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The boundary-value problem about construction of the displacement waves and
the strain waves arising in ropes of elevating devices, such as lifts, mine lifts and
so on is considered. The rope at lifting of loads is reeled up on a drum. In a case
when the friction coefficient of a rope about a drum is not too big, occurs frictional
sliding a rope on a drum. Therefore the behavior of a rope on a drum is described
by the telegraph equation. The behavior of a hanging part of a rope is described by
the wave equation. It means, that in different parts of a rope the displacements are
solutions of the different equations. That is from this point of view the rope is shared
on two zones. Thus owing to reeling of a rope on a drum the border which shares
these two zones is a variable. In such model the waves not only reflect from ending
points of a rope. There is also their reflection and refraction on moving border
of the sharing of zones. Is developed methods for obtaining of exact solutions for
the boundary-value problems with mobile borders for both the wave and telegraph
equations. They are based on maintenance of a continuity of the displacements in
points of reflection of waves. The exact solution of such problem is obtained for the

case of sagging a rope prior to the beginning of rise.
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Introduction

Investigation of a dynamic field of stress in ropes of elevating devices, such as
lifts and mine lifts, represents the important problem for practical use. First of
all, it is connected to necessity of a safety of work of elevating devices, and also
with aspiration to reduce weight of a rope. Therefore to studying of a problem of
calculation of the dynamic stress arising in ropes, a plenty of works is devoted.
Long time was supposed, that elastic displacements in ropes are described by
the wave equations. Besides at statement of initial boundary value problems it
was supposed, that the length of a rope does not change. Such statement of
problems predetermined their solutions with the help of a separation of variables
method [1,2].

© V. A. Ostapenko, 2012



96 V. A. OSTAPENKO

Lacks of such approach were quite obvious. Therefore, since the second half
twentieth century works in which attempts to take into account change of length of
a rope [3-8| were undertaken began to appear. The basic feature of all such works
has consisted in intention to use for their solution still a separation of variables
method. However the initial boundary value problems describing processes of
distribution of waves in ropes of variable length, did not suppose separation
of variables. Therefore such initial boundary value problems were transformed
to the integro-differential equations [4-6] with variable borders of integration.
The approached solutions of the integro-differential equations again with the
help of a separation of variables method or its updatings [5, 6] further were
under construction. Besides were under construction asymptotic expansion of the
solutions of the integro-differential equations on small parameter. The role of such
small parameter carried out speed of winding of a rope, in the assumption, that
it was essentially less speeds of a sound in a rope [6].

Strictly speaking, the integro-differential equations with variable limits of
integration have no simple own functions. Therefore expansion of solutions was
carried out on eigenfunctions of the simplified operators. Simplification was, that
the integro-differential equation for a rope of variable length provided that speed
change of length of a rope is small, was replaced with the equation for a rope of
constant length and expansion of the solution was carried out on eigenfunctions of
this last equation. Besides, the kernel of the equation was replaced approximately
with a kernel of Fredholm’s type [5-7|. Asymptotic estimations of such approxima-
tion where obtained [6]. However they only show that as small parameter tends to
zero (that is if the length of a rope does not vary) solutions for ropes of a variable
and constant length in a limit coincide. In such solutions it is still difficult to
observe character of distribution of waves along a rope.

The described researches have shown, that without taking into account change
of length of a rope in essence it will not be possible to obtain model of the system
consisting of a rope and a drum, adequate enough natural. Besides it became clear,
that breaks of stress inevitably arising in ropes can be investigated only with the
help of construction of the solution as propagating waves. Such research has been
carried out in [9,10] in the assumption, that force of friction of a rope about a drum
is so great, that slipping the rope on a drum cannot occur. At such assumption
the problem has been transformed to the solution of the wave equation in area
with variable borders. Due to the developed method of construction of the waves
reflected from mobile border, the exact solution of such problem representing set
of propagating waves has been obtained.

If the factor of friction of a rope about a drum is not too great slipping a rope
on a drum occurs. In this case elastic displacements to that part of a rope which is
reeled up on a drum are described by the telegraph equation while displacements
to a hanging part of a rope are described by the wave equation. Such initial
boundary value problem at the additional assumption that force of friction always
is directed aside points of fastening of a rope to a drum, is considered here.

The boundary-value problem about construction of the displacement waves
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and the strain waves arising in ropes of elevating devices, such as lifts, mine lifts
and so on is considered. The rope at lifting of loads is reeled up on a drum. In a
case when the friction coefficient of a rope about a drum is not too big, occurs
frictional sliding a rope on a drum. Therefore the behavior of a rope on a drum
is described by the telegraph equation. The behavior of a hanging part of a rope
is described by the wave equation. It means, that in different parts of a rope the
displacements are solutions of the different equations. That is from this point of
view the rope is shared on two zones. Thus owing to reeling of a rope on a drum
the border which shares these two zones is a variable. In such model the waves
not only reflect from ending points of a rope. There is also their reflection and
refraction on moving border of the sharing of zones.

So the problem consists in obtaining solution to the system different parts
of which are described with different equations. Besides, border of dividing these
parts is movable. For a long time such problem could not to be solved. Now we
suggest the exact solution to this problem.

The author has developed methods for obtaining of exact solutions for the
boundary-value problems with mobile borders for both the wave and telegraph
equations [11-20]. They are based on maintenance of a continuity of the displace-
ments in points of reflection of waves. On mobile border at construction of the
reflected and refracted waves the conditions of a continuity of displacements and
strain are used. Application of such methods to a considered problem has allowed
obtaining the exact solution of this problem. The solution is submitted as sequence
of extending waves. With the help of such representation of the solution it is
possible to reveal the most loaded sections of elevating ropes, and also propagation
of breaks of pressure which arise, for example, in case of sagging a rope prior to
the beginning of rise.

1. Statement of a problem

Let the rope, which is suspended vertically and having initial length L, at
t = 0 starts to be reeled up on a drum. Prior to the beginning of rise on a drum
the part of a rope in length [y is reeled up on a drum. The average radius of
winding of a rope on a drum is equal to r. As the rope is considered as a flexible
string, it can be arranged entirely along the rectilinearly axes £&. A motionless
axis & we shall direct vertically downwards on a longitudinal axis of a rope, for
a reference mark ¢ = 0 we shall accept a point of fastening of a rope to a drum.
Alongside with a motionless axis £ we shall enter also a mobile axis x. The axis x
is directed the same as also an axis £, and at ¢t = 0 beginnings of coordinates O¢
and Ox coincide.

The axis x goes together with a rope, making linear moving

u(t) = r/()t /Oss(r) drds (1.1)

Here (t) - angular acceleration of rotation of a drum; also is supposed, that
v(0) = 0,2/(0) = 0. On the end of a rope the cargo of mass m is suspended. That



98 V. A. OSTAPENKO

e ¥=0
i
| L
|
-3 'Q
| e
|
! ~
~l
X5
a
X§

Figure 1. Calculation scheme of load lifting

is weight of cargo G = mg, where g - acceleration of a gravity. The rope has the
area of cross-section S, the module of elasticity E, density g. Then linear density
of a rope go; = So. It is supposed, that positive elastic displacements are directed
along an axis z. Moving v(t) of a rope together with an axis x is considered as
portable. Hence, elastic displacements to a rope will occur in relative movement
(see Figure 1). The factor of friction of a rope about a drum is designated as 3.
We consider the rope as flexible thread.

For elastic displacements of a rope u(z,t), having a trailer cargo and reeling
up on a drum, in relative movement the following boundary-value problem is
obtained. In the domain 0 < z < L,t > 0 to search function u(z,t), satisfying at
0 <z <lyp+v(t) to the equation

Pu(z,t) 1 u(z,t) _ BOu(z,t)

- — =0 1.2
Oz a? ot? r  Ox ’ (12)

and at lp + v(t) < x < L - to the equation
Pulz,t) 1 ulzt) g (13)

or2 a2 o2 a2

Function u(z,t) should satisfy also to some initial conditions

u(@,0) = p(x);  w(z,0) =y(z), (1.4)
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and also to boundary conditions

u(0,1) = 0, (1.5)
up(Lt) = %(g +e(t)r — uw(L, 1)) (1.6)

in mobile system of coordinates.

As above and below the point x, = ly + v(t) the solution of a boundary-value
problem should satisfy to different conditions, we begin to represent this solution
as

w(x,t), lo+vt) <z<l;
u(x,t) = { (1) Q (1.7)

v(z,t), 0<ax<ly+uv(t).

It is necessary also that the solution of a boundary-value problem u(z,t) satisfied
to conditions of a continuity of displacements and deformations in a point of
initial contact of a rope with a drum xp = lp + v(t). With the account of (1.7)
such conditions will become:

v(lp +v(t),t) =w(lo+v(t),t); wvi(lo+v(t),t) =wy(lo+ v(t),t) (1.8)

It is necessary to take into account, that if during the initial moment of time
the cargo hangs on a rope there in rope already exist initial displacements us(x),
created by the weight both of a cargo and a rope and determined by such formula

e () = {ws (), l<z<lL; (1.9)

vs (z,), 0<z<lp.

Gx—1lo) alL-x)?g  alL-1)g

wsl®) = —pg ~ " 3ms T 2ES
G+o(L—l)gr _5
—(1—e+%); (1.1
+ i ﬂ( e ') ; (1.10)
G+Q1(L_l0)gT ﬁ( _l()) —glo
J(x) = —(er\® —e ') . 1.11
vs(z) o 3 (e e ) (1.11)
Thus, elastic displacements should satisfy to initial conditions
u(z,0) = us(x) ;  w(z,0)=0. (1.12)

Function ws(z,t) (1.10) is accepted as the stationary solution on an interval
lo+v(t) < z < L. Function vs(z,t) (1.11) is accepted as the initial condition on
an interval 0 < x < lg + v(t). Therefore on last interval initial conditions will be
those:

v(z,0) =vs(x) ; v(z,0)=0, 0<z<lp. (1.13)

Let’s note that outside of interval (0,ly) function vs(z) identically equals to zero.
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2. Construction of the solution of a problem

On the ends of the rope there arise the reflected waves only. On the dividing
border there arise both the reflected and refracted waves.

The author obtained the solution of the telegraph equation (1.2) satisfying to
initial conditions (1.13) as

1 1
V1 (2, t) = 56%‘”03(3@ —at) + 56_%”1)5(36 + at)+

1 r+at
+/ catweg(”&_g)vs(ﬁ)dﬁ, (2.1)

2 St z

where

2
c= —4/8—73 ; z= \/c[(f — )2 — a?t?] . (2.2)

Thus, the initial conditions (1.13) generate on an interval 0 < x < ly + v(t)
waves (2.1). Tt is necessary, that these waves satisfied to a boundary condition
(1.5) and to conditions (1.8) continuity of displacements and deformations in a
point of initial contact of a rope with a drum z = lp + v(1).

However function v,1(x,t) to any of the listed boundary conditions does not
satisfy. Really, from (2.1) it is obtained

1 1
vn1(0,1) = ie;%“tus(—at) + iefgatvs(atﬂ-

at
+3 / cat e Su ey e = o), (29

where
z=/c(& — a?t?) . (2.4)

1 |
oni(lo + v(t),t) = 565 vs(lo + v(t) — at) + 5e‘%%s(lo +u(t) + at)+

1 [lotv(t)+at J!
3t cat B o=, 6y ae, (25)
oTV —a

where

2= \Jef(€ ~ (o +v(1))? — a2e?] . (2.6)

Hence, to satisfy to a boundary condition (1.5), it is necessary to introduce
reflected from the fixed end of a rope x = 0 wave vy20(x,t) which should be the
solution of the telegraph equation (1.2) and satisfy to a boundary condition

’Un20(0,t) = —O‘(t) , t>0. (27)

Such solution is obtained by the author in [18] and looks as

-
vnan(, 1) = Aoft — )etr® _ae;i.w/o - Q%JO(Z) LI Aol (28)
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Here

z=/c[z? —a2(t —n)? . (2.9)

For construction of the solution (2.8) in [18] continuation of function —o(t) on all
axis t is executed as

—o(t), t>0;
A(t) = 2.10
®) { 0, t<0. ( )
Function Ag is the solution to the integral equation of Volterra’s type:
Ao(T) + a/ %Jg(a(’r —n)vV—c)Ao(n)dn = A(T). (2.11)
0

Thus function (2.8) satisfies to zero initial conditions.
It is necessary to note, that function wv,20(x,t) will not satisfy to conditions
of continuity (1.8). However it is necessary to take into account, that at

l—uv(t)

a

t < (2.12)

this function owing to (2.10) is equal to zero and consequently at values ¢, satisfying

an inequality (2.12), it will not render influence on satisfaction to conditions (1.8).

At the same time function v, (x, t) does not satisty to conditions of a continuity

of displacements and deformations at all ¢ > 0. Differentiating equality (2.1) on
xz, we shall obtain

Ovp1(xz,t) 1 8, ,

Zat

1 _s
(x — at) + ie_ﬁatv;(m + at)+

Ox T s
1
+ fcat{ N(2) efﬁatvs(az +at) — () e;%“tvs(ﬂ: —at)+
2 z {=x+at z {=z—at
Tt 9 Jylz), B Ji(z), s
— (= SR " A 7(a:—£)
" /x—at [830( z ) 2%r  z ]62 vs(&) dé}'

From (2.2) follows, that

Z‘g:m+at =0 3 Z|§::p+at =0.

Therefore
Bors AO| _AG] 1 aG[ _a@) 1
7 z {=x+at z z=0 27 z {=x—at z z=0 2’
Besides
9, Q=) _, J(z) [ Jo(2)\0z  c-2), Jo(2)  Jo(?)
%(_ z )_(_ z + 22 )830__ z (_ z + z2)
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Hence,

o t 1 8 1 8
U”(;E:) = ger Fiyl (v — at) + 56_2’“(1%;(37 +at)+

1 1 1
+ §cat{§e_£atvs(x + at) — 56%‘”2}5(95 —at)—

xr+at ” (2 ! > ! >
[ e - Ty 1 By B fe0, g ae). 2y

23 2r z

From (2.13) it is obtained

1 s 1 _s
vn1,2(lo +v(t),t) = 5eﬁ‘“fv;(lo + v(t) — at) + 56‘?%;(10 + v(t) + at)+

+ %cat{%e_%atvs(lo +v(t) + at) — %e%atvs(lo +v(t) — at)—
r+at 9
[ e o v (T + B

—at 22 23

RGO R R
= Jear (ot vs(g)dg}. (2.14)

z

where

2= \Jef(€ — (o +v(1)? — a2?] . (2.15)

Functions v, (x,t) and ws(x) everyone generates in a point zp = ly + v(t)
the reflected and refracted waves. We shall designate as v,10(z,t) a wave being
superposition of a wave, arising as a result of reflection from a point xx = lo+v/(t)
waves vn1(x,t), and the refracted wave arising owing to falling in a point z =
lo+ v(t) of a wave wg(x). We shall designate as well as wp10(x,t) a wave being
superposition of a wave, arising as a result of reflection from a point z = lo+v/(t)
waves vn1(x,t), and the refracted wave arising owing to falling in a point zj =
lo + v(t) of a wave ws(x). We shall designate unknown while values of these
functions in a point z, = lg + v(t) as:

unto(lo + v(t),t) = u(t)  waio(lo + v(t),t) = 6(t) . (2.16)

Let’s note, that functions p(t) and 6(t) are determined only at t > 0. For the
further we shall continue these functions on all axis ¢ as

wo={00 20 ew= {0 T e

Then on the basis [20] function v,10(z,t) as the wave radiated by function M ()
in a point zx = lp + v(t), is under construction as
T

UnlO(CU,t) = ZM()(t )egx_
a

t+%
—20ee /O [Lo(2) + ¢ ()] Mo(m) dn , - (2.18)



DYNAMIC FIELD OF ELASTIC DISPLACEMENTS 103

where z looks like (2.9), and function My(t) is the solution to the following integral
equation:

oMo (t + TV £ oo
a
i lo(®

_ 2aeto+u(®) : [ﬁ o) +

Cl() + I/(t)
0 2r

J1(2)] Mo(n) dn = M(t) .
(2.19)

In turn, function wyio(x,t) as a wave radiated by function ©(t) in a point
xr = lo + v(t), on the basis [15] is under construction as

wpio(x,t) = x(z — at) . (2.20)

Having substituted of the form of the solution (2.20) in continued on all axis ¢
the second equality (2.16) we obtain

X(lo +v(t) —at) = O(t) . (2.21)
Let’s introduce into (2.21) transformation
C=lp+v(t)—at. (2.22)

It is natural to assume, that reeling a rope on a drum is carried out with
subsonic speed. It means, that at all ¢ will be valid inequality

V()| <a. (2.23)

On the basis of an inequality (2.23) function in the right part of equality (2.22) will
be strictly monotonously decreasing. Therefore for equality (2.22) there will be an
inverse function t(¢), also strictly monotonously decreasing. As v(0) = 0, from
(2.22) follows, that ((0) = lp and at t > 0 by virtue of an inequality (2.23) ¢ < l.
Thus, continued on all axis ¢ inverse function to(¢) will possess the following
properties:

> 07 C < ZO;
to(Q)=9 =0, (=l (2.24)
<0, ¢>lp.

Let’s note, that from (2.24) follows, that at ¢ < [y such identity is valid
to(lo+v(t) —at) =t . (2.25)
Now from (2.20) and (2.21) follows

wpio(x,t) = O(to(x — at)) . (2.26)
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With the purpose of substitution in conditions of a continuity (1.8) we shall
differentiate functions (1.10), (2.18) and (2.26) on x. We shall obtain

:£+Ql(L_$)9
ES ES '

Ws 2 ()

(2.27)

Wn104 (T, t) = O (to(z — at))ty(z — at) . (2.28)

Ovnio(z, Ly e
tmole.t) _ g {5[M0<t+2>—a/0 (2 0(2) + €21 ()] o) dn) +

4 %Mé(t +3)- [gefo(z) + ()]

€T
My(t+ —)—
n=t+2 a

4% . /(s /(s
_“/0 [QﬁrJé(z)gln —CJO( ) +c 4 (_JOZ(,))]MO(TI) d??} .

i
z ox
Let’s take into account, that in last equality as follows from (2.9),

Z|n:t+% =0 )

Therefore
JI(Z Jl(Z 1
JO(Z)|77:H'§ = Jo(2)l:=0 =0, z : 2 T ) 0 T2
n=trs z=
Besides
0z _cx é(_ J(’)(z)) _ (- J0(2) Jé(z))% _ g(_ J"0(2) Jo(z)>
ox z ' Oz z z 22 70xr z z 22
Hence,
Ovnro(z,t) 8, x x, 1_, x
6$ = 2e2r { —C§M0(t+g)+gM0(t+a)—

_ a/t—i_i [(E)QJO(Z) _ CM _|_62£Z(_J”O(Z) + Jé(z)
0

2r z z z 22

)| Mo(m)dny . (2:20)

Let’s note, that at the moments of time ¢ > 0, enough close to the moment of
time t = 0, in a point of contact xp = ly + v(t) there are only four waves. Above
point zy = lp + v(t) are exist waves vp1(z,t), generated by initial conditions, and
reflected from a point zj a wave v,10(z,t). Below a point zj the static solution
ws(x) and the refracted wave wy10(x,t) are exist. Hence, for such ¢ conditions of
a continuity of displacements and deformations (1.8) will become

vp1(lo +v(t),t) + var0(lo + v(t),t) = ws(lo + v(t), 1) + wpio(lo + v(t), 1);
Unl,:c(l[) + V(t), t) + Un107x(lo + V(t), t) =
= ws z(lo +v(t),t) + wnlo,x(lo +v(t),t). (2.30)
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Having substituted in conditions (2.30) calculated values of functions vy19
and wp10, and also their derivatives from (2.18), (2.26), (2.28) and (2.29), we
shall obtain system of two equations for definition of functions My(t) and ©(t):

om(lo + (8). ) + 2Mo(t + 2TV ) £ oo

— 2aesr o) Ot = [;%Jo(z) + c“*;“)Jl(z)]Mo(n) dn =
=ws(lo + v(t)) + O(to(lo + v(t) — at)) ;
On1,2(lo + (1), 1) + 2e%<l0+y<t>>{ — WMo(t + lo:’/(t)ﬂ
T AL U a/OHW (Dyeae) - BB
b @l VOR (TOE) | ) ag)
= E% Lalk- (z;; YONI 6 to (1o + w(t) — at))th(Io + v(t) — at) . (2.31)
In system of the equations (2.31)

2 =/cllo + v(£)Z — 2(t — n)?] . (2.32)

Besides, as at ¢ > 0 is valid lp + v(¢) — at < 0, on the basis of identity (2.25) in
these equations such equalities are valid

O(to(lo+v(t)—at)) = O(t); O'(to(lo+v(t)—at))ty(lo+v(t)—at) = O'(t) . (2.33)

Values of functions vp1(lo + v(t),t) and vp1 4 (lo + v(t),t) in the equations (2.31)
it is necessary to substitute from (2.5) and (2.14) accordingly.

Having expressed ©(t) from the first equation (2.31) and having substituted
this value in the second equation (2.31), we shall obtain the integro-differential
equation with unknown function My(t). After solution of this equation function
©(t) will easily be determined from the first equation (2.31).

The boundary condition (1.6) in a point = L will generate also a wave which
we shall designate as wpa(z,t). At the some values of t > 0, close to value t = 0,
displacements in vicinities of a point x = L will be determined by the sum of
functions

wpa(z,t) + ws(z) . (2.34)

Function us(x) (1.9) in a point * = L, obviously, satisfies to a boundary
condition

Usp(L,t) = E%(g — ug (L, 1)) (2.35)

and at ¢ = 0 conditions of a continuity of displacements and deformations in a
point z = l:
Us(lo) = U)S(l()) 3 vs,x(lo) = ww(lg) . (2.36)
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But as function ws(x) satisfies to a boundary condition (2.35) that the sum
of functions (2.34) satisfied to a boundary condition (1.5), it is necessary that
function wpo(x,t) satisfied to a boundary condition

m

UH@(L, t) = Eis

(e(t)r —unu(L,t)) . (2.37)
Taking into account, that under conditions of statement of a problem £(¢) = 0 at
t < 0, we shall write down a boundary condition (2.37) as

m

Un’x(l—qt) = Eis

(H(t)e(t)r — unu(L,t)) , (2.38)

where H(t) - function of Heaviside.
If to search for function wpa(x,t) as the solution of the homogeneous wave
equation corresponding (1.3), which satisfies to a boundary condition (2.38) as

wpa(z,t) = x(x +at — L), (2.39)

where function x is accepted equal to zero at negative values of argument. Substi-
tution of the form of the solution (2.39) in a boundary condition (2.38) results in
the equation for function x:

X)) = e (D) (2.10)

The general solution to the equation (2.40) will be function
T 1 [ Bs __BS
x(r) = / ot / emre(SyrB (S e mtde +x(0) . (2.41)
0 a 0 a a
If in the formula (2.41) with the purpose of maintenance of a continuity of function

X(7) in a point 7 = 0 to accept x(0) =0, x'(0) =C =0, function (2.39) will
become

1 x+at—L _ES2£ 13 ESQC C <
wp2(x,t) = a2/0 e ma /0 ema 5(5)7“}[(5) d¢] de . (2.42)
Thus, it is established, that function w(z,t), having structure (1.7), in which
v(z,t) = vp1(x,t) + vnpio(z, t) + vnoo(z, t) (2.43)
w(z,t) = ws(x) + wpio(x, t) + wpa(z,t) , (2.44

at initial values of t > 0 will satisfy to all conditions of statement of a considered
boundary-value problem, that is will be its solution. Thus it is important to note,
that all components of functions (2.43), except for ws(z) and vni10(z,t), satisfy
to zero initial conditions. In formulas (2.43) function vyi(z,t) fills in all area
0 <z < lp+ v(t), and function wg(x) - all area Iy + v(t) < = < L. Other
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Figure 2. Primary reflected and refracted waves

components of formulas (2.43) are propagating waves. Position and directions of
propagations of these primary waves are depicted in Figure 2.

Until any of extending waves will not reach the opposite end of a rope or up
to a point xy, function u(z,t) with components (2.43) will be the solution of a
boundary-value problem. However, as soon as one of waves will reach one of the
listed critical points, such function will cease to be the solution of a boundary-
value problem owing to infringement of a boundary condition in a critical point.
Therefore to obtain the solution of a problem at the bigger values of ¢, it is
necessary in points £ = 0 and z = L to build the reflected waves, and in a point
T = x}, - the reflected and refracted waves.

3. Construction of the reflected and refracted waves

At lg < L the first up to a critical point x = 0 the forward front of a wave
vp10 will reach. It will take place during an interval of time in length

lo
= — . 3.1
n=- (3.1)

At t > 71 boundary condition (1.5) will not be satisfied. For satisfaction it is
necessary for this condition to build a wave v,105, as the result of reflection of a
wave vUn1o from the end x = 0. Construction of such reflected wave is executed
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in [20] where it is shown, that
B xT T
vnion(#, £) = 202 [M (1 = =) + Mo(t = )]+

n 2%2‘193/0 e [5]0(2) +C§J1(z)} My () + Mo(n)] dy . (3.2)

Here function M; is the solution of the integral equation [20]

-t —a | 2 Jolz)My(n) dn = 2Mo(1) (3.3)

in which [20]
My(t) = —v,1(0,t) 3 z=a(t—n)vV—c. (3.4)
In turn, as the rope is reeled up on a drum with subsonic speed, the forward

front of a wave v,10p Will reach a point of contact x = lp + v(¢) at the moment
of time 711 which is the least positive root of the equation

at =2lp + v(t) . (3.5)

Therefore at t > 711 for a wave v,105 boundary conditions (1.8) in a point zj =
lo + v(t) will cease to satisfy. With the purpose of satisfaction at ¢t > 7y; it is
necessary for these boundary conditions to construct reflected v,10p5 and refracted
wp10br the waves generated by a wave vp10p-

It is made by the technique enough similar to construction of reflected and
refracted waves vp1o and wpio. With this purpose we shall designate unknown
while values of these functions in a point xp = lop + v(t) :

vptous(lo + v(1),1) = po1(t) 5 wnioer(lo + v(t),t) = O (t) . (3.6)

Let’s note, that functions p,1(t) and 0,1(t) are determined only at t > 713.
For the further we shall continue these functions on all axis t as

M (t): Mol (t)v t> 11, .o 1(t): 01}1 (t)v t > T1; (3 7)
Y 0, t<Ti1. ’ v 0, t<Ti1. ’ .

Then on the basis [20] function vy,10p(, t) as the wave radiated by function M, (t)
in a point xx = lp + v(¢), is under construction as
42
T, 8 B8 a x
Un10660(x, 1) = 2My10(t + E)e%z —2aez” / [%Jo(z) + c;Jl(z)] My10(n) dn .
0

(3.8)
where z looks like (2.9), and function Mwv10(¢) is the solution to the following
integral equation:

4 Lot

t+ M)e%(l(’ﬂ’(t)) — 2ae2‘%(lo+1j(t>) [7‘]0(’2)—'_
. 0 2r

OO G ) Moso(n) dy = M), (3.9)

2My10(
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In turn, function wyi0p-(z,t) as a wave radiated by function ©,1(t) in a point
x = lo + v(t), on the basis [15] is under construction as

Wniobr (T, 1) = x( — at). (3.10)
Then the same as and for function wy1g it is obtained
Wniobr (2, 1) = Oy1(to(z — at)) . (3.11)

It is necessary to take into account, that the wave (3.11) operates in domain
x > lop+ v(t). In such domain the inequality = — at < lo + v(t) — at < Iy is valid
as function (2.22) decreases, and its initial value is equal to ly. Therefore on the
basis of identity (2.25) from the formula (3.11) follows

Wnioor (lo + V(1)) = Ou1(t). (3.12)
At t > 11 function u(xt), having structure (1.7), will consist of components
v(z,t) = v (2, ) + vp10(, t) + vn2o(2, ) + vniob(z, ) + vnrows(z, )
w(z,t) = ws(x) + wpio(x, t) + wpa(z, t) + wpioer(x,t) . (3.13)

In view of that boundary conditions (2.30) are executed, boundary conditions
(1.8) will become

vniob(lo + v(t),t) + vniow(lo + v(1),t) = wnioer(lo + v(t),1);
UnlOb,x(lO + I/(t), t) + UnlObb,x(ZO + V(t)u t) = wnlObr,m(l() + V(t)7 t) . (314)

Substituting in (3.14) values of functions v,10, Vni0ss and wy1pr from (3.2), (3.8)
and (3.12), we shall obtain the equations for definition of functions M0 and ©y;:

vniob(lo + v (t),t) + 2My10(t +
pa T (®)

_ 9gesr lotv(®) / ’ [Q%Jo(z) + Cl()—:V(t)Jl(z)]leO(n) dn = ©u(t) ;

0
Uniob,e (lo + (1), ) + 26%(10“(@){ _clo+v(t)

lo V() £tto+uin) _
a

l ¢
Myo(t + 22 d
2 a

[(5)2 Jo(2) — c‘]éiz)Jr

)+

lo+v(t)

1 lo+v(t (A
+M1/}10(t+0())_a/
a a 0

(lo + v (1)) (- J70(2) | J(2)

+ 2 3
z z z

) Myro(m) dn} = €0, (1) . (3.15)

Here z it is determined by equality (2.32).

Further the forward front of a wave v,10pp at the moment of time 79 =
%%V(Tl) will reach a point x = 0, and for satisfaction to boundary condition
(1.5) it will be necessary to construct a wave reflected from this point. To make
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this it will be possible precisely the same as it is made at reflection of a wave vn19
from a point = = 0.

The forward front of a wave wpi0pr, in turn, at the moment of time 73 =
T11 + M will reach a point x = L, and for satisfaction to boundary
condition (2.37) it will be necessary to construct a wave reflected from this point.
To make this it will be possible precisely the same as it will be made below at
reflection of a wave w0, from a point z = L. Process of construction of the
reflected and refracted waves generated by a wave vp19, it is necessary to continue
up to a stop of system during some moment of time ¢t = T.

Let’s consider now process of movement of a wave vp90. At the moment of
time 7o which is the least positive root of the equation

at =lo+v(t) , (3.16)

the forward front of a wave will catch up a point z = lo+v/(t), and for satisfaction
to boundary condition (1.8) it is necessary to build reflected vy20, and refracted
wWnaor waves. Boundary conditions (1.8) for three considered waves will become

Un20(lo + (1), 1) 4+ vnaop(lo + v(t),t) = wnaor(lo + v(1),1);
Ung()’x(lo + V(t), t) -+ UnQOb,x(ZO + V(t), t) = wn20r,x(lo + I/(t), t). (3.17)

Construction of waves vn20p and wpaq, is carried out by the technique enough
similar to a technique of construction of reflected and refracted waves v,109 and
wp1o. With this purpose we shall designate unknown while values of functions
Un20b and wWpaor in a point xp = lg + v(t) as

Ung()b(lo =+ V(t), t) = Mv2(t) ; TUTLQOT(ZO + l/(t), t) = Qvg(t) . (318)

Again functions p2(t) and 6,2(t) are determined only at t > 7o. For the
further we shall continue these functions on all axis ¢ as

poz (1), > To; {%2 (t), t>m;

i O (t) = 3.19
0, t < To. 2(> 0, t < 1. ( )

My (t) = {

Then on the basis [20] function vyo0(x, t) as the wave radiated by function Mya(t)
in a point zx = lp + v(¢), is under construction as

P t+2
Vna0n(2, 1) zszgo(Hg)—zaem / [%Jg(z)—i—cgjl(z)]]\/[vgo(n) dn . (3.20)
0

where z looks like (2.9), and function M,20(t) is the solution to the following
integral equation:
lo+v(t)
l t T
O R P ) 0 (Lo do(z)+

+ cwjl(z)} Myoo(n) dn = Myo(t). (3.21)
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In turn, function wyoo-(z,t) as a wave radiated by function ©,2(t) in a point
xp = lo + v(t), it is similar (3.11) turns out as

wn2or (7, 1) = Oua(to(x — at)). (3.22)

Substituting in (3.17) values of functions vp20, Up2op and wp2o, from (2.8),
(3.20) and (3.22), we shall obtain the equations for definition of functions M,z
and ©O,9:

l t
vn20(lo 4+ (1), t) + 2Myoo(t + ()tl’m)efr(low(t))_

Sy [T (8 lo+v(t)
— 2e# o / (5, 70(2) + e=——=1(2)] Mauzo(n) diy = ©ua(t)
0
a0 (lo + (1), 1) + 2€£(ZO+VU)){ _ WMMOG + l(ﬁ—av(t))_l_

1 lo + v(t R 2 J!
+ =Moo (t + LV()) - a/ [ <5> Jo(z) — 0M+
a a 0 z

2r
(lo + v(t))? (- J70(2) | J(2)

z z 22

+ 2

)]Mvzo(n)dn}z o) . (3.23)

Here still z it is determined by equality (2.32).

Further it is necessary at t > T = W to construct a wave v,o0pp as
result of reflection of a wave v,20p from the end x = 0. To make that it is possible
precisely the same as it is made at construction of reflection of a wave v,1¢ in this
point.

The forward front of a wave wyo0, will reach a point x = L at the moment of
time 190 = T + M . At t > 799, it is necessary to build the wave wp20.p
reflected from this point and generated by a wave wpoor. Construction of the
reflected wave w204 is carried out by a technique of construction of the reflected
wave generated by the falling wave wy1o stated above.

The forward front of a wave w19 will reach a point * = L at the moment
of time 13 = % . Therefore at ¢ > 73 it is necessary to build the wave wy10p
reflected from this end. At construction of a wave it is necessary to take into
account, that at ¢ < 73 in a vicinity of a point = L the solution of a problem is
represented as

u(z,t) = ws(x) + wpa(z, t) + wnio(x, t) , (3.24)
and at t > 713 it will be already represented as four distinct from zero of waves:
u(x,t) = ws(x) + wpa(w, t) + wpio(x, t) + wpip(x, t) . (3.25)

Hence, in view of that function wg(x) satisfies to a boundary condition

mg
ws,m(L> = FS y
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and function wya(x,t) - to a boundary condition (50), at substitution of function
(3.25) in a boundary condition (1.6) it is obtained, that the sum of functions
wp1o(z,t) and wypi0p(x, t) should satisfy in a point x = L to a boundary condition

Wn10,2(L, t) + Wniobe (Lyt) = ——= (wn10,t (L, t) + wriope (L, 1)) - (3.26)

m
ES
The reflected wave wy10p(, t) is under construction as

wpiop(z,t) = x1(x — at). (3.27)

Substitution of the form of the solution (3.27) in a boundary condition (3.26)
allows obtaining differential equation for determination of function xi:

ES ES
a®x’1(L + at) + WXQ(L +at) = ——wn104(L, 1) — wniou(L,1)

which after introduction of transformation of an independent variable

r=L+at (3.28)
will become
ES ES T—L 1 T—L
X1(T) + —=x1(7) = ———wnio. (L, ) = —3wniou(L, ). (3.29)
The solution of the equation (3.29) is obtained in [19] and for this case looks
as
ztat pg £ ms
wpiop(x,t) = x1(x + at) = —/ e maZt [/ emaZ’ x
0 0
1 —L ES —L
X [?wnlo,tt(lﬁ Ci) + anlo@(L, CT)] d(} d€ . (3.30)

Moving to a direction negative x, forward front of a wave wy,105(z,t) at the
moment of time ¢ = 731 which is a root of the equation

at =ars+ L — (lop +v(t)) , (3.31)

will reach a point xp = lp + v(t). Therefore at ¢ > 731 there is a necessity
of construction reflected wyi0m(x,t) and refracted vui106-(x,t) waves, satisfying
boundary conditions

vnioor (lo + v(t),t) = wpio(lo + v(t),t) + wnioss(lo + v(1), 1) ;
UnlObr,:L‘UO + V(t)7 t) = wnlOb,z(ZO + V(t), t) + wnlObb,x(ZO + l/(t), t) ; (332)
Process of construction of waves wpiop(z,t) and vyi0p-(2,t) is similar to

process of construction stated above reflected wyop(z,t) and refracted vyo.(x,t)
the waves generated by the falling wave wpa(x,t).
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Figure 3. Secondary reflected (symbol b) and refracted (symbol r) waves

Thus, the solution of a problem on find of elastic displacements in a rope
at lifting of loads develops of several components. First, this solution includes
all primary waves vp1(z,t), vnio(z,t), vn2o(x,t), ws(z), wnio(x,t) and wpa(z,t),
disturbed in a rope at the moment of the beginning of its movement. Second, all
reflected and refracted waves generated both primary waves, and the secondary
reflected and refracted waves here should be included. Directions of movement of
secondary waves are represented in Figure 3.

Therefore the solution of a considered problem will have structure (2.33), in
which

v(x,t) = vp1(x,t) + vpio(z, t) + vpios(z, t) + veroes(z, ) + -+ -+
+ Un20(, 1) + vn2ob (2, ) + Vn2oss (2, 1) + -+ Vpiope (2, 1)+
+"'+Un2r<$7t)+"'+"' :
w(z,t) = ws(x) + wpio(x, t) + wrpies(x, t) + woroes(x, ) + - - -+
+ Wn2 (J), t) + anUb(xy t) + wn2Obb($7 t) + -+ wnlObr(xa t)+
+ - wnoor (T, t) 4o+ (3.33)

Here points designate the reflected and refracted waves arising at the subsequent
reflections and refractions of already existing waves. Process of construction of the
reflected and refracted waves needs to be continued up to a stop of a drum during
some moment of time ¢ = £;. At ¢ > t; movement of waves will proceed before
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their full attenuation. However in this case it is necessary to take into account
that portable movement of a rope has stopped.

4. Conclusion

The exact solution of a problem on find of elastic displacements in a rope at
lifting of loads is obtained. This solution consists of several components. First,
this solution includes all primary waves vn1(z,t), vnio(x,t), vpoo(z,t), ws(x),
wp1o(,t) and wpa(x,t), disturbed in a rope at the moment of the beginning of
its movement. Second, all reflected and refracted waves generated both primary
waves, and the secondary reflected and refracted waves here should be included.
It is very important to note that at every finite moment of time number of terms
in formulas (3.33) will be finite as well.
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