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SECTION 2. Applied mathematics. Mathematical  

modeling. 

 

CONSTRUCTING A WORKING MATHEMATICAL MODEL 

 

Abstract: The concept of a working mathematical model has been formulated. Features of construction of such 

mathematical models have been briefly described. An illustrative example of the process of construction of a 

working mathematical model of the element of a technical system has been discussed. Working mathematical model 

with the desired properties from the point of view of a particular study is a valuable intellectual product. The use of 

such a model helps to reduce the time and cost of research and also allows efficient use of mathematical modeling. 
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1. Introduction 
As a rule, mathematical modeling of technical 

objects includes the following basic steps. 

The first phase of mathematical modeling 

involves an informal transition from the object of 

research to its conceptual model. Conceptual model 

is a conventional description of the object of 

research. Such a description should include the 

features and quantitative characteristics of the object 

that are important from the point of view of the case 

being analyzed. At the same time, it is necessary to 

justify the assumptions and simplifications that allow 

not taking into account the features and quantitative 

characteristics of the object of research that are 

considered immaterial. 

The second phase is the mathematical 

description of the conceptual model. Using the 

formal description, one or more mathematical models 

of the object of research can be constructed. 

The third phase of mathematical modeling 

involves qualitative and estimated quantitative 

analysis of the mathematical model. Sometimes the 

results of analysis may lead to the need to clarify or 

revise the conceptual model (that is, it will be 

necessary to re-implement the first phase of 

mathematical modeling). To make an informed 

choice of a model for the subsequent detailed 

quantitative analysis, it is necessary to compare the 

results of analysis of various mathematical models. 

As a result of this phase, a working mathematical 

model is constructed, that is, a model for detailed 

quantitative analysis. 

During the fourth phase, a computational 

problem is formulated. 

In the fifth phase of mathematical modeling, it 

is necessary to make an informed choice or create a 

numerical method. As a rule, the resulting numerical 

method does not include many of the necessary 

details without which it is impossible to use 

computer technology. To obtain an implementable 

algorithm for the computing experiment, a detailed 

specification of all necessary steps is needed. An 

effective algorithm for the computing experiment is 

created during the sixth phase of mathematical 

modeling. 

The seventh phase involves the development of 

software that implements the computational 

algorithm. 

The software product is tested during the eighth 

phase. Sometimes, a thorough check of the results of 

calculations can detect deficiencies that require re-

implementation of the previous phases of 

mathematical modeling. After eliminating all the 

deficiencies, implementation of the computational 

experiment can be started. Computational experiment 

is the ninth and final phase of mathematical 

modeling. 

Possibilities of mathematical modeling that are 

described in detail in educational and scientific 

literature (for example, [1–5]) are often used 
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inefficiently. The reason for this is that the 

mathematical model of the object of research does 

not have the desired properties. 

The purpose of this paper is to describe the 

features that allow constructing a working 

mathematical model with the desired properties from 

the point of view of a particular study. The set of 

properties may include, for example, the 

completeness, accuracy, adequacy, productivity, 

economy, robustness, as well as other properties 

[2; 5]. Obviously, such a mathematical model is a 

valuable intellectual product that is, within the 

research scope, equivalent to the object of research. 

 

2. Unified approach to the construction of a 

mathematical model 

To construct a working mathematical model 

with the desired properties from the point of view of 

a particular research project, it is often necessary to 

fulfill contradictory requirements. Such requirements 

can only be met with the help of a reasonable 

compromise that largely depends on the level of 

training of the researcher. 

Compromise is made possible by following the 

rules and recommendations summarizing practical 

experience in the development of mathematical 

models. In that context, the principles from [6] are of 

particular interest. Thanks to the wise use of these 

principles, it is possible to implement a unified 

approach to the construction of a mathematical model 

with the desired properties from the point of view of a 

particular research project. For example, paper [7] 

contains a description of features of the process of 

constructing a mathematical model with the desired 

properties from the point of view of the study some 

results of which are described in [8–10]. 

 

3. Working mathematical model of the 

element of a technical system 

Let us discuss an illustrative example of the 

process of construction of a working mathematical 

model. 

 

3.1. Statement of the problem 
Let us assume that the following value is of 

interest in the conducted research: 

 yrxz  ,                          (1) 

where     00 β1 yyryr   is the function of a real 

variable y;  tyy   is the time function t, where 

  00 yty  ; 0y  and 0t  are known non-negative 

values; x, 0r  and  are known positive constants. In 

this case, there may be a steady state, for which the 

following equation holds true: 

   0

2 σ1 yyyrx  ,                  (2) 

where y  is the steady-state value, and yyy 0 ;  

is a known constant. 

Here z is the sought quantity that can 

characterize the potential or flow of a physical 

substance in the element of the technical system. Let 

us construct a working mathematical model of the 

object of research. The model must be sufficiently 

complete, accurate, adequate, productive and simple. 

 

3.2. Solution 
To solve this problem, let us create a hierarchy 

of mathematical models of the object of research and 

define the conditions under which it is possible to 

find the sought quantity with a relative error of not 

more than the allowable limit 0δ . 

If the difference 0yy   is rather small, then we 

can use (1) to find the sought quantity according to 

the following formula: 

00 rxz  .                           (3) 

Let us define the conditions under which the 

resulting formula is applicable. To do this, let us 

analyze the steady state. 

We can use (2) to find 

 




  0

2

0 σ4β11
2β

1
rxyy , 

and then define the steady-state value 

   




  0

2

0 σ4β112 rxzyrxz .    (4) 

It is evident that 0zzz  . Then the following 

holds true for the relative error of 0z : 

  11δ 0000  zzzzzzzz . 

Thus, if the condition 

00 δ1zz  

is met, we can use the formula (3) to find the sought 

quantity with a relative error of not more than 0δ . 

Then we arrive at the inequality 

  0

2

00

2 δδσβ rx ,                   (5) 

subject to which the mathematical model (3) is 

sufficiently complete, accurate, adequate, productive 

and simple; and it is reasonable to use the formula 

(3) to find the sought quantity. 

If a non-steady state can be analyzed, it is 

possible to determine the conditions under which the 

mathematical model (4) is applicable. 

Let us suppose the following first order 

ordinary differential equation is valid for the object 

of research: 

     0

2 σ yyyrx
dt

dy
yc  ,           (6) 

where     00 γ1 yycyc   is the function of a real 

variable y; 0c  and  are known positive constants. 

Then, according to (1) and (6), let us formulate a 

Cauchy problem 
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     

  .

,βσββγ

00

22

0000

ztz

zzxzz
dt

dz
zzzzc




  

(7) 

Thus, if the condition 

  0δ1δ  zzzzzz  

is met, we can use the formula (4) to find the sought 

quantity with a relative error of not more than 0δ , 

where 1δ 00  zz , since otherwise the formula (3) 

is to be used. Then let us find a time point 

       zzzzzzzctt 00000001 δlnβγ  

   000 γβ zzzzz  

     000 δ2ln2β zzzzz  

      1

00000 2βσ1δ2γ


 zzzzzzzz , 

for which    01 δ1 ztz . In this case, according to 

(7), the steady-state value z  can be considered equal 

to  tz  at 1tt   with a relative error of not more than 

0δ . 

If the inequality (5) is not true, then the 

mathematical model (4) is sufficiently complete, 

accurate, adequate, productive and simple at 1tt  ; 

and it is reasonable to use the formula (4) to find the 

sought quantity. 

 

3.3. Results 

By creating a hierarchy of mathematical 

models, it is possible to construct a working 

mathematical model with the desired properties from 

the point of view of a particular research project. 

Indeed, if the inequality (5) holds true, then the 

mathematical model (3) is considered to be a 

working mathematical model, otherwise, it is 

necessary to determine whether it is possible not to 

consider the time interval from 0t  to 1t  in the 

conducted research. If this is possible, the 

mathematical model (4) is selected as the working 

one; otherwise, (7) is the working mathematical 

model. 

The working mathematical model of this object 

of research was mainly developed using only one of 

the principles from [6], the principle of gradual 

complication. This makes this example similar to the 

“hierarchical approach to the construction of models” 

from [3]. 

 

4. Conclusion 
Thus, the concept of the working mathematical 

model has been formulated. We have also discussed 

the features of construction of mathematical models 

with the desired properties from the point of view of 

a particular study. The sample working mathematical 

model that has been discussed was mainly developed 

using only the principle of gradual complication. 
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