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ABSTRACT

In this paper, we compute the complection of the unimodular
row (g, gy, 03,03 if {8y 8, 22,85 ) is unimodular.
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1. INTRODUCTION

Let R be a commutative ring with 1. For any unimodular row
v = (ag, ..,a,) € R"" 1 of length $r+1$,
one has the following surjective map.
R™15 R
g = Qg
Let F, denote its kernel. Then one has a split exactsequence:

0= B — BR™ S R— 0

Thus £, is a projective module of rank r, which is 1-stablyfree,
ie.P,® R =~ R"PEis free if and only if v can be completed to
an invertible matrix, i.e. viscompletable.

In [5], R.G. Swan and ]. Towber proved that If P is a projective
R[X]-module of rank 2 and X°R[X]* < Pc R[X]*, then
P~ R[X]* As a consequence, they concluded that if
(a,b,c) € Um3(R) then {a?,b,c) can be completed to an
invertible matrix.This result was explained and generalized by
A.A. Suslin in hisdoctoral thesis [2] in the mid-seventies.There he
proves that if{ag,ay, ..,a,) € Um,.1(R), then the unimodular
row {ag,aq, agj..”a;ijcan always be completed to an invertible

matrix.
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2. Preliminaries

In this section we recall a few definitions, state some results and fix some notations which will be used
throughout this paper.

Definition 2.14 row v = (v, v1,..,v,.) € R7is said to be unimodular(of length r) if there exists
elementswy,ws, ... ,w,.in R such that vywy + vows + -+ + 1w, = 1 Um,.(R)will denote the set of all
unimodular rows v € R".

Definition 2.24 rowv = (wy, 5, ..., 1’.) is said to be completable if there exist an invertible matrix i such
thatey ¢ = .

We now state some examples (from [1]) of completable rows. Consider the coordinate ring of the real n-

sphere, B
B, = —'&[IDJE‘IJ'“ E.v!]
n T oral . 2 $ 2 "
Iy + & +-- + 13 1)
Let @gaq,..,2, be the images of fyty,..,t, in R, and let v be the wunimodular row
(@g,@q, oesBp) € Umyeq (R,

Qp aq "~||

a, —ap) Also forn =3,

Forn = 1, {apaq) € Uma.(Ry)is completable, and its completion is[

(@ag.aq, @2,a3) € Ums(R;)is completable, and its completion is

AAp Q4 Qa2 Qg o
ﬂ-_l_ﬂc. ﬂg _ﬂ: )
Qa—0Qg—dp Q4

"-.ﬂg ﬂ: _ﬂ-l_ﬂc..:

3. Completion of (a,,a,,a3,a3)

In this section, we give an explicit computation of the completion of the unimodularrow
::-al}.la‘.l.l QEJQE:I = U'}HL_::R}-

Let (ag,aq, @z,a3) € Um.(R). Consider the matrix,

‘Mmoo =1 0y 71 a 041 :'3' o0 0 -1y /1 0 /10 :é
5 = [l 0 U)[—QE 1 U)[ﬂ 1 CI)[U 1 U)[ a 1 U)[ﬂ 1 ﬂ)
Wi 0 1/ 01w o0 11 0 o0fv—ax; 0 1Y o 1
1 0 /1 0 0
{—ag 1 u) 0 1 CI)
“ 0 0 1/ %v—a; 0 1
a%:Ea:fFE: — dagbh;+3) —(1—a3b)? —azll—agby)?
= [ 2a3(1—a3zb3)’ h3(2—aszby) —(1—aszbg)? )
(1 —azhs)? 0 ba(2— azbg) /

Thus one has,
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_ ‘a3 0 0
azlsfy + (1—azbg)?f; = [ 0 1 0
0 0 1 i )
_ ‘a3 0 0 - ag ay az '
ie aglsfy + detly)f, = [ 0 1 0]|wherey = EJ1_: b, —bghy  —ap + 2aly
0 0 1 o — bghy bZ —a; — 2a5hy/

Take '
. [ ¥ aa_{'a ) ["l 0 ) (l adj(y)g; 3
f \—b3ly adj(y)/\0 B/ \0 L

One can write the above matrix Sin the form

, , [:aﬂg f; )

\—by  —byadji(y)B, + adi(y)

5=

1 ! CIT DI
Let K = —b; adjly)f: + adjly)S;. Then
Ky1 = 2ayasz + a3b; — agay + 3aazbs + asbgdy + 3agazb; + 2azazdy

+2ﬂ1ﬂ:h1 + 3ﬂ1ﬂ§b|:.b1 + Elﬂ:ﬂgbc.b: + 4&1&:&3})&

H.l.-. = _QE'E]E - ﬂ'.l.‘:-]f - ﬂ-j_bc.}.l-l - Eﬂ:bc.’:

.Ir{-_lg = _ﬂ;ba — Qy — ﬂc.ﬂgba - Eﬂiﬂ:bu - ﬂ-lﬂg}_]: - ﬂ-_lﬂg;_lc.b-l - Eﬂ:ﬂgbc.h:

K;1 = a3by + ap — 3agazh; — 2Zasagb; + 3ayazly — 2agay0; — 2aga;bh

+ 3agazbghy + 2asazbghy + 6azazb b, — dagazazby

K, = —aibf + aghy, — aghghy — 2a,byb,
K,y = Qgh: + agaq — aiagbf - Qgilc.il-l + 2aga.by + apgazbs — agazbyby — 2asazbib;
K33, = —aybf + 3a3b] — agh, — 2agazb; + 2ayazb, — aghgby — 2ajazbghy

Kz = —b3

Kz = aghy — azh; — a;by + aybghy

Apply the following elementary row operations on :

Ry, = Ry — Ki;R,, R;— R:; — KR, E; = Rg; — K3Ry, R, = Ry — Ky3Rs,

Rz = R;— Ki3Rs Fg— FRg — H33R;

and remove columns 5 and 6, rows 2 and 3, we get a 4 x 4$ matrix i’ where
; ' : 2 : 3
By = ag f; = a1, B3 = a3 fe = as

B3y = bilaghy + ayby + aibghy + 2a,byb,) + (b, — byby)(ashy + a; + agazb; +

R
3 <]

[yl

204028y + aqagby + ayabyby + 2asagbgbs )+ by{agh
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B3, = bilazby + a7 + agazbh; + 2aia:by + ajashs + aqasbyby + 2asa3bpbs)

™ S ™

- : 7 + EJE.EJ-]_)I:_:IQE.EJE + ﬂ-_l}_:': + 5—'13‘!:-3?'1 + Eﬂ:bc.b:)

J'Eén = — ::QC' - Eﬂ:b-l:l::ﬂc.ba + ﬂ-_l;_]: + ﬂ-j_bc.b-_l + Eﬂ:bc.ﬂ::l - ::ﬂ-_l + EQ:EJE.:I::HE.UE_ + ay

1 Y

+ﬂ|:.ﬂ3}.]E. + Eﬂiﬂ:bc. + ﬂiﬂgb: + QIQEEJC'EJ']. + EQEQEUDU:)

B1s = 2ajaz + ashs — agay + 3aya3bs + asbgby + 3agazb; + 2asazb;

+2ﬂ1ﬂ:b1 + Sﬂiﬂébgbi + EIQ:QEEJE.}J: + 4ﬂ1ﬂ:ﬂ3bc

1

"= BE(a b? — gl Bl 2aabi by — (By — VWast
B3y = bilaiby — aghs + agbgby + 2a,b:4b,) (&2 poiazbs + agay

-

-

_ﬂ-_lﬂgb{ - IQE}.JE.EJ-]_ + Eﬂc.ﬂ:bc. + QE.QEEJ: - QE-QEEJE-}-J']. - Eﬂ:ﬂg 1’:}

J'E-::n = — ::=: + =|:.=-_|_:l::ﬂ-_|_ﬂ-l_ - QE.EJ: + QE.;_JE.;_J-_[ + Eﬂ:b-j_': - E:::QE=: + Qply — ﬂiﬂgb{

b=

_QEEJE.EJ-_[ + Eﬂc.ﬂ:bc. + ﬂc.ﬂgb: - QE.QE-EJE.EJ-]_ - Eﬂ:ﬂ

- Bl
1=

ﬁég = ::ﬂ-_l + Eﬂ:bc.:l::ﬂib: + Qply — @q&z4y — QEEJE.}_J-_[ + Eﬂc.ﬂ:bc. + QE.QE-EJ:

=

1}{&1’{ — IQE.}.J: + QE.;_JE.}J-_[ + Eﬂ:bib::l

B3s = asb{ + a; — 3apazh; — 2asazh; + 3aia3b; — 2agaia; — 2agazdy

Biy = bibi — (by — boby)(agh] — azbi — a1y + a1bghy)

Bis = —bi(by + boby) — bilagh; — azby — ayby + aybghy)

Biz = —bilag — 2azby) + balasbs — 2) + (ay + 2a:bp)(@ehy — azb: — aiby + aibghy)
fi, = —aybi + 3a3bi — agh, — 2apaszh; + 2aia3b; — aghghy — 2ajazbyby

det(f") = (laghy+ a1y + azby)* +azbg)? = 1

L—

Thus §' is the completion of {(@g, @1, 25,3
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