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Äîñëiäæó¹òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ äëÿ âèðîäæåíîãî ïàðàáîëi÷-
íîãî ðiâíÿííÿ çi çìiøàíèìè êðàéîâèìè óìîâàìè íà ìåæi îáëàñòi. Iç çàëó÷åííÿì
íåðiâíîñòi òèïó Õàðäi � Ïóàíêàðå ïîêàçàíî, ùî òàêà çàäà÷à ìà¹ ¹äèíèé îïòè-
ìàëüíèé ðîçâ'ÿçîê ó âàãîâèõ ïðîñòîðàõ Ñîáîë¹âà. Îòðèìàíî òà îáãðóíòîâàíî
íåîáõiäíi óìîâè îïòèìàëüíîñòi.

Êëþ÷îâi ñëîâà: îïòèìàëüíå êåðóâàííÿ, ïðèíöèï ìàêñèìóìó Ïîíòðÿãiíà, ïàðàáîëi÷íå ðiâ-
íÿííÿ, íåîáõiäíi óìîâè îïòèìàëüíîñòi.

1. Âñòóï

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ äàíî¨ ðîáîòè âèñòóïà¹ çàäà÷à îïòèìàëü-
íîãî êåðóâàííÿ äëÿ âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ

ρ(x)ẏ − ν div (ρ(x)∇y) = f(t, x) + u(t, x) â (0, T )× Ω

çi çìiøàíèìè êðàéîâèìè óìîâàìè íà ìåæi îáëàñòi. Ïî÷àòêîâî-êðàéîâi çàäà÷i
äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü çàçâè÷àé âèíèêàþòü â çàäà÷àõ ìîäå-
ëþâàííÿ íåñòàöiîíàðíî¨ äèôóçi¨ ç âèðîäæåííÿì [10], â çàäà÷àõ äèôóçi¨ íà
ñèíãóëÿðíèõ òà êîìáiíîâàíèõ ñòðóêòóðàõ [4], à òàêîæ â iìîâiðíiñíèõ çàäà÷àõ,
äå âàãîâîþ ôóíêöi¹þ ρ = ρ(x) âèñòóïà¹ ðåàëiçàöiÿ ñòîõàñòè÷íî îäíîðiäíîãî
âèïàäêîâîãî ïîëÿ [5]. Õàðàêòåðíîþ ðèñîþ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü
òà ïîâ'ÿçàíèõ iç íèìè ïî÷àòêîâî-êðàéîâèõ çàäà÷ ¹ òà îáñòàâèíà, ùî ïðîáëå-
ìà ¨õ ðîçâ'ÿçíîñòi ñóòò¹âî çàëåæèòü âiä âëàñòèâîñòåé âàãîâî¨ ôóíêöi¨ ρ. Òîé
ôàêò, ùî ôóíêöiÿ ρ ìîæå áóòè íåîáìåæåíîþ íà îáëàñòi Ω ÷è äîñÿãàòè íó-
ëÿ íà ïiäìíîæèíàõ íóëüîâî¨ ìiðè Ëåáåãà, îçíà÷à¹, ùî äèôåðåíöiàëüíèé îïå-
ðàòîð div (ρ(x)∇) âòðà÷à¹ âëàñòèâiñòü êîåðöèòèâíîñòi òà íåïåðåðâíîñòi íà
L2(0, T ; H1

0 (Ω)). Ó ðåçóëüòàòi, íàâåäåíi çàäà÷i ìîæóòü óñïàäêîâóâàòè òàêi ðè-
ñè ÿê íå¹äèíiñòü ñëàáêèõ ðîçâ'ÿçêiâ, åôåêò Ëàâðåíòü¹âà òà iíøå. Çîêðåìà,
â êîíòåêñòi çàäà÷i, ÿêà ðîçãëÿäà¹òüñÿ â äàíié ñòàòòi, òóò ïðèïóñêà¹òüñÿ, ùî
�����������������
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ïðîñòið ôiíiòíèõ ôóíêöié C∞
0 (Ω) íå ¹ ùiëüíèì ó âàãîâîìó ïðîñòîði Ñîáîë¹âà

W 1,2
0 (Ω; ρ dx), ÿêèé, ÿê ïîêàçàíî â [1,4], ¹ áàçîâèì ó òåîði¨ ïî÷àòêîâî-êðàéîâèõ

çàäà÷ äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü. Ðàçîì ç òèì, çàëó÷àþ÷è íåðiâ-
íiñòü òèïó Õàðäi � Ïóàíêàðå, àâòîðè ïîêàçàëè, ùî çàäà÷à îïòèìàëüíîãî êåðó-
âàííÿ äëÿ âèõiäíîãî âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ìà¹ ¹äèíèé îïòè-
ìàëüíèé ðîçâ'ÿçîê ó âàãîâèõ ïðîñòîðàõ Ñîáîë¹âà. Îòðèìàíî òà îáãðóíòîâàíî
íåîáõiäíi óìîâè îïòèìàëüíîñòi. Íàâåäåíî ïîñòàíîâêó çàäà÷i êåðóâàííÿ, äëÿ
ÿêî¨ ¹äèíèé îïòèìàëüíèé ðîçâ'ÿçîê ìîæíà îòðèìàòè â ÿâíîìó àíàëiòè÷íîìó
âèãëÿäi.

2. Îñíîâíi ïîçíà÷åííÿ òà ôàêòè

Íåõàé Ω ⊂ RN (N ≥ 3) � îáìåæåíà âiäêðèòà ïiäìíîæèíà ç äîñòàòíüî
ðåãóëÿðíîþ ìåæåþ ∂Ω i ïðè öüîìó 0 ∈ RN ¹ âíóòðiøíüîþ òî÷êîþ ìíîæèíè
Ω. Íåõàé Q = (0, T )×Ω ¹ öèëiíäðîì â R1×RN , äå T < +∞. ×åðåç Σ = (0, T )×
∂Ω ïîçíà÷èìî éîãî áîêîâó ïîâåðõíþ. Âñþäè äàëi áóäåìî ïîçíà÷àòè ÷åðåç
C∞

0 (Ω) ëîêàëüíî îïóêëèé ïðîñòið óñiõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié
ç êîìïàêòíèìè íîñiÿìè â Ω i íàçèâàòè éîãî ïðîñòîðîì ôiíiòíèõ ôóíêöié.
Íåõàé H1

0 (Ω) ¹ ïðîñòîðîì Ñîáîë¹âà, ÿêèé óòâîðåíî çàìèêàííÿì ìíîæèíè
C∞

0 (Ω) çà íîðìîþ

‖y‖H1(Ω) =
(∫

Ω

[
y2(x) + |∇y(x)|2RN

]
dx

)1/2

.

Çàóâàæèìî, ùî â ñèëó íåðiâíîñòi Ïóàíêàðå
∫

Ω
|∇y|2RN dx ≥ C

∫

Ω
y2 dx ∀ y ∈ H1

0 (Ω),

ÿê íîðìó â ïðîñòîði H1
0 (Ω) äîñòàòíüî âçÿòè ‖y‖H1

0 (Ω) =
∫
Ω |∇y|2RN dx. Íåõàé

ôóíêöiÿ ρ : Ω → R çàäîâîëüíÿ¹ óìîâè: ρ > 0 ìàéæå ñêðiçü (ì. ñ.) íà Ω i ïðè
öüîìó

ρ ∈ L1(Ω), ρ−1 ∈ L1(Ω). (2.1)
Çàóâàæèìî, ùî â çàãàëüíîìó âèïàäêó ρ + ρ−1 /∈ L∞(Ω). Îòæå, ôóíêöiþ ρ
ìîæíà óòîòîæíèòè ç ìiðîþ Ðàäîíà íà Ω, ïîêëàâøè ρ(E) =

∫
E

ρ(x) dx äëÿ
äîâiëüíî¨ âèìiðíî¨ ìíîæèíè E ⊂ Ω. Íàãàäà¹ìî, ùî íåâiä'¹ìíîþ ìiðîþ Ðà-
äîíà íà Ω íàçèâàþòü íåâiä'¹ìíó ìiðó Áîðåëÿ, ÿêà ¹ ñêií÷åííîþ íà êîæíié
êîìïàêòíié ìíîæèíi. Ç ôóíêöi¹þ ρ : Ω → R íàäàëi áóäåìî ïîâ'ÿçóâàòè âàãî-
âi ãiëüáåðòîâi ïðîñòîðè L2(Ω, ρ dx) òà L2(Ω, ρ−1 dx), äå çîêðåìà L2(Ω, ρ dx) ¹
ãiëüáåðòîâèì ïðîñòîðîì âèìiðíèõ ôóíêöié f : Ω → R, äëÿ ÿêèõ

‖f‖2
L2(Ω,ρ dx) = (f, f)L2(Ω,ρ dx) =

∫

Ω
f2ρ dx < +∞.

×åðåç W 1,2
0 (Ω; ρ dx) (ñêîðî÷åíî Wρ) ïîçíà÷èìî ìíîæèíó óñiõ ôóíêöié y ∈

W 1,1
0 (Ω), äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè: ρy2 ∈ L1(Ω), ρ|∇y|2RN ∈ L1(Ω), äå
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ãðàäi¹íò ∇y âàðòî ðîçóìiòè â ñåíñi ðîçïîäiëåíü. Íàäàëi Wρ áóäåìî íàçèâàòè
âàãîâèì ïðîñòîðîì Ñîáîë¹âà.

Íàâåäåìî îäèí ðåçóëüòàò, ÿêèé ñòîñó¹òüñÿ íåðiâíîñòi òèïó Õàðäi. Íåõàé
λ∗ = (N − 2)2/4. Òîäi çíàéäåòüñÿ ñòàëà C(Ω) > 0 òàêà, ùî (äèâ. [7])

∫

Ω

[
|∇y|2RN − λ∗

y2

|x|2RN

]
dx ≥ C(Ω)

∫

Ω
y2 dx ∀ y ∈ H1

0 (Ω). (2.2)

Îñêiëüêè ñïiââiäíîøåííÿ (2.2) ïðè N = 2 äà¹ êëàñè÷íó íåðiâíiñòü Ïóàíêàðå,
òî (2.2) íàçèâàþòü íåðiâíiñòþ Õàðäi � Ïóàíêàðå (Hardy � Poincar�e Inequality).
Çàóâàæåííÿ 2.1. Íåõàé λ � äîâiëüíà äîäàòíà ñòàëà òàêà, ùî λ < λ∗. Òîäi,
çàëó÷àþ÷è íåðiâíiñòü (2.2), ïðèõîäèìî äî ñïiââiäíîøåííÿ:

∫

Ω

[
|∇y|2RN − λ

y2

|x|2RN

]
dx =

(
1− λ

λ∗

) ∫

Ω
|∇y|2RN dx+

+
λ

λ∗

∫

Ω

[
|∇y|2RN − λ∗

y2

|x|2RN

]
dx ≥

≥
(

1− λ

λ∗

)∫

Ω
|∇y|2RN dx +

λC(Ω)
λ∗

∫

Ω
y2 dx. (2.3)

Îòðèìàíèé ðåçóëüòàò îçíà÷à¹, ùî âèðàç
∫
Ω

[|∇y|2RN − λ y2

|x|2RN

]
dx ó âèïàäêó,

êîëè λ < λ∗, ìîæíà áðàòè ÿê åêâiâàëåíòíó íîðìó â ïðîñòîði Ñîáîë¹âà H1
0 (Ω).

3. Ïîñòàíîâêà çàäà÷i îïòèìàëüíîãî êåðóâàííÿ
òà ¨¨ ïîïåðåäíié àíàëiç

Íåõàé yad ∈ L2(Q), f ∈ L2(0, T ;L2(Ω, ρ dx)), òà y0 ∈ L2(Ω) � çàäàíi ôóíê-
öi¨. Íåõàé α > 0 òà ν > 0 � ôiêñîâàíi ñòàëi. Íåõàé U∂ � íåïîðîæíÿ îïóêëà
çàìêíåíà ïiäìíîæèíà â L2(0, T ;L2(Ω, ρ−1 dx)), ÿêó äëÿ ïðîñòîòè áóäåìî ðîç-
ãëÿäàòè ó âèãëÿäi:

U∂ =
{
u ∈ L2(0, T ;L2(Ω, ρ−1 dx)) : ‖u− u0‖L2(0,T ;L2(Ω,ρ−1 dx)) ≤ R

}
. (3.1)

Òóò u0 ∈ L2(0, T ; L2(Ω, ρ−1 dx)) òà

‖u‖2
L2(0,T ;L2(Ω,ρ−1 dx)) =

∫ T

0

∫

Ω
u2(t, x)ρ−1(x) dxdt.

Íåõàé ìåæà îáëàñòi Ω ðîçáèòà íà äâi ïiäìíîæèíè äîäàòíî¨ ìiðè ∂Ω = ΓD∪ΓN .
Ïîêëàäåìî äàëi ΣD = (0, T )× ΓD òà ΣN = (0, T )× ΓN . Íåõàé n ¹ îäèíè÷íèì
âåêòîðîì çîâíiøíüî¨ íîðìàëi äî áîêîâî¨ ïîâåðõíi ΣN .
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Ðîçãëÿíåìî â öèëiíäði Q íàñòóïíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ äëÿ
âèðîäæåíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ iç çìiøàíèìè êðàéîâèìè óìîâàìè:

I(u, y) =
1
2

∫ T

0

∥∥∥∥y − yad√
ρ

∥∥∥∥
2

L2(Ω,ρ dx)

dt +
1
2
‖u‖2

L2(0,T ;L2(Ω,ρ−1 dx)) −→ inf, (3.2)

ρ(x)ẏ − ν div (ρ(x)∇y) = f(t, x) + u(t, x) â Q = (0, T )× Ω, (3.3)

y(t, x) = 0 íà ΣD,
√

ρ
∂y

∂n
+ αy = 0 íà ΣN , (3.4)

√
ρ(x) y(0, x) = y0 ìàéæå ñêðiçü íà Ω, (3.5)

u ∈ U∂ , (3.6)

äå ïîçíà÷åíî ẏ(t, x) = ∂y(t, x)/∂t òà ∂y
∂n =

∑N
i,j=1

∂y
∂xj

cos(n, xi).
Äëÿ òîãî, ùîá íàâåñòè ñòðîãó ìàòåìàòè÷íó ïîñòàíîâêó çàäà÷i îïòèìàëü-

íîãî êåðóâàííÿ (3.2)�(3.6), ââåäåìî äî ðîçãëÿäó íàñòóïíi ôóíêöiîíàëüíi ïðî-
ñòîðè: C∞

0 (RN ; ΓD) =
{
ϕ ∈ C∞

0 (RN ) : ϕ = 0 on ΓD

}
òà H1

0 (Ω; ΓD) ÿê çàìè-
êàííÿ C∞

0 (RN ; ΓD) âiäíîñíî íîðìè ‖y‖ =
(∫

Ω |∇y|2RN dx
)1/2. Íåõàé ïðîñòið

H−1(Ω; ΓD) ¹ äóàëüíèì äî ïðîñòîðó Ñîáîë¹âà H1
0 (Ω; ΓD). Ïîçíà÷èìî ÷åðåç

W 1,1(Ω,ΓD) òà Wρ çàìèêàííÿ ìíîæèíè C∞
0 (RN ; ΓD) çà íîðìàìè

‖y‖W 1,1(Ω,ΓD) = ‖y‖L1(Ω + ‖∇y‖L1(Ω)N

òà
‖y‖Wρ =

∫

Ω
y2 ρ dx +

∫

Ω

∣∣∇y +
y

2
∇ ln ρ

∣∣2
RN ρ dx

âiäïîâiäíî. Îòæå, óìîâà y ∈ Wρ ãàðàíòó¹ íàñòóïíi âëàñòèâîñòi: y ∈ L2(Ω, ρ dx)
òà

(∇y + 1
2(∇ ln ρ) y

) ∈ L2(Ω, ρ dx)N . Áiëüøå òîãî, îñêiëüêè çà íåðiâíiñòþ Êî-
øi � Áóíÿêîâñüêîãî ìàþòü ìiñöå îöiíêè

(∫

Ω
|y(x)| dx

)2

≤
∫

Ω
y2(x)ρ(x) dx‖ρ−1‖L1(Ω),

(∫

Ω

∣∣∇y(x) +
y

2
∇ ln ρ

∣∣
RN dx

)2

≤
∫

Ω

∣∣∇y(x) +
y

2
∇ ln ρ

∣∣2ρ(x) dx ‖ρ−1‖L1(Ω),

òî ïðîñòið Wρ ¹ ïîâíèì âiäíîñíî íîðìè ‖ · ‖Wρ .
Òàêèì ÷èíîì, çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (3.2)�(3.6) ïîëÿãà¹ ó âèçíà-

÷åííi ïàðè ôóíêöié (u0, y0) ∈ L2(0, T ; L2(Ω, ρ−1 dx)) × L2(0, T ;Wρ) (íàäàëi ¨¨
áóäåìî íàçèâàòè îïòèìàëüíîþ), ÿêà á çàäîâîëüíÿëà ñïiââiäíîøåííÿì (3.3)�
(3.6) i íà ÿêié ôóíêöiîíàë (3.2) äîñÿãàâ áè ñâîãî íàéìåíøîãî ìîæëèâîãî çíà-
÷åííÿ. Äëÿ òîãî, ùîá ïîêàçàòè, ùî òàêà ïîñòàíîâêà ¹ êîðåêòíîþ äëÿ çàäà÷i
îïòèìàëüíîãî êåðóâàííÿ (3.2)�(3.6), ïåðåéäåìî ó ñïiââiäíîøåííÿõ (3.3)�(3.5)
äî íîâèõ çìiííèõ, ïîêëàâøè

y(t, x) = ρβ(x)v(t, x),
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äå çíà÷åííÿ ïàðàìåòðà β áóäå âèçíà÷åíå íèæ÷å. Ôîðìàëüíi ïåðåòâîðåííÿ
äàþòü ∇y = βvρβ−1∇ρ + ρβ∇v. Îòæå,

−div (ρ∇y) =− div
(
βvρβ∇ρ + ρβ+1∇v

)
=

=− βρβ (∇v,∇ρ)RN − βρβv∆ρ− β2ρβ−1v‖∇ρ‖2
RN−

− (1 + β)ρβ (∇v,∇ρ)RN − ρβ+1∆v =

=− ρβ+1∆v − (1 + 2β)ρβ (∇v,∇ρ)RN −
− βρβ−1

(
ρ∆ρ + β|∇ρ|2RN

)
v. (3.7)

Ïîêëàâøè â (3.7) β = −1/2, çíàõîäèìî:

−div (ρ∇y) = −√ρ ∆v − 1
2
√

ρ V (x)v,

äå ïîçíà÷åíî V (x) = −∆ρ/ρ + |∇ρ|2RN /(2ρ2). Äàëi çàóâàæèìî, ùî

|∇ ln ρ|2RN =
|∇ρ|2RN

ρ2
, ∆ln ρ = −|∇ρ|2RN

ρ2
+

∆ρ

ρ
.

Â ðåçóëüòàòi, ìà¹ìî íàñòóïíå ïîäàííÿ äëÿ ôóíêöi¨ V (x):

V (x) = −∆ln ρ(x)− 1
2
|∇ ln ρ(x)|2RN . (3.8)

Îçíà÷åííÿ 3.1. Áóäåìî êàçàòè, ùî ρ : Ω → R+ ¹ âàãîâîþ ôóíêöi¹þ ïîòåí-
öiàëüíîãî òèïó, ÿêùî ρ > 0 ìàéæå ñêðiçü (ì.ñ.) íà Ω, ρ ∈ L1(Ω), ρ−1 ∈ L1(Ω),
iñíó¹ ïiäîáëàñòü Ω∗ ⊂ Ω òàêà, ùî ρ ∈ C1(Ω \ Ω∗), äå dist (∂Ω, ∂Ω∗) > δ ïðè
äåÿêîìó δ > 0, i ïðè öüîìó âèêîíóþòüñÿ íàñòóïíi íåðiâíîñòi:

ρ(x) ≥ σ íà Ω \ Ω∗ ïðè äåÿêîìó σ > 0, (3.9)
1
2

∂ ln ρ

∂n
<

α√
ρ

íà ΣN , (3.10)

−C ≤ −∆ln ρ(x)− 1
2
|∇ ln ρ(x)|2RN <

2λ∗
|x|2RN

=
(N − 2)2

2|x|2RN

∀x ∈ Ω. (3.11)

Îòæå, ó âèïàäêó êîëè ôóíêöiÿ ρ : Ω → R+ çàäîâîëüíÿ¹ óìîâàì îçíà÷åííÿ
3.1, ïðèõîäèìî äî íàñòóïíèõ ñïiââiäíîøåíü, ÿêi õàðàêòåðèçóþòü ôóíêöiþ v:

v̇ − ν ∆v − ν

2
V (x) v =

1√
ρ

f(t, x) + p (t, x) â Q = (0, T )× Ω, (3.12)

v(t, x) = 0 íà ΣD,
∂v(t, x)

∂n
+

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
v(t, x) = 0 íà ΣN , (3.13)

v(0, x) = y0(x) ìàéæå ñêðiçü íà Ω, (3.14)

äå p(t, x) = u(t, x)/
√

ρ(x), à ôóíêöiÿ V (x) îçíà÷åíà â (3.8).
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Ïðèéìàþ÷è äî óâàãè íàâåäåíó çàìiíó çìiííèõ òà ïîâ'ÿçàíi ç íåþ ïåðåòâî-
ðåííÿ, ââåäåìî äî ðîçãëÿäó íîâó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ:

J(p, v) =
1
2
‖v − yad‖2

L2(Q) +
1
2
‖p ‖2

L2(Q) −→ inf, (3.15)

ïðè îáìåæåííÿõ (3.12)�(3.14) òà çà óìîâè, ùî (3.16)
p ∈ P∂ :=

{
p ∈ L2(Q) :

√
ρ p ∈ U∂

}
. (3.17)

Ëåãêî áà÷èòè, ùî ó âèïàäêó (3.1), ìíîæèíà P∂ íàáóâà¹ âèãëÿäó:

P∂ =

{
p ∈ L2(Q) :

∥∥∥∥p− u0√
ρ

∥∥∥∥
L2(Q)

≤ R

}
.

Îçíà÷åííÿ 3.2. Íåõàé p ∈ P∂ � äîâiëüíå äîïóñòèìå êåðóâàííÿ äëÿ çàäà-
÷i (3.15)�(3.17). Ôóíêöiþ v ∈ L2(0, T ;H1

0 (Ω; ΓD)) áóäåìî íàçèâàòè ñëàáêèì
ðîçâ'ÿçêîì çàäà÷i (3.12)�(3.14), ÿêùî âèêîíóþòüñÿ òàêi óìîâè:

(a) äëÿ êîæíîãî ϕ ∈ C∞
0 (RN ; ΓD) òà äîâiëüíèõ 0 ≤ t1 < t2 ≤ T ñïðàâä-

æó¹òüñÿ iíòåãðàëüíà òîòîæíiñòü

(v(t), ϕ)L2(Ω)

∣∣∣
t2

t1
+ν

∫ t2

t1

(∇v(t),∇ϕ)L2(Ω)N dt−ν

2

∫ t2

t1

(V v(t), ϕ)L2(Ω) dt+

+ ν

∫ t2

t1

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
v(t)ϕ dHN−1 dt =

=
∫ t2

t1

(
1√
ρ

f(t) + p(t), ϕ
)

L2(Ω)

dt; (3.18)

(b) ïðè êîæíîìó ϕ ∈ C∞
0 (RN ; ΓD) ìà¹ ìiñöå ðiâíiñòü

lim
t→0+

(v(t), ϕ)L2(Ω) = (y0, ϕ)L2(Ω) . (3.19)

Äëÿ òîãî, ùîá äîâåñòè ðîçâ'ÿçíiñòü çàäà÷i (3.12)�(3.14) â ñåíñi îçíà÷åííÿ
3.2, íàãàäà¹ìî íàñòóïíèé ðåçóëüòàò (äèâ., íàïð., [3, c. 75]):

Òåîðåìà 3.1. Íåõàé V � ðåôëåêñèâíèé ñåïàðàáåëüíèé áàíàõiâ ïðîñòið, ÿêèé
íåïåðåðâíî òà êîìïàêòíî âêëàäåíèé â ãiëüáåðòiâ ïðîñòið H, i íåõàé V ∗ �
äóàëüíèé äî V ïðîñòið. Íåõàé A : V → V ∗ � îáìåæåíèé äåìiíåïåðåðâíèé
êîåðöèòèâíèé ìîíîòîííèé îïåðàòîð. Òîäi çàäà÷à

ẏ(t) +A y(t) = f â D′(0, T ),
y(0) = y0

ïðè êîæíèõ f ∈ L2(0, T ; V ∗) òà y0 ∈ H ìà¹ ¹äèíèé ðîçâ'ÿçîê y ∈ W(0, T ), äå

W(0, T ) =
{
y ∈ L2(0, T ; V ) : ẏ ∈ L2(0, T ; V ∗)

}
,
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òàêèé, ùî

(y(t), v)H |t2t1 +
∫ t2

t1

〈A y(t), v〉V ∗;V dt =
∫ t2

t1

〈f(t), v〉V ∗;V dt ∀ 0 ≤ t1 < t2 ≤ T,

lim
t→0+

〈y(t), v〉V ∗;V = 〈y0, v〉V ∗;V = (y0, v)H .

äëÿ äîâiëüíîãî v ∈ V . Ïðè öüîìó y ∈ C([0, T ];H).

Òóò âëàñòèâîñòi ìîíîòîííîñòi, äåìiíåïåðåðâíîñòi òà êîåðöèòèâíîñòi îïå-
ðàòîðà A : V → V ∗ ðîçóìiþòüñÿ â òàêîìó ñåíñi:

〈Au−A v, u− v〉V ∗;V ≥ 0 ∀u, v ∈ V ; (3.20)
R 3 t 7→ 〈A (u + tv) , w〉V ∗;V íåïåðåðâíå ïðè âñiõ u, v, w ∈ V ; (3.21)

lim
‖v‖V →∞

〈A v, v〉V ∗;V ‖v‖−1
V = +∞. (3.22)

Âñòàíîâèìî íàñòóïíèé ðåçóëüòàò:

Òåîðåìà 3.2. Íåõàé ρ : Ω → R+ ¹ âàãîâîþ ôóíêöi¹þ ïîòåíöiàëüíîãî òè-
ïó. Òîäi ïðè çàäàíèõ f ∈ L2(0, T ; L2(Ω, ρ dx)), p ∈ L2(Q) òà y0 ∈ L2(Ω)
ïî÷àòêîâî-êðàéîâà çàäà÷à (3.12)�(3.14) ìà¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê v =
v(t, x) (äèâ. îçíà÷åííÿ 3.2) òàêèé, ùî

v̇ ∈ L2(0, T ; H−1(Ω; ΓD)) i v ∈ C([0, T ]; L2(Ω)). (3.23)

Äîâåäåííÿ. Ïîêëàäåìî

V =
{

v ∈ H1
0 (Ω; ΓD) :

∫

Ω

[
|∇v|2RN − 1

2
V (x)v2

]
dx < +∞

}
, H = L2(Ω)

i ïîêàæåìî, ùî â öüîìó âèïàäêó âèêîíóþòüñÿ óñi ïåðåäóìîâè òåîðåìè 3.2.
Ñïðàâäi, çàëó÷àþ÷è íåðiâíiñòü (3.11) òà àðãóìåíòè, ÿêi íàâåäåíi â çàóâà-
æåííi 2.1, äîõîäèìî âèñíîâêó, ùî âèðàç

∫
Ω

[|∇v|2RN + 1
2V (x)v2

]
dx ¹ åêâiâà-

ëåíòíèì íîðìi â ïðîñòîði H1
0 (Ω; ΓD). Îòæå, V = H1

0 (Ω; ΓD), ùî çà òåîðåìîþ
Ðåëiõà�Êîíäðàøîâà ãàðàíòó¹ íåïåðåðâíiñòü òà êîìïàêòíiñòü âêëàäåííÿ V â
H. Ïîâ'ÿæåìî ç çàäà÷åþ (3.12)�(3.14) ëiíiéíèé îïåðàòîð A : H1

0 (Ω; ΓD) →
H−1(Ω; ΓD), ÿêèé îçíà÷èìî çà ïðàâèëîì:

〈Av, y〉H−1(Ω;ΓD);H1
0 (Ω;ΓD) = [v, y]ρ ∀ y, v ∈ H1

0 (Ω; ΓD), (3.24)

äå [·, ·]ρ : H1
0 (Ω; ΓD)×H1

0 (Ω; ΓD) → R ¹ íàñòóïíîþ áiëiíiéíîþ ôîðìîþ

[v, y]ρ =
∫

Ω

[
(∇v,∇y)RN − 1

2
V (x)vy

]
dx +

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
vy dHN−1.

(3.25)
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Òîäi, áåðó÷è äî óâàãè ñïiââiäíîøåííÿ (3.9)�(3.10), òåîðåìó Ñîáîë¹âà ïðî ñëiäè
òà íåðiâíiñòü Õàðäi�Ïóàíêàðå (2.2), îòðèìó¹ìî: iñíóþòü ñòàëi C1, C2 > 0 òàêi,
ùî

|[v, y]ρ| ≤ (1 + C1) ‖v‖H1
0 (Ω;ΓD)‖y‖H1

0 (Ω;ΓD),

[v − y, v − y]ρ ≥
∫

Ω

[
|∇(v − y)|2RN − 1

2
V (x)(v − y)2

]
dx ≥ C2‖v − y‖2

H1
0 (Ω;ΓD).

Òèì ñàìèì, âëàñòèâîñòi ìîíîòîííîñòi, äåìiíåïåðåðâíîñòi òà êîåðöèòèâíîñòi
îïåðàòîðà A : V → V ∗ ¹ âèêîíàíèìè. Îñêiëüêè óìîâà f ∈ L2(0, T ;L2(Ω, ρ dx))
ãàðàíòó¹, ùî 1√

ρ f ∈ L2(Q) ↪→ L2(0, T ; H−1(Ω, ΓD)), òî çà òåîðåìîþ 3.1 çàäà÷à
(3.12)�(3.14) ìà¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê ó ïðîñòîði L2(0, T ; H1

0 (Ω; ΓD)) ç
âëàñòèâîñòÿìè (3.23), ùî i ïîòðiáíî áóëî âñòàíîâèòè.

Çàóâàæåííÿ 3.1. ßê âèïëèâà¹ ç íàâåäåíîãî âèùå, îïåðàòîð A, ÿêèé îçíà-
÷åíèé çà ïðàâèëîì (3.24), äîïóñêà¹ íàñòóïíå ïîäàííÿ A = −∆ − 1

2V (x)I i
âèçíà÷à¹ içîìîðôiçì ìiæ ïðîñòîðàìè

{
v ∈ H1

0 (Ω; ΓD) :
∂v

∂n
+

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
v = 0 íà ΓN

}

òà H−1(Ω; ΓD). Äàíèé ôàêò ó ïî¹äíàííi ç êîìïàêòíiñòþ âêëàäåíü H1
0 (Ω; ΓD)

â L2(Ω) òà L2(Ω) â H−1(Ω; ΓD) äîçâîëÿ¹ îòðèìàòè íàñòóïíèé âèñíîâîê (äèâ.,
íàïð., [9]): çâóæåííÿ îïåðàòîðà íà ïðîñòið L2(Ω) äà¹ íåîáìåæåíèé ñàìîñïðÿ-
æåíèé îïåðàòîð, äëÿ ÿêîãî îáåðíåíèé îïåðàòîð ¹ êîìïàêòíèì. Áiëüøå òîãî,
â öüîìó âèïàäêó iñíó¹ îðòîíîðìîâàíèé â L2(Ω) áàçèñ {ek}k∈N, ÿêèé óòâîðå-
íî âëàñíèìè ôóíêöiÿìè îïåðàòîðà A, òà ìîíîòîííî íåñïàäíà ïîñëiäîâíiñòü
âëàñíèõ çíà÷åíü

0 < µ1 ≤ µ2 ≤ · · · ≤ µk ≤ · · · → ∞
òàêi, ùî

−∆ek − 1
2
V (x)ek = µkek â Ω, (3.26)

ek = 0 íà ΓD,
∂ek

∂n
+

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
ek = 0 íà ΓN . (3.27)

Çàóâàæåííÿ 3.2. Çàëó÷àþ÷è òåîðåìó 3.2, çàóâàæåííÿ 3.1 òà êëàñè÷íi ðåçóëü-
òàòè òåîði¨ íàïiâãðóï [8], ëåãêî ïîêàçàòè, ùî ðîçâ'ÿçîê ïî÷àòêîâî-êðàéîâî¨
çàäà÷i (3.12)�(3.14) â êëàñi C([0, T ]; L2(Ω)) ∩ L2(0, T ; H1

0 (Ω; ΓD)) ìîæíà ¹äè-
íèì ÷èíîì ïîäàòè ó âèãëÿäi:

v(t, x) =
∞∑

k=1

[
e−µktak +

∫ t

0
e−µk(t−s)[fk(s) + pk(s)] ds

]
ek, (3.28)

äå ôóíêöi¨ vk(t) = e−µktak +
∫ t
0 e−µk(t−s)[fk(s) + pk(s)] ds ¹ ðîçâ'ÿçêàìè çàäà÷

Êîøi

v̇k + µkvk(t) = fk(t) + pk(t), t ∈ (0, T ), vk(0) = ak, ∀ k ∈ N.
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Òóò {ak}, {fk(t)} òà {pk(t)} ¹ êîåôiöi¹íòàìè Ôóð'¹ äëÿ ôóíêöié y0(x), f(t,x)√
ρ(x)

òà p(t, x), âiäïîâiäíî. Òîáòî,

v0(x) =
∞∑

k=1

akek, f(t, x) =
√

ρ(x)
∞∑

k=1

fk(t)ek, p(t, x) =
∞∑

k=1

pk(t)ek.

Äàëi ââåäåìî äî ðîçãëÿäó íàñòóïíi ìíîæèíè:

Λ =
{

(p, v) ∈ L2(Q)× L2(0, T ; H1
0 (Ω; ΓD))

∣∣∣ p ∈ P∂ , ôóíêöiÿ v çàäîâîëüíÿ¹

òîòîæíîñòi (3.18)�(3.19) ïðè âñiõ ϕ ∈ C∞
0 (RN ; ΓD) òà 0 ≤ t1 < t2 ≤ T

}
;

(3.29)

Ξ =
{

(u, y) ∈ L2(0, T ;L2(Ω, ρ dx))× L2(0, T ;Wρ)
∣∣∣ u ∈ U∂ ,

∀ϕ ∈ C∞
0 (RN ; ΓD) òà 0 ≤ t1 < t2 ≤ T âèêîíóþòüñÿ òîòîæíîñòi

(
ρ y(t),

ϕ√
ρ

)

L2(Ω)

∣∣∣∣∣
t2

t1

+ ν

∫ t2

t1

∫

Ω

(
∇y(t),∇

(
ϕ√
ρ

))

RN

ρ dxdt+

+να

∫ t2

t1

∫

ΓN

y(t)
ϕ√
ρ

dHN−1 dt =
∫ t2

t1

(
f(t) + u(t),

ϕ√
ρ

)

L2(Ω)

dt,

lim
t→0+

(y(t), ϕ)L2(Ω,
√

ρ dx) = (y0, ϕ)L2(Ω)

}
, (3.30)

ÿêi áóäåìî íàäàëi íàçèâàòè ìíîæèíàìè äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷ îïòè-
ìàëüíîãî êåðóâàííÿ (3.12)�(3.14) òà (3.2)�(3.6), âiäïîâiäíî.
Çàóâàæåííÿ 3.3. Íàäàëi ôóíêöiþ y ∈ L2(0, T ;Wρ), ÿêà ïðè êîæíîìó ϕ ∈
C∞

0 (RN ; ΓD) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿì (3.30), áóäåìî íàçèâàòè ñëàáêèì
ðîçâ'ÿçêîì ïî÷àòêîâî-êðàéîâî¨ çàäà÷i (3.3)�(3.5).

Îçíà÷åííÿ 3.3. Áóäåìî êàçàòè, ùî ïàðè ôóíêöié (p0, v0) ∈ Λ òà (u0, y0) ∈
Ξ ¹ îïòèìàëüíèìè ðîçâ'ÿçêàìè çàäà÷ (3.12)�(3.14) òà (3.2)�(3.6), âiäïîâiäíî,
ÿêùî

inf
(p,v)∈Λ

J(p, v) = J(p0, v0), inf
(u,y)∈Ξ

I(u, y) = I(u0, y0).

Íàñòóïíèé ðåçóëüòàò ¹ öåíòðàëüíèì ó äàíîìó ïàðàãðàôi i ïîêàçó¹, ùî
îçíà÷åíi çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ¹ â ïåâíîìó ñåíñi åêâiâàëåíòíèìè.

Òåîðåìà 3.3. Íåõàé ρ : Ω → R+ ¹ âàãîâîþ ôóíêöi¹þ ïîòåíöiàëüíîãî òè-
ïó. Íåõàé f ∈ L2(0, T ; L2(Ω, ρ dx)), yad ∈ L2(Q) òà y0 ∈ L2(Ω) ¹ çàäàíè-
ìè ôóíêöiÿìè. Òîäi äîïóñòèìà ïàðà (p 0, v0) ∈ Λ ¹ îïòèìàëüíîþ â çàäà÷i
(3.12)�(3.14) â òîìó i òiëüêè òîìó âèïàäêó, êîëè

(u0, y0) := (
√

ρ p 0,
v0

√
ρ
) (3.31)
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¹ îïòèìàëüíîþ ïàðîþ äëÿ âèõiäíî¨ çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.2)�
(3.6) íà ìíîæèíi Ξ. Ïðè öüîìó âèêîíó¹òüñÿ ðiâíiñòü

inf
(p,v)∈Λ

J(p, v) = J(p 0, v0) = I(u0, y0) = inf
(u,y)∈Ξ

I(u, y). (3.32)

Äîâåäåííÿ. Îçíà÷èìî íà ïðîñòîði L2(0, T ; L2(Ω, ρ−1 dx)) × L2(0, T ;Wρ) âiäî-
áðàæåííÿ F çà ïðàâèëîì F(u, y) =

(
u√
ρ ,
√

ρ y
)
. Äëÿ ïî÷àòêó ïîêàæåìî, ùî

F : L2(0, T ; L2(Ω, ρ−1 dx))×L2(0, T ;Wρ) → L2(Q)×L2(0, T ; H1
0 (Ω; ΓD)). Ñïðàâ-

äi, äëÿ äîâiëüíî¨ ïàðè (u, y) ∈ L2(0, T ; L2(Ω, ρ−1 dx)) × L2(0, T ;Wρ) ìà¹ìî
(p, v) = F(u, y), äå

‖u‖2
L2(0,T ;L2(Ω,ρ−1 dx)) =

∫ T

0

∫

Ω

u2

ρ
dxdt =

∫ T

0

∫

Ω

(
u√
ρ

)2

dxdt = ‖p ‖2
L2(Q),

‖y‖2
L2(0,T ;Wρ) =

∫ T

0

∫

Ω
y2 ρ dxdt +

∫ T

0

∫

Ω

∣∣∇y +
y

2
∇ ln ρ

∣∣2
RN ρ dxdt =

=
∫ T

0

∫

Ω
(
√

ρ y)2 dxdt +
∫ T

0

∫

Ω

∣∣√ρ∇y +
y

2
√

ρ
∇ρ

∣∣2
RN dxdt =

= ‖√ρ y‖2
L2(Q) +

∫ T

0

∫

Ω

∣∣∇ (
√

ρ y)
∣∣2
RN dxdt = ‖v‖2

L2(0,T ;H1
0 (Ω;ΓD)).

Îòæå, ÿê âèïëèâà¹ ç íàâåäåíèõ ñïiââiäíîøåíü, F ¹ içîìåòðè÷íèì òà ái¹êòèâ-
íèì âiäîáðàæåííÿì ïðîñòîðó L2(0, T ; L2(Ω, ρ−1 dx))×L2(0, T ;Wρ) íà ïðîñòið
L2(Q)× L2(0, T ;H1

0 (Ω; ΓD)).
Äàëi ïîêàæåìî, ùî F(Ξ) = Λ. Íåõàé (u, y) � äîâiëüíà ïàðà ìíîæèíè Ξ i

íåõàé (p, v) = F(u, y). Òîäi óìîâà (3.17) ãàðàíòó¹ åêâiâàëåíòíiñòü òâåðäæåíü:

u ∈ U∂ ⇔ p =
u√
ρ
∈ P∂ . (3.33)

Äàëi çàóâàæèìî, ùî ïðè êîæíîìó ϕ ∈ C∞
0 (RN ; ΓD) ìà¹ ìiñöå ðiâíiñòü

lim
t→0+

(y(t), ϕ)L2(Ω,
√

ρ dx) = lim
t→0+

(v(t), ϕ)L2(Ω) = (y0, ϕ)L2(Ω) (3.34)

Îòæå, çàëèøà¹òüñÿ ïîêàçàòè åêâiâàëåíòíiñòü iíòåãðàëüíèõ òîòîæíîñòåé (3.18)
òà (3.30)1. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ íàñòóïíèìè ïåðåòâîðåííÿìè:

∆v = div
(

1√
ρ
∇ρ y +

1√
ρ

ρ y

)
=

= −|∇ρ|2RN

4ρ
√

ρ
y +

1
2
√

ρ
∆ρ y +

1√
ρ
div (ρ∇y) =

= −1
2
V (x)

√
ρ y +

1√
ρ
div (ρ∇y), (3.35)

∂v(t)
∂n

=
∂(
√

ρ y(t))
∂n

=
1

2
√

ρ

∂ρ

∂n
y +

√
ρ

∂y(t)
∂n

çàëó÷àþ÷è (3.4)2=

=
(

1
2

∂ ln ρ

∂n
√

ρ y − αy

)
=

(
1
2

∂ ln ρ

∂n
− α√

ρ

)√
ρ y. (3.36)
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Â ðåçóëüòàòi, ìà¹ìî

0 = (v(t), ϕ)L2(Ω)

∣∣∣
t2

t1
+ ν

∫ t2

t1

(∇v(t),∇ϕ)L2(Ω)N dt+

+
ν

2

∫ t2

t1

(V v(t), ϕ)L2(Ω) dt + ν

∫ t2

t1

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
v(t)ϕdHN−1 dt−

−
∫ t2

t1

(
1√
ρ

f(t) + p(t), ϕ
)

L2(Ω)

dt =

= (
√

ρy(t), ϕ)L2(Ω)

∣∣∣
t2

t1
− ν

∫ t2

t1

〈∆(
√

ρ y), ϕ〉H−1(Ω,ΓD),H1
0 (Ω,ΓD) dt−

− ν

2

∫ t2

t1

(V
√

ρ y(t), ϕ)L2(Ω) dt + ν

∫ t2

t1

∫

ΓN

∂(
√

ρ y(t))
∂n

ϕdHN−1 dt+

+ ν

∫ t2

t1

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)√
ρ y(t)ϕdHN−1 dt−

−
∫ t2

t1

(
f(t)√

ρ
+

u(t)√
ρ

, ϕ

)

L2(Ω)

dt
(3.35)�(3.36)

=

= (y(t), ϕ)L2(Ω,ρ1/2 dx)

∣∣∣
t2

t1
− ν

∫ t2

t1

〈
div (ρ∇y),

1√
ρ
ϕ

〉

H−1(Ω,ΓD),H1
0 (Ω,ΓD)

dt−

−
∫ t2

t1

(f(t) + u(t), ϕ)L2(Ω,ρ−1/2 dx) dt =

=
(

ρ y(t),
ϕ√
ρ

)

L2(Ω)

∣∣∣∣∣
t2

t1

+ ν

∫ t2

t1

∫

Ω

(
∇y(t),∇

(
ϕ√
ρ

))

RN

ρ dxdt+

+ να

∫ t2

t1

∫

ΓN

y(t)
ϕ√
ρ

dHN−1 dt−
∫ t2

t1

(
f(t) + u(t),

ϕ√
ρ

)

L2(Ω)

dt. (3.37)

Òàêèì ÷èíîì, iíòåãðàëüíi òîòîæíîñòi (3.18) òà (3.30)1 ¹ åêâiâàëåíòíèìè. Îò-
æå, âðàõîâóþ÷è îòðèìàíi ñïiââiäíîøåííÿ (3.33), (3.34) òà (3.37), ðîáèìî âèñ-
íîâîê: F(Ξ) = Λ, ùî â ñèëó îòðèìàíèõ âèùå âëàñòèâîñòåé âiäîáðàæåííÿ F
äîçâîëÿ¹ çðîáèòè âèñíîâîê: ïàðà (u, y) íàëåæèòü ìíîæèíi Ξ òîäi i òiëüêè òî-
äi, êîëè F (u, y) = (p, v) ∈ Λ. Äëÿ çàâåðøåííÿ çàëèøà¹òüñÿ çàóâàæèòè, ùî
äëÿ äîâiëüíî¨ äîïóñòèìî¨ ïàðè (u, y) ∈ Ξ ìà¹ìî:

I(u, y) =
1
2

∫ T

0

∥∥∥∥y − yad√
ρ

∥∥∥∥
2

L2(Ω,ρ dx)

dt +
1
2
‖u‖2

L2(0,T ;L2(Ω,ρ−1 dx)) =

=
1
2

∫ T

0
‖√ρ y − yad‖2

L2(Ω) dt +
1
2

∫ T

0

∫

Ω

∣∣∣∣
u√
ρ

∣∣∣∣
2

dxdt = J(p, v).

Îòæå, ìà¹ ìiñöå ðiâíiñòü J(F (u, y)) = I(u, y), ∀ (u, y) ∈ Ξ, ùî â ñèëó ái¹êòèâ-
íîñòi âiäîáðàæåííÿ F ãàðàíòó¹ âèêîíàííÿ ñïiââiäíîøåííÿ (3.32).
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4. Òåîðåìà iñíóâàííÿ òà óìîâè îïòèìàëüíîñòi

Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.2)�(3.6)
ñêîðèñòà¹ìîñÿ âiäîìèìè ðåçóëüòàòàìè òåîði¨ îïòèìàëüíîãî êåðóâàííÿ ñèñòå-
ìàìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè (äèâ., íàïð., [8]).

Òåîðåìà 4.1. Íåõàé ρ : Ω → R+ ¹ âàãîâîþ ôóíêöi¹þ ïîòåíöiàëüíîãî òèïó.
Íåõàé f ∈ L2(0, T ; L2(Ω, ρ dx)), yad ∈ L2(Q) òà y0 ∈ L2(Ω) ¹ çàäàíèìè ôóíê-
öiÿìè. Òîäi çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (3.2)�(3.6) ìà¹ ¹äèíèé ðîçâ'ÿçîê
(u 0, y0) â ïðîñòîði L2(0, T ;L2(Ω, ρ−1 dx))× L2(0, T ;Wρ).

Äîâåäåííÿ. Â ñèëó òåîðåìè 3.3 çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.12)�(3.14)
òà (3.2)�(3.6), ïðè çðîáëåíèõ ïðèïóùåííÿõ, ¹ åêâiâàëåíòíi. Îòæå, äîñèòü ïî-
êàçàòè, ùî çàäà÷à (3.12)�(3.14) ¹ ðîçâ'ÿçíîþ i ¨¨ ðîçâ'ÿçîê ¹äèíèé. Äëÿ öüîãî
çàóâàæèìî, ùî âiäîáðàæåííÿ p 7→ v(p) ïðîñòîðó L2(Q) â ïðîñòið W (0, T ) ={
v : v ∈ L2(0, T ;H1

0 (Ω; ΓD)), v̇ ∈ L2(0, T ; H−1(Ω; ΓD))
}
, â ñèëó çàóâàæåííÿ

2.1 òà óìîâè (3.11), ¹ íåïåðåðâíèì, à ôóíêöiîíàë âàðòîñòi (3.15) � ñòðî-
ãî îïóêëèé, îáìåæåíèé çíèçó, êîåðöèòèâíèé òà íàïiâíåïåðåðâíèé çíèçó íà
L2(Q)× L2(0, T ; H1

0 (Ω; ΓD)). Îòæå, â ñèëó òåîðåì 1.1 òà 1.2 â [8], iñíó¹ ¹äèíà
ïàðà (p 0, v0) ∈ L2(Q)× L2(0, T ; H1

0 (Ω; ΓD)) òàêà, ùî (p 0, v0) ∈ Λ i J(p 0, v0) =
inf

(p,v)∈Λ
J(p, v), òîáòî (p 0, v0) ¹ îïòèìàëüíîþ â çàäà÷i (3.12)�(3.14). Òîäi, çà òåî-

ðåìîþ 3.3, ïàðà (u0, y0) := (
√

ρ p 0, v0√
ρ) ¹ ¹äèíèì îïòèìàëüíèì ðîçâ'ÿçêîì äëÿ

âèõiäíî¨ çàäà÷i (3.2)�(3.6), ùî i ïîòðiáíî áóëî âñòàíîâèòè.

Äëÿ òîãî, ùîá îòðèìàòè óìîâè îïòèìàëüíîñòi â çàäà÷i (3.2)�(3.6), ñêî-
ðèñòà¹ìîñÿ iäåÿìè ïðèíöèïó ìàêñèìóìó òà ðåçóëüòàòàìè ç [2] (äèâ. òàêîæ
[6, 8]). Íåõàé p ∈ P∂ � äîâiëüíå äîïóñòèìå êåðóâàííÿ â çàäà÷i (3.12)�(3.14),
à v = v(p) � âiäïîâiäíèé éîìó ðîçâ'ÿçîê ïî÷àòêîâî-êðàéîâî¨ çàäà÷i (3.12)�
(3.14) â W (0, T ). Ââåäåìî ïîçíà÷åííÿ: [v] := v − v0 òà [p] := p− p 0. Òîäi [v] ¹
ñëàáêèì ðîçâ'ÿçêîì íàñòóïíî¨ çàäà÷i:

˙[v]− ν ∆[v]− ν

2
V (x)[v] = [p] â Q = (0, T )× Ω, (4.1)

[v] = 0 íà ΣD,
∂[v]
∂n

+
(

α√
ρ
− 1

2
∂ ln ρ

∂n

)
[v] = 0 íà ΣN , (4.2)

[v]
∣∣
t=0

= 0 ìàéæå ñêðiçü íà Ω. (4.3)

Îçíà÷èìî ôóíêöiþ ψ ÿê ñëàáêèé ðîçâ'ÿçîê çàäà÷i

−ψ̇ − ν ∆ψ − ν

2
V (x)ψ = v0 − yad â Q = (0, T )× Ω, (4.4)

ψ = 0 íà ΣD,
∂ψ

∂n
+

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
ψ = 0 íà ΣN , (4.5)

ψ(T, x) = 0 ìàéæå ñêðiçü íà Ω. (4.6)
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Îñêiëüêè v0− yad ∈ L2(Q), òî, çàëó÷àþ÷è àðãóìåíòè òåîðåìè 3.2, ëåãêî ïîêà-
çàòè, ùî òàêèé ðîçâ'ÿçîê ¹ ¹äèíèì ó êëàñi W (0, T ). Îòæå, îáðàâøè ÿê òåñòîâó
ôóíêöiþ [v] := v−v0 i çàóâàæèâøè, ùî [v] ∈ W (0, T ), à ïðîñòið W (0, T ) íåïå-
ðåðâíî âêëàäà¹òüñÿ â ïðîñòið C(0, T ; L2(Ω)) (äèâ. [3]), ìà¹ìî:

−
∫ T

0
(ψ̇, [v])L2(Ω) dt =

∫ T

0
(ψ, ˙[v])L2(Ω) dt;

−ν

∫ T

0
〈∆ψ, [v]〉H−1(Ω,ΓD);H1

0 (Ω,ΓD) dt = ν

∫ T

0
(∇ψ,∇[v])L2(Ω)N dt+

+ν

∫ T

0

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
ψ[v] dHN−1 dt.

Òîìó, ïîìíîæèâøè ñïiââiäíîøåííÿ (4.4) íà [v] := v0 − v i ïðîiíòåãðóâàâøè
éîãî â öèëiíäði Q çà óìîâ (4.5)�(4.6), îòðèìà¹ìî:

0 =
∫ T

0
(ψ, ˙[v])L2(Ω) dt + ν

∫ T

0
(∇ψ,∇[v])L2(Ω)N dt−

− ν

2

∫ T

0
(V ψ, [v])L2(Ω) dt + ν

∫ T

0

∫

ΓN

(
α√
ρ
− 1

2
∂ ln ρ

∂n

)
ψ[v] dHN−1 dt−

−
∫ T

0

(
v0 − yad, [v]

)
L2(Ω)

dt
çà óìîâ (4.1)�(4.2)

=
∫ T

0
(ψ, [p ])L2(Ω) dt+

+
∫ T

0

∫

Ω
ψ

(
˙[v]− ν ∆[v]− ν

2
V (x)[v]− [p ]

)

︸ ︷︷ ︸
=0

dxdt−

−
∫ T

0

(
v0 − yad, [v]

)
L2(Ω)

dt. (4.7)

Â ðåçóëüòàòi ïðèõîäèìî äî íàñòóïíî¨ ðiâíîñòi:
(
v0 − yad, [v]

)
L2(Q)

= (ψ, [p])L2(Q) . (4.8)

Îòæå, óìîâà J(p 0, v0) = inf
(p,v)∈Λ

J(p, v) ñóòü åêâiâàëåíòíà âèêîíàííþ ïðè âñiõ
p ∈ P∂ íåðiâíîñòi

M J := J(p, v)− J(p 0, v0) = J(p 0 + [p], v0 + [v])− J(p 0, v0) =

=
(
v0 − yad, [v]

)
L2(Q)

+
(
p 0, [p ]

)
L2(Q)

+
1
2
‖[v]‖2

L2(Q) +
1
2
‖[p ] ‖2

L2(Q) ≥ 0, (4.9)

ùî âêóïi ç (4.8) äà¹:
∫ T

0

∫

Ω
(ψ + p 0)(p− p 0) dxdt ≥ 0, ∀ p ∈ P∂ . (4.10)

Îñêiëüêè íåðiâíiñòü (4.9), à îòæå i (4.10), äà¹ íåîáõiäíi òà äîñòàòíi óìîâè
îïòèìàëüíîñòi â çàäà÷i (3.12)�(3.14), òî îñíîâíèé ðåçóëüòàò äàíîãî ðîçäiëó
ìîæíà ïîäàòè òàêèì ÷èíîì.
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Òåîðåìà 4.2. Íåõàé ρ : Ω → R+ ¹ âàãîâîþ ôóíêöi¹þ ïîòåíöiàëüíîãî òè-
ïó. Íåõàé f ∈ L2(0, T ; L2(Ω, ρ dx)), yad ∈ L2(Q) òà y0 ∈ L2(Ω) ¹ çàäàíèìè
ôóíêöiÿìè. Òîäi îïòèìàëüíèé ðîçâ'ÿçîê (u 0, y0) ∈ L2(0, T ; L2(Ω, ρ−1 dx)) ×
L2(0, T ;Wρ) çàäà÷i (3.2)�(3.6) çàäà¹òüñÿ óìîâàìè:

(
ρΨ + u 0, u− u0

)
L2(0,T ;L2(Ω,ρ−1 dx))

≥ 0, ∀u ∈ U∂ , (4.11)

äå ÷åðåç Ψ ïîçíà÷åíî ðîçâ'ÿçîê â êëàñi L2(0, T ;Wρ) ïî÷àòêîâî-êðàéîâî¨ çàäà÷i

−ρ(x)Ψ̇− ν div (ρ(x)∇Ψ) = y0 − yad√
ρ

â Q = (0, T )× Ω, (4.12)

Ψ(t, x) = 0 íà ΣD,
√

ρ
∂Ψ
∂n

+ αΨ = 0 íà ΣN , (4.13)

Ψ(T, x) = 0 ìàéæå ñêðiçü íà Ω. (4.14)

Äîâåäåííÿ. Çàëó÷àþ÷è òåîðåìó 3.3, ñïiââiäíîøåííÿ (3.31) òà âiäîáðàæåííÿ
F , ÿêå äà¹òüñÿ ïðàâèëîì F(u, y) =

(
u√
ρ ,
√

ρ y
)
, ìà¹ìî:

(
ρΨ + u 0, u− u0

)
L2(0,T ;L2(Ω,ρ−1 dx))

=
∫ T

0

∫

Ω
(ρΨ + u 0)(u− u0)ρ−1 dxdt =

=
∫ T

0

∫

Ω

(√
ρ Ψ +

u 0

√
ρ

)( u√
ρ
− u 0

√
ρ

)
dxdt =

∫ T

0

∫

Ω
(ψ + p 0)(p− p 0) dxdt,

äå ïîçíà÷åíî ψ =
√

ρ Ψ. Îòæå, â äàíîìó ñåíñi íåðiâíîñòi (4.10) òà (4.11) ¹
åêâiâàëåíòíi. Äàëi, çàëó÷àþ÷è ïiäñòàíîâêó Ψ = ψ/

√
ρ òà ïåðåòâîðåííÿ òèïó

(3.7), ëåãêî ïîêàçàòè, ùî ïî÷àòêîâî-êðàéîâà çàäà÷à (4.12)�(4.14) åêâiâàëåíòíà
çàäà÷i (4.4)�(4.4). Òàêèì ÷èíîì, â ñèëó òîãî, ùî âèêîíàííÿ íåðiâíîñòi (4.10) ¹
íåîáõiäíîþ òà äîñòàòíüîþ óìîâîþ îïòèìàëüíîñòi â çàäà÷i êåðóâàííÿ (3.12)�
(3.14), çàëèøà¹òüñÿ ñêîðèñòàòèñÿ òåîðåìîþ 3.3.

5. Àíàëiòè÷íå ïîäàííÿ çàêîíó îïòèìàëüíîãî êåðóâàííÿ

Îñíîâíèì ïðèïóùåííÿì äàíîãî ïàðàãðàôà âèñòóïà¹ òàêà óìîâà: U∂ =
L2(0, T ; L2(Ω, ρ−1 dx)), ÿêà ïî ñâî¨é ñóòi îçíà÷à¹, ùî íà êëàñ äîïóñòèìèõ êå-
ðóâàíü íå íàêëàäà¹òüñÿ æîäíèõ äîäàòêîâèõ îáìåæåíü. Òîäi ç òåîðåìè 3.3
çíàõîäèìî P∂ = L2(Q), à îòæå, óìîâè îïòèìàëüíîñòi (4.10) ãàðàíòóþòü, ùî
îïòèìàëüíå êåðóâàííÿ p 0 â çàäà÷i (3.12)�(3.14) çàäà¹òüñÿ ïðàâèëîì:

p 0(t, x) = −ψ(t, x) ìàéæå ñêðiçü â Q = (0, T )× Ω. (5.1)

Òàêèì ÷èíîì, çàäà÷à çâîäèòüñÿ äî âèçíà÷åííÿ ôóíêöié p 0, v0 òà ψ. Íåõàé
{ek}k∈N � ïîâíà îðòîíîðìîâàíà â L2(Ω) ñèñòåìà âëàñíèõ ôóíêöié êðàéîâî¨
çàäà÷i (3.26)�(3.27), à {µk}k∈N � âiäïîâiäíà ¨é ñèñòåìà âëàñíèõ çíà÷åíü (äèâ.
çàóâàæåííÿ 3.1). Òîäi, ïîêëàâøè

v0(x) =
∞∑

k=1

akek, f(t, x) =
√

ρ(x)
∞∑

k=1

fk(t)ek, p 0(t, x) =
∞∑

k=1

pk(t)ek, (5.2)
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âiäïîâiäíèé îïòèìàëüíèé ðîçâ'ÿçîê v0 ïî÷àòêîâî-êðàéîâî¨ çàäà÷i (3.12)�(3.14)
â êëàñi C([0, T ]; L2(Ω)) ∩ L2(0, T ;H1

0 (Ω; ΓD)) ìîæíà ¹äèíèì ÷èíîì ïîäàòè ó
âèãëÿäi (3.28). Ðàçîì ç òèì, ÿêùî â (4.4)�(4.6) ïîêëàñòè ψ(t, x) =

∑∞
k=1 ψk(t)ek,

yad(t, x) =
∑∞

k=1 yad
k (t)ek, òî çíàõîäèìî ψ̇k − µkψk(t) = vk(t) − yad

k (t), t ∈
(0, T ), ψk(T ) = 0, ∀ k ∈ N, à îòæå,

pk(t) = −ψk(t) =
∫ T

t
eµk(t−γ)

(
vk(γ)− yad

k (γ)
)

dγ, ∀ k ∈ N. (5.3)

Òàêèì ÷èíîì, ïiäñòàâëÿþ÷è (3.28) â (5.3), ïðèõîäèìî äî íàñòóïíî¨ ñèñòåìè
iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà âiäíîñíî pk(t):

pk(t) =
∫ T

0
Fk(t, s)pk(s) ds + Gk(t), ∀ k ∈ N, (5.4)

äå ïîçíà÷åíî

Fk(t, s) =
{

sh (T − t) e−µk(T−s), s ≤ t

sh(T − s) e−µk(T−t), s > t

}
,

Gk(t) =
∫ T

t
eµk(t−γ)

[
e−µkγak − yad

k (γ) +
∫ γ

0
e−µk(γ−s)fk(s) ds

]
dγ.

Îñêiëüêè ðîçâ'ÿçêè òàêèõ iíòåãðàëüíèõ ðiâíÿíü ìîæíà ïîäàòè ó âèãëÿäi ðÿäiâ
Ëióâiëëÿ � Íåéìàíà pk(t) =

∑∞
i=0 (Fk,iGk) (t) ∀ k ∈ N, äå ïîçíà÷åíî

(Fk,if) (t) =
∫ T

0
Fk(t, s) (Fk,i−1f) (s) ds,

òî, ïiäñòàâëÿþ÷è ¨õ ó (5.2) òà (3.31), ïðèõîäèìî äî àíàëiòè÷íîãî ïîäàííÿ
çàêîíó îïòèìàëüíîãî êåðóâàííÿ äëÿ âèõiäíî¨ çàäà÷i (3.2)�(3.6).

6. Çàêëþ÷íi çàóâàæåííÿ

Óïåðøå iäåÿ çàëó÷åííÿ íåðiâíîñòåé òèïó Õàðäi � Ïóàíêàðå äî ïðîáëåìè
ðîçâ'ÿçíîñòi òà ñòiéêîñòi êðàéîâèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü òèïó

ut = ∆u + V (x)u, äå V (x) =
λ

r2
, r = |x|RN , (6.1)

áóëà çàïðîïîíîâàíà â ïðàöi [11], äå àâòîðàìè áóëî íàâåäåíî äåòàëüíèé àíàëiç
óìîâ iñíóâàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ òàêèõ çàäà÷ òà óìîâ, çà ÿêèõ ãëîáàëüíi
ðîçâ'ÿçêè íå iñíóþòü. Çîêðåìà, áóëî âñòàíîâëåíî, ùî êðèòè÷íó ðîëü â äàíîìó
âèïàäêó âiäiãðà¹ ïàðàìåòð λ. À ñàìå, çàïðîïîíîâàíà àâòîðàìè êëàñèôiêàöiÿ
óìîâ ðîçâ'ÿçíîñòi òàêèõ çàäà÷ ñòîñóâàëàñÿ òðüîõ âèïàäêiâ: ñóáêðèòè÷íîãî
(λ < λ∗), êðèòè÷íîãî (λ = λ∗), òà ñóïåðêðèòè÷íîãî (λ > λ∗), äå âåëè÷èíà λ∗
¹ òî÷íîþ êîíñòàíòîþ â íåðiâíîñòi Õàðäi � Ïóàíêàðå, òîáòî λ∗ = (N − 2)2/4.
Îêðiì öüîãî, â [11] ïîêàçàíî, ùî ðiâíÿííÿ òèïó (6.1) ç óìîâàìè Äiðiõëå íà
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ìåæi îáëàñòi íàâiòü ó ñóáêðèòè÷íîìó âèïàäêó ìîæóòü äîïóñêàòè iñíóâàííÿ
òàê çâàíèõ ñèíãóëÿðíèõ ðîçâ'ÿçêiâ, ÿêi íå íàëåæàòü ïðîñòîðàì Ñîáîë¹âà. Çî-
êðåìà, ó âèïàäêó, êîëè Ω ¹ êóëåþ BR(0) ⊂ RN , ðîçâ'ÿçêàìè ðiâíÿííÿ (6.1) ¹
íàñòóïíi ðàäiàëüíî ñèìåòðè÷íi ôóíêöi¨:

u1(r) = Cr−(N−2)/2+m, u2(r) = Cr−(N−2)/2−m, m2 = λ∗ − λ.

ßê âèäíî, u1 ∈ H1
0 (BR(0)), â òîé ÷àñ ÿê u1 6∈ H1

0 (BR(0)) ïðè æîäíîìó λ > 0.
Âëàñíå êàæó÷è, íàâåäåíi ðåçóëüòàòè ñâiä÷àòü, ùî ïðîáëåìà ðîçâ'ÿçíîñòi

âiäïîâiäíèõ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ òàêèìè îá'¹êòàìè ñóòò¹âî çàëå-
æèòü âiä âèáîðó ìíîæèí äîïóñòèìèõ ðîçâ'ÿçêiâ. Ó äàíié ðîáîòi îòðèìàíî
äîñòàòíi óìîâè ðîçâ'ÿçíîñòi òàêèõ çàäà÷ ó ïðîñòîðàõ Ñîáîë¹âà, êîëè ñèíãó-
ëÿðíi ðîçâ'ÿçêè íå âêëþ÷àþòüñÿ â ÷èñëî äîïóñòèìèõ. Ðàçîì ç òèì, àíàëiç
ïðîáëåìè ¨õ ðîçâ'ÿçíîñòi íà iíøèõ êëàñàõ, çîêðåìà ó âàãîâèõ ïðîñòîðàõ Ñî-
áîë¹âà W 1,2

0 (Ω; ρ dx), äëÿ ÿêèõ ïðîñòið ôiíiòíèõ ôóíêöié C∞
0 (Ω) íå óòâîðþ¹

ùiëüíó ìíîæèíó, íà ñüîãîäíi çàëèøà¹òüñÿ âiäêðèòîþ ïðîáëåìîþ.
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