmetric metric F-connection B in generalized special Sasakian manifold M,, is given by
(5.2) iByY = iDyY + X1 A,(V)X — X155 g(X, VT, — 2 375 A;(X)Y
Where X and Y are arbitrary vector fields of M,,,,. Let
(6.3) T;=]Jt;+p;M + o;N,wherei = 34,5, .....(n — 1).
Where t; , i = 3,4,5,.....(n — 1), are C* vector fields in M,,,_,. M, N are unit normal vectors to M,,,_;.
Denoting by D the connection induced on the submanifold from D. Gauss equation is
(5.4) DY =J(DxY )+ p(X,Y)M + q(X,7)N
Where p and q are symmetric bilinear functions in M,,,,_;. Also
(55)  BxJY =J(BxY )+ h(X,V)M + k(X, V)N,
Where B is the connection induced on the submanifold from B and h, k are symmetric bilinear functions in M,,,_;.
Inconsequence of (5.2), we have
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(56) B/ = iDJY + TP AUY)IX — 215 g(UX V)T - 2205 A,(JX)]Y
Using (5.4), (5.5) and (5.6), we have
(5.7)
iJ(BxY )+ ih(X,Y)M + ik(X,Y)N =
iJ(Dx¥ )+ ip(X, V)M + iq(X, V)N + 13 A,(J7)/ X — 5 g(XJY)r, —
231 AR
Using (5.3), we get
(5.8)  J(BxY )+ in(X, V)M + ik(X,7)N = i/(DxV )+ ip(X, V)M + iq(X, V)N + X7 a;( V)X -
St +pM +aiN) G (X,7) — 2305 ai( X))Y

Where  g(7,t;) & a;(7)

This implies
(5.9) iByV = iDyV + ¥ ay( V)X - X5 g(X, V)t — 2305 ai( X)Y
Iff

(5.10)(a) ih(X,¥) = ip(X, V) -2 p,d(X.7)
() k(X,7)= ig(X,7) -2 ag(X,7)
Thus, we have

Theorem 5.1 The connection induced on a submanifold of a generalized special Sasakian manifold with a generalized Semi-
symmetric metric F-connection with respect to unit normal vectors M and N is also generalized Semi- symmetric metric F-connection
iff (5.10) holds.
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