
ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 47�60Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 517.977ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉÄËß ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕ Ó�ÀÂÍÅÍÈÉ ÑÍÅËÎÊÀËÜÍÛÌÈ Ê�ÀÅÂÛÌÈ ÓÑËÎÂÈßÌÈÂ. Å. Êàïóñòÿí, È. Ñ. ËàçàðåíêîÍàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò Óêðàèíû "ÊÏÈ".03056, Êèåâ, ïðîñï. Ïîáåäû 37. E-mail: kapustyanv�ukr.netÄàíî ïîëíîå ðåøåíèå çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé äëÿ ïàðàáîëè÷åñêîãîóðàâíåíèÿ ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè è ñïåöèàëüíûì êðèòåðèåì êà-÷åñòâà. �åøåíèÿ ïðåäñòàâëåíû â âèäå ðÿäîâ ïî áèîðòîãîíàëüíîìó áàçèñó �èññà,êîòîðûå ñõîäÿòñÿ ê íåïðåðûâíûì �óíêöèÿì.Êëþ÷åâûå ñëîâà. íåëîêàëüíûå êðàåâûå óñëîâèÿ, ïàðàáîëè÷åñêîå óðàâíåíèå, çàäà÷è ñìèíèìàëüíîé ýíåðãèåé.1. Ïàðàáîëè÷åñêèå óðàâíåíèÿ ñ íåëîêàëüíûìè êðàåâûìèóñëîâèÿìèÂ ðàáîòå [6℄ ðàññìîòðåíî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî íà÷àëüíî-êðàå-âûõ çàäà÷ äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
∂y

∂t
=

∂2y

∂x2
, (x, t) ∈ Π, (1.1)

y(x, t0) = ϕ(x), 0 ≤ x ≤ 1, (1.2)
y(0, t) = 0,

∂y(0, t)

∂x
=

∂y(1, t)

∂x
+ α y(1, t), t > 0, (1.3)ãäå Π = {(x, t) : 0 < x < 1, t > t0 ≥ 0}, α ∈ R.Ïðè α = 0 çàäà÷à (1.1)�(1.3) èçâåñòíà êàê çàäà÷à Ñàìàðñêîãî�Èîíêèíà.Ïîñëåäíèé â [4℄, èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, äîêàçàë òåîðåìóåäèíñòâåííîñòè ðåøåíèÿ, ïðåäñòàâèë åãî â âèäå �óíêöèîíàëüíîãî ðÿäà è òåìñàìûì ïîëó÷èë äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ.Îñíîâíàÿ òðóäíîñòü ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ çàêëþ÷à-ëàñü â òîì, ÷òî ñèñòåìà ñîáñòâåííûõ �óíêöèé îïåðàòîðà âòîðîé ïðîèçâîäíîé,ïîä÷èíåííîãî êðàåâûì óñëîâèÿì, íå îáðàçóåò áàçèñ �èññà â L2(0, 1) è äàæåíå ÿâëÿåòñÿ ïîëíîé. Äëÿ ïîëó÷åíèÿ óêàçàííûõ âûøå ðåçóëüòàòîâ ñèñòåìàñîáñòâåííûõ �óíêöèé äîïîëíÿëàñü ïðèñîåäèíåííûìè �óíêöèÿìè.Ïðèâåäåì çäåñü îñíîâíûå ðåçóëüòàòû ðàáîòû [6℄. Äëÿ îïåðàòîðà âòîðîéïðîèçâîäíîé (Lu = − u′′) ñ êðàåâûìè óñëîâèÿìè (1.3) çàäà÷à íà ñîáñòâåííûå÷èñëà èìååò äâå ñåðèè ðåøåíèé:

λ
(1)
k = (2 π k)2, u

(1)
k (x) = sin(2 π k x), k = 1, 2, ... . (1.4)© Â. Å. Êàïóñòÿí, È. Ñ. Ëàçàðåíêî, 2009
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λ

(2)
k = (2 γk)

2, u
(2)
k (x) = sin(2 γk x), k = 1, 2, ... , (1.5)ãäå γk �ðåøåíèÿ óðàâíåíèÿ

tg γ = 0.5
α

γ
, γ = 0.5

√
λ. (1.6)Ïðè α > 0 óðàâíåíèå (1.6) äîïîëíèòåëüíî èìååò êîðåíü γ0. Åìó îòâå÷àþòñîáñòâåííîå çíà÷åíèå λ0 = (2γ0)

2 è ñîáñòâåííàÿ �óíêöèÿ u0(x) = sin(2γ0x).Ïðè α > 0 îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé íå ñóùåñòâóåò, à ïðè
α < 0 ñóùåñòâóåò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå λ0 = −(2γ0)

2 < 0,ãäå γ0 � êîðåíü óðàâíåíèÿ tg(γ) = −0.5 α/γ. Ýòîìó ñîáñòâåííîìó çíà÷åíèþîòâå÷àåò åäèíñòâåííàÿ ñ òî÷íîñòüþ äî íåíóëåâîãî ìíîæèòåëÿ ñîáñòâåííàÿ�óíêöèÿ u0(x) = sh(2γ0x).Ïðè äîñòàòî÷íî áîëüøèõ k äëÿ ðàçíîñòè δk = γk − πk èìåþò ìåñòî ñîîò-íîøåíèÿ
|α|
2πk

(1 − (2πk)−1) < |γk − π k| < |α|
2πk

(1 + (2πk)−1). (1.7)Ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé ìîæíî óïîðÿäî÷èòü ïî âîçðàñòàíèþ èõçíà÷åíèé:
0 < γ0 < γ

(1)
1 , γ

(1)
k < γ

(2)
k < γ

(1)
k+1, k = 1, 2, ..., α > 0;

γ0 < 0 < γ
(2)
1 , γ

(2)
k < γ

(1)
k < γ

(2)
k+1, k = 1, 2, ..., α < 0.Îïåðàòîð L∗, ñîïðÿæåííûé ê îïåðàòîðó L, èìååò òå æå ñîáñòâåííûå çíà÷åíèÿ,÷òî è îïåðàòîð L, êîòîðûì ñîîòâåòñòâóþò ïðîñòûå ñîáñòâåííûå �óíêöèè

v
(1)
k (x) = cos(2πkx + ψ̃k), v

(2)
k (x) = cos(γk(1 − 2x)), k = 1, 2, ...,

v0(x) = cos(γ0(1 − 2x)), α > 0; v0(x) = ch(γ0(1 − 2x)), α < 0,ãäå ψ̃k = arctg(α/(2πk)).Ñîáñòâåííûå �óíêöèè u(x), v(x) îïåðàòîðîâ L è L∗, îòâå÷àþùèå ðàçëè÷-íûì ñîáñòâåííûì çíà÷åíèÿì λ, µ, âçàèìíî îðòîãîíàëüíû â ñìûñëå ñêàëÿðíî-ãî ïðîèçâåäåíèÿ â L2(0, 1). Cêàëÿðíûå ïðîèçâåäåíèÿ ñîáñòâåííûõ �óíêöèé,îòâå÷àþùèõ îäèíàêîâûì ñîáñòâåííûì çíà÷åíèÿì, èìåþò âèä:
(u

(2)
k , v

(2)
k ) = 0.5 sin γk(1 + (sin 2γk)/(2γk)),

(u
(1)
k , v

(1)
k ) = − 0.5 sin ψ̃k, k = 1, 2, ... ,

(u0, v0) =

{
0.5 sin γ0(1 + (sin 2γ0)/(2γ0)), α > 0,
0.5 sh γ0(1 + (sh 2γ0)/(2γ0)), α < 0.Âûïèñàííàÿ ñèñòåìà ïðèâîäèòñÿ ê áèîðòîíîðìèðîâàííîìó âèäó

u
(2)
k (x) = sin 2 γk x, v

(2)
k (x) = C

(2)
k cos(γk(1 − 2 x)),

u
(1)
k (x) = sin 2 π k x, v

(1)
k (x) = C

(1)
k cos(2 π k x + ψ̃k), k = 1, 2, ...,
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u0(x) = sin 2 γ0 x, v0(x) = C0 cos(γ0(1 − 2 x)), α > 0,

u0(x) = sh 2 γ0 x, v0(x) = C0 ch(γ0(1 − 2 x)), α < 0, (1.8)ãäå
C

(1)
k = −2(sin ψ̃k)

−1, C
(2)
k = 2((sin γk) (1 + sinc2γk))

−1, k = 1, 2, ...,

C0 = 2((sin γ0) (1 + sinc2γ0))
−1, (α > 0),

C0 = 2((sh γ0) (1 + shc2γ0))
−1, (α < 0),ïðè÷åì sin cγ = (sin γ)/γ, sh cγ = (sh γ)/γ.Íè ñèñòåìà ñîáñòâåííûõ �óíêöèé uk(x) îïåðàòîðà L, íè áèîðòîãîíàëüíàÿê íåé ñèñòåìà ñîáñòâåííûõ �óíêöèé îïåðàòîðà L∗ íå îáðàçóþò áàçèñ �èññàâ ïðîñòðàíñòâå L2(0, 1).�àññìîòðèì âñïîìîãàòåëüíóþ ñèñòåìó �óíêöèé Wα = {wj(x), j =

0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:
w2k−1(x) = (u

(2)
k (x) − u

(1)
k (x))(2δk)−1 = (sin cδkx)x cos(2πkx+ δkx),

w2k(x) = u
(1)
k (x) = sin(2πkx), k = 1, 2, ... , w0(x) = u0(x)/2γ0. (1.9)Äëÿ ñèñòåìû �óíêöèé Wα ñóùåñòâóåò áèîðòîãîíàëüíàÿ ê íåé ñèñòåìà �óíê-öèé Rα = {ri(x), i = 0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:

r2k(x) = v
(2)
k (x) + v

(1)
k (x),

r2k−1(x) = 2 δk v
(2)
k (x), k = 1, 2, ... , r0(x) = 2 γ0 v0(x). (1.10)Ñèñòåìû �óíêöèé Wα, Rα îáðàçóþò áàçèñû �èññà â ïðîñòðàíñòâå L2(0, 1), àñèñòåìû ñîáñòâåííûõ �óíêöèé äëÿ îïåðàòîðîâ L è L∗ ÿâëÿþòñÿ ïîëíûìè âòîì æå ïðîñòðàíñòâå.Â ðàáîòå [4℄, êàê óêàçûâàëîñü âûøå, äëÿ ñëó÷àÿ α = 0 ïîñòðîåíà ñèñòå-ìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé W0 = {Xj(x), j = 0, 1, ...},ýëåìåíòû êîòîðîé èìåþò âèä:

X2k−1(x) = x cos(2πkx), X2k(x) = sin(2πkx),

k = 1, 2, ... , X0(x) = x. (1.11)Äëÿ ñèñòåìû �óíêöèé W0 ñóùåñòâóåò áèîðòîãîíàëüíàÿ ê íåé ñèñòåìà �óíê-öèé R0 = {Yi(x), i = 0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:
Y2k−1(x) = 4 cos(2πkx), Y2k(x) = 4(1 − x) ×

× sin(2πkx), k = 1, 2, ... , Y0(x) = 2. (1.12)Ñèñòåìû W0, R0 îáðàçóþò áàçèñû �èññà â ïðîñòðàíñòâå L2(0, 1) è äëÿ ëþáîé�óíêöèè φ(x) ∈ L2(0, 1) ñïðàâåäëèâà îöåíêà
r ||φ||2L2

≤
∞∑

k=0

φ2
k ≤ R ||φ||2L2

, (1.13)



50 Â. Å. ÊÀÏÓÑÒßÍ, È. Ñ. ËÀÇÀ�ÅÍÊÎãäå r = 3/4, R = 16, φk = (φ, Yk)L2 .Áîëåå òîãî, â [7℄ äîêàçàíî, ÷òî â ïðîñòðàíñòâå L2(0, 1) ìîæíî ââåñòè ýê-âèâàëåíòíóþ íîðìó ïî ïðàâèëó
||φ||2D = (Dφ,φ) =

∞∑

k=0

φ2
k, (1.14)ãäå D : L2(0, 1) → L2(0, 1) � íåêîòîðûé ïîëîæèòåëüíî îïðåäåëåííûéîïåðàòîð.Â [6℄ ýòè ðåçóëüòàòû ðàñïðîñòðàíåíû íà ñèñòåìû Wα, Rα. Çäåñü ñëåäóåòîòìåòèòü, ÷òî ñèñòåìû Wα, Rα íå ïåðåõîäÿò â ñèñòåìû W0, R0 ïðè α→ 0.Òàêèì îáðàçîì, â ðàáîòå [6℄ äëÿ êðàåâîé çàäà÷è (1.1)�(1.3) ïîñòðîåíî�îðìàëüíîå ïðåäñòàâëåíèå åå ðåøåíèÿ â âèäå ðÿäà ïî ñèñòåìàì Wα, Rα èóñòàíîâëåíî, ÷òî ýòîò ðÿä ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì åå ðåøåíè-åì, êîòîðîå óñòîé÷èâî ïî íà÷àëüíûì óñëîâèÿì îòíîñèòåëüíî ýêâèâàëåíòíîéíîðìû. Ïðè ýòîì ñëåäóåò ó÷åñòü îòñóòñòâèå àïðèîðíûõ îöåíîê íà ðåøåíèå,ïîäîáíûõ çàäà÷àì ñ ëîêàëüíûìè êðàåâûìè óñëîâèÿìè.Ïðè ïîñòàíîâêå äëÿ òàêèõ êðàåâûõ çàäà÷ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿñëåäóåò êàæäûé ðàç îáðàùàòü âíèìàíèå íà ðàçðåøèìîñòü ïîñëåäíèõ, òàê êàêìåòîäû "L2-òåîðèè" çäåñü íå ðàáîòàþò.2. �àñïðåäåëåííîå óïðàâëåíèå ñ ýêâèâàëåíòíîé íîðìîéÏóñòü óïðàâëÿåìûé ïðîöåññ y(x, t) îïèñûâàåòñÿ êðàåâîé çàäà÷åé

∂y

∂t
=

∂2y

∂x2
+ p(x, t), (x, t) ∈ Q = {0 < x < 1, t0 < t ≤ T <∞}, (2.1)

y(x, t0) = ϕ(x), 0 ≤ x ≤ 1, (2.2)
y(0, t) = 0,

∂y(0, t)

∂x
=

∂y(1, t)

∂x
+ α y(1, t), t > 0. (2.3)Òðåáóåòñÿ íàéòè óïðàâëåíèå p∗(x, t) ∈ C(Q), êîòîðîå ïåðåâîäèò ñèñòåìó(2.1)�(2.3) â ñîñòîÿíèå

y(x, T ) = ψ(x) (2.4)è ìèíèìèçèðóåò �óíêöèîíàë
I(p) =

∫ T

t0

||p||2D dt. (2.5)Çàìåòèì, ÷òî â çàäà÷àõ ñ ìèíèìàëüíîé ýíåðãèåé â ñëó÷àå ëîêàëüíûõ êðàåâûõóñëîâèé [3℄ â êà÷åñòâå êðèòåðèÿ âûáèðàåòñÿ �óíêöèîíàë
I1(p) =

∫

Q
p2(x, t)dx dt, (2.6)êîòîðûé àñîöèèðóåòñÿ ñ ïîëíîé ýíåðãèåé ñèñòåìû. Êðèòåðèè (2.5), (2.6)ýêâèâàëåíòíû â ñìûñëå (1.13). Ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü çàäà÷óñ êðèòåðèåì (2.5), òàê êàê ïðè ýòîì óäàåòñÿ ïîëó÷èòü â îïðåäåëåííîì ñìûñ-ëå îêîí÷àòåëüíûé ðåçóëüòàò. Îñîáåííîñòè ðåøåíèÿ çàäà÷è ñ êðèòåðèåì (2.6)áóäóò ðàññìîòðåíû â êîíöå ýòîãî ïóíêòà.



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 51Òåîðåìà 1. Ïóñòü â çàäà÷å ñ ìèíèìàëüíîé ýíåðãèåé (2.1)�(2.5) �óíêöèè
ϕ(x), ψ(x) ïðèíàäëåæàò îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L è α 6= 0. Êðîìåòîãî, ïðåäïîëîæèì, ÷òî ψ(x) ∈ C4(0, 1), ϕ(x) ∈ C3(0, 1),

d2ψ(1)

dx2
=

d2ψ(0)

dx2
= 0,

d3ψ(1)

dx3
− d3ψ(0)

dx3
= 0; (2.7)

d2ϕ(1)

dx2
+

d2ϕ(0)

dx2
= 0. (2.8)Òîãäà çàäà÷à ñ ìèíèìàëüíîé ýíåðãèåé èìååò åäèíñòâåííîå íåïðåðûâíîå íà

Q̄ ðåøåíèå è ýòî ðåøåíèå ïðåäñòàâèìî â âèäå: p∗(x, t) =
∑∞

k=0 pk(t) wk(x),ãäå
p0(t) =

2 λ0 µ0 exp(−λ0(T − t))

1 − exp(−2λ0(T − t0))
, (2.9)

p2k−1(t) = µ2k−1
[hk,2, hk,2] exp(−λ(2)

k (T − t)) + [hk,1, hk,2] θk(T − t)

∆k
−

− µ2k
[hk,1, hk,2] exp(−λ(2)

k (T − t)) + [hk,1, hk,1] θk(T − t)

∆k
, (2.10)

p2k(t) =
µ2k [hk,1, hk,1] − µ2k−1 [hk,1, hk,2]

∆k
exp(−λ(1)

k (T − t)), k ≥ 1. (2.11)Â (2.9)�(2.11) îáîçíà÷åíî
µ0 = ψ0 − ϕ0 exp(−λ0(T − t0)), (2.12)

µ2k−1 = ψ2k−1 − ϕ2k−1 exp(−λ(2)
k (T − t0)), (2.13)

µ2k = ψ2k + θk(T − t0) ϕ2k−1 − ϕ2k exp(−λ(1)
k (T − t0)), (2.14)

ϕk, ψk � êîý��èöèåíòû ðàçëîæåíèÿ �óíêöèé ϕ(x), ψ(x) â ðÿäû ïî ñèñòåìå
Wα,

θk(t) =
exp(−λ(1)

k t) − exp(−λ(2)
k t)

2 δk
; (2.15)

[hk,i, hk,j ] =

∫ T

t0

h′k,i(t) hk,j(t) dt, (2.16)
∆k = [hk,1, hk,1] [hk,2, hk,2] − [hk,1, hk,2]

2, (2.17)
h′k,1(t) = (exp(−λ(2)

k (T − t)), 0), (2.18)
h′k,2(t) = (−θk(T − t), exp(−λ(1)

k (T − t))). (2.19)Çíà÷åíèå êðèòåðèÿ äàíî ñõîäÿùèìñÿ ðÿäîì
I(p∗) = I0(p0) +

∞∑

k=0

Îk(p2k−1, p2k), (2.20)
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I0(p0) = 2

λ0µ
2
0

1 − exp(−2λ0(T − t0))
, (2.21)

Îk(p2k−1, p2k) =

∫ T

t0

(p2
2k−1(t) + p2

2k(t)) dt, (2.22)à îïòèìàëüíàÿ òðàåêòîðèÿ, çàäàâàåìàÿ ðÿäîì
y∗(x, t) =

∞∑

k=0

yk(t) wk(x), (2.23)ãäå �óíêöèè yk(t) îïðåäåëÿþòñÿ êàê ðåøåíèÿ çàäà÷ Êîøè
ẏ2k−1(t) + λ

(2)
k y2k−1(t) = p2k−1(t), y2k−1(t0) = ϕ2k−1; (2.24)

ẏ2k(t) + λ
(1)
k y2k(t) =

λ
(1)
k − λ

(2)
k

2δk
y2k−1(t) + p2k(t),

y2k(t0) = ϕ2k, k = 1, 2, ...; (2.25)
ẏ0(t) + λ0 y0(t) = p0(t), y0(t0) = ϕ0, (2.26)ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì êðàåâîé çàäà÷è (2.1)�(2.3).Äîêàçàòåëüñòâî. Çàïèøåì �óíêöèþ ψ(x) â âèäå ðÿäà ïî áàçèñó Wα

ψ(x) = w0(x) ψ0 +

∞∑

k=1

(w2k−1(x) ψ2k−1 + w2k(x) ψ2k), ψk = (ψ, rk). (2.27)Çàìåòèì, ÷òî åñëè ïðîèçâîëüíàÿ �óíêöèÿ ̺(x) ïðèíàäëåæèò îáëàñòè îïðå-äåëåíèÿ îïåðàòîðà L (L∗), òî äëÿ êîý��èöèåíòîâ åå ðàçëîæåíèÿ ïî ñèñòåìå
Wα (Rα), ñîãëàñíî [6℄, ñïðàâåäëèâû îöåíêè

|ρk| ≤ C

k2
, k = 1, ... . (2.28)Çàäà÷à (2.1)�(2.5) ýêâèâàëåíòíà òàêîé çàäà÷å: íàéòè ìèíèìóì �óíêöèîíàëà

I(p) =

∫ T

t0

∞∑

k=0

p2
k(t) dtïðè îãðàíè÷åíèÿõ (2.24)�(2.26).Ýòà çàäà÷à ðåäóöèðóåòñÿ â ïîñëåäîâàòåëüíîñòü êîíå÷íîìåðíûõ çàäà÷. Ïðè

k = 0 áóäåì èìåòü òàêóþ çàäà÷ó: ìèíèìèçèðîâàòü �óíêöèîíàë
I0(p0) =

∫ T

t0

p2
0(t) dt (2.29)ïðè îãðàíè÷åíèè

∫ T

t0

exp(−λ0(T − t)) p0(t) dt = µ0. (2.30)
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Îk(p2k−1, p2k) =

∫ T

t0

(p2
2k−1(t) + p2

2k(t))dt (2.31)ïðè îãðàíè÷åíèÿõ
∫ T

t0

exp(−λ(2)
k (T − t)) p2k−1(t) dt = µ2k−1,

∫ T

t0

[−θk(T − t) p2k−1(t) + exp(−λ(1)
k (T − t)) p2k(t)] dt = µ2k. (2.32)Ïðè ïîñòðîåíèè ìîìåíòíûõ ðàâåíñòâ (2.32) èñïîëüçîâàëàñü �óíäàìåíòàëü-íàÿ ìàòðèöà Wk(t, τ) äëÿ ñèñòåìû (2.24)�(2.25), êîòîðàÿ èìååò âèä:

Wk(t, τ) =

(
exp(−λ(2)

k (t− τ)) 0

− θk(t− τ) exp(−λ(1)
k (t− τ))

)
.Çàäà÷è (2.29)�(2.32) ïðåäñòàâëÿþò ñîáîé êîíå÷íîìåðíûå çàäà÷è ñ ìèíèìàëü-íîé ýíåðãèåé. �åøåíèå ïåðâîé èç íèõ, ñîãëàñíî [3℄, çàäàåòñÿ �îðìóëàìè (2.9),(2.21). Îïòèìàëüíîå óïðàâëåíèå âî âòîðîé çàäà÷å, ñîãëàñíî [2℄, èùåòñÿ â âèäå:

p̂k(t) =

2∑

j=1

βk,j hk,j(t),ãäå p̂′k(t) = (p2k−1(t), p2k(t)), à êîý��èöèåíòû βk,j îäíîçíà÷íî îïðåäåëÿþòñÿèç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
βk,1 [hk,1, hk,1] + βk,2 [hk,1, hk,2] = µ2k−1,

βk,1 [hk,1, hk,2] + βk,2 [hk,2, hk,2] = µ2k.Âû÷èñëèì ñêàëÿðíûå ïðîèçâåäåíèÿ [hk,i, hk,j ] :

[hk,1, hk,1] =
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

,

[hk,1, hk,2] = − 1

2δk
(
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

−

− 1 − exp(−2 λ
(2)
k (T − t0))

2λ
(2)
k

),

[hk,2, hk,2] =
1

4δ2k
(
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

−

− 2
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

)+

+
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

.
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∆k =

1 + 4δ2k
4δ2k

(1 − exp(−2λ
(1)
k (T − t0)))(1 − exp(−2λ

(2)
k (T − t0)))

4 λ
(1)
k λ

(2)
k

−

− 1

4δ2k

(1 − exp(−(λ
(1)
k + λ

(2)
k )(T − t0)))

2

(λ
(1)
k + λ

(2)
k )2

.Òîãäà óïðàâëåíèÿ ïðèíèìàþò âèä (2.10)�(2.11).Äàëåå ðàññìîòðèì ñëó÷àé, êîãäà α > 0. Îöåíèì äðîáè [hk,i, hk,j]/∆k. Òàêêàê
∆k ≥ 1

42 δ2k λ
(1)
k λ

(2)
k

(2 exp(−(λ
(1)
k + λ

(2)
k )(T − t0)) −

− exp(−2λ
(1)
k (T − t0)) − exp(−2λ

(2)
k (T − t0))) =

1

42 δ2k λ
(1)
k λ

(2)
k

×

× (1 − (exp(−λ(1)
k (T − t0)) − exp(−λ(2)

k (T − t0)))
2) ≥

≥ (1 − exp(−λ(1)
k (T − t0))) (1 − exp(−λ(2)

k (T − t0)))

42 δ2k λ
(1)
k λ

(2)
k

,òî
[hk,1, hk,1]

∆k
≤ C λ

(1)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

,

|[hk,1, hk,2]|
∆k

≤ 1

2δk ∆k
(
1 − exp(−2 λ

(2)
k (T − t0))

2 λ
(1)
k

+

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

) ≤ C λ
(2)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

,

|[hk,2, hk,2]|
∆k

≤ 1

4δ2k ∆k
(
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

+

+ 2
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

)+

+
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k ∆k

<
C λ

(2)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

.Òîãäà äëÿ âûïèñàííûõ êîý��èöèåíòîâ óïðàâëåíèÿ ïîëó÷èì îöåíêè:
|p2k−1(t)| ≤ |µ2k−1|

|[hk,2, hk,2]| + |[hk,1, hk,2]| C/k
|∆k|

+

+ |µ2k|
|[hk,1, hk,2|] + |[hk,1, hk,1]| C/k

|∆k|
≤ C (|µ2k−1| + |µ2k|)λ(2)

k ,

|p2k(t)| =
|µ2k| |[hk,1, hk,1]| + |µ2k−1| |[hk,1, hk,2]|

|∆k|
≤ C (|µ2k−1| + |µ2k|)λ(2)

k .



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 55Â ïðèâåäåííûõ îöåíêàõ èñïîëüçîâàíî íåðàâåíñòâî èç [6℄:
0 ≤ θk(t) ≤ C

k
.�àññìîòðèì ðÿä

p̂(x, t) =

∞∑

k=1

(p2k−1(t) w2k−1(x) + p2k(t) w2k(x)). (2.33)Òàê êàê |wj(x)| ≤ 1, j ≥ 1, òî
|p̂(x, t)| ≤ C

∞∑

k=1

λ
(2)
k (|ψ2k−1| + |ψ2k| + |ϕ2k−1| (exp(−λ(2)

k (T − t0)) +

+ θk(T − t0)) + |ϕ2k| exp(−λ(1)
k (T − t0))).Òàê êàê ÷èñëîâîé ðÿä

∞∑

k=1

λ
(2)
k (|ϕ2k−1| exp(−λ(2)

k (T − t0)) + |ϕ2k| exp(−λ(1)
k (T − t0)))ñõîäèòñÿ, òî äëÿ ðàâíîìåðíîé ñõîäèìîñòè ðÿäà, ñòîÿùåãî â ïðàâîé ÷àñòèðàâåíñòâà (2.33), íóæíî óáåäèòüñÿ â ñõîäèìîñòè ðÿäà

∞∑

k=1

λ
(2)
k (|ψ2k−1| + |ψ2k| + |ϕ2k−1| θk(T − t0)). (2.34)�ÿä (2.34) ñõîäèòñÿ. Äåéñòâèòåëüíî, â ñèëó îïðåäåëåíèÿ ψ2k−1, ïîëó÷èì:

ψ2k−1 = (ψ, r2k−1) = 2δk (ψ, v
(2)
k ) = −2δk C

(2)
k

1

λ
(2)
k

(
d2ψ

dx2
, cos(γk(1 − 2x))).Îòäåëüíî ïðåîáðàçóåì ñêàëÿðíîå ïðîèçâåäåíèå:

(
d2ψ

dx2
, cos(γk(1 − 2x))) = − 1

2γk

d2ψ(x)

dx2
sin(γk(1 − 2x))|10 +

+
1

4γ2
k

d3ψ(x)

dx3
cos(γk(1 − 2x))|10 − 1

4γ2
k

(
d4ψ

dx4
, cos(γk(1 − 2x))).Òîãäà, â ñèëó (2.7), áóäåì èìåòü:

ψ2k−1 =
1

(λ
(2)
k )2

(
d4ψ

dx4
, r2k−1).Âîçâðàùàÿñü ê ðÿäó (2.34), äëÿ åãî ïåðâîé ñóììû ïîëó÷èì:

∞∑

k=1

λ
(2)
k |ψ2k−1| ≤ C

∞∑

k=1

1

k2
< ∞,



56 Â. Å. ÊÀÏÓÑÒßÍ, È. Ñ. ËÀÇÀ�ÅÍÊÎòàê êàê |rk(x)| ≤ Cr, k = 0, 1, ... â ñèëó íåîáõîäèìîãî óñëîâèÿ áàçèñíîñòèñèñòåìû �óíêöèé Rα (ýëåìåíòû ñèñòåìû äîëæíû áûòü ïî÷òè íîðìèðîâàí-íûìè).Äëÿ âòîðîé ñóììû ðÿäà (2.34) áóäåò ñïðàâåäëèâûì àíàëîãè÷íûé ðåçóëü-òàò. Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ ψ2k, áóäåì èìåòü:
ψ2k = (ψ, r2k) = (ψ, v

(2)
k + v

(1)
k ) = (Lψ,

1

λ
(1)
k

v
(1)
k +

1

λ
(2)
k

v
(2)
k ) =

= (Lψ,
1

λ
(1)
k

C
(1)
k cos(2πkx+ ψ̃k) +

1

λ
(2)
k

C
(2)
k cos(γk(1 − 2x))).Âòîðîå ñêàëÿðíîå ïðîèçâåäåíèå áûëî èññëåäîâàíî âûøå. Ïîýòîìó îñòàíîâèì-ñÿ íà ïåðâîì ñêàëÿðíîì ïðîèçâåäåíèè, ò. å.:

(
d2ψ

dx2
, cos(2πkx+ ψ̃k)) =

1

2πk

d2ψ(x)

dx2
sin(2πkx + ψ̃k)|10 +

1

(2πk)2
×

× d3ψ(x)

dx3
cos(2πkx+ ψ̃k)|10 − 1

(2πk)2
(
d4ψ

dx4
, cos(2πkx + ψ̃k)).Îòñþäà, ó÷èòûâàÿ ñâîéñòâà �óíêöèè ψ(x), ïîëó÷èì:

ψ2k = (
d4ψ

dx4
,

1

(λ
(1)
k )2

r2k +
1

2δk
(

1

(λ
(2)
k )2

− 1

(λ
(1)
k )2

)r2k−1) =

=
1

(λ
(1)
k )2

(
d4ψ

dx4
, r2k +

(λ
(1)
k )2 − (λ

(2)
k )2

2δk(λ
(2)
k )2

r2k−1).Òàê êàê
|(λ

(1)
k )2 − (λ

(2)
k )2

2δk(λ
(2)
k )2

| < C

k
,òî

|ψ2k| <
C

k4
.Ñëåäîâàòåëüíî,

∞∑

k=1

λ
(2)
k |ψ2k| < ∞.Òðåòüÿ ñóììà ðÿäà (2.34) ñõîäèòñÿ â ñèëó ñâîéñòâ �óíêöèé ϕ(x), θk(t) (ñì.ñõîäèìîñòü ïåðâîé ñóììû ýòîãî ðÿäà).Òåì ñàìûì ðÿä (2.33) îïðåäåëÿåò íåïðåðûâíóþ íà Q̄ �óíêöèþ p̂(x, t) èïðè ýòîì ñõîäèòñÿ ÷èñëîâîé ðÿä

∞∑

k=1

Îk(p2k−1, p2k).Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî îïòèìàëüíîå óïðàâëåíèÿ p∗(x, t) íåïðå-ðûâíî â îáëàñòè Q̄ è ñõîäèìîñòü ðÿäà, îïðåäåëÿþùåãî çíà÷åíèå êðèòåðèÿêà÷åñòâà.



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 57Àíàëîãè÷íî [6℄ óñòàíàâëèâàåì, ÷òî ðÿä (2.23) îïðåäåëÿåò åäèíñòâåííîåêëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è (2.1)�(2.3).Åñëè α < 0, òî ïîëó÷èì òîò æå ðåçóëüòàò, òàê êàê ïðè ýòîì â ïðèâåäåí-íûõ îöåíêàõ ñëåäóåò çàìåíèòü ñîáñòâåííûå ÷èñëà λ(2)
k íà ÷èñëà λ(1)

k .�àññìîòðèì òó æå çàäà÷ó ñ ìèíèìàëüíîé ýíåðãèåé, íî ñ êðèòåðèåì (2.6).Â ýòîì ñëó÷àå çàäà÷à íå ðàñïàäàåòñÿ íà ïîñëåäîâàòåëüíîñòü îäíîìåðíûõ èäâóìåðíûõ çàäà÷. Äåéñòâèòåëüíî, ó÷èòûâàÿ ïðåäñòàâëåíèå �óíêöèè p(x, t) ââèäå ðÿäà ïî áàçèñó Wα, êðèòåðèé (2.6) ïðèìåò âèä:
I1(p) =

∞∑

i,j=0

∫ T

t0

pi(t) pj(t) Ai,j dt, (2.35)ãäå
Ai,j =

∫ 1

0
wi(x) wj(x) dx.Êðîìå òîãî, ïðè ýòîì äîëæíû âûïîëíÿòüñÿ ìîìåíòíûå ðàâåíñòâà (2.30),(2.32).Èç [1℄ ñëåäóåò, ÷òî ìàòðèöà A = {Ai,j}∞i,j=0 ïðåäñòàâëÿåò ñîáîé ëèíåéíûéîãðàíè÷åííûé îáðàòèìûé îïåðàòîð â l2.�àññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî L2(t0, T ), ýëåìåíòàìè êîòîðîãî âû-ñòóïàþò ïîñëåäîâàòåëüíîñòè p̃(t) = {pi(t)}∞i=0 ñ íîðìîé

||p̃||L2(t0,T ) =

√√√√
∞∑

i=0

∫ T

t0

p2
i (t) dt. (2.36)Â ñèëó [6℄ âåðíà îöåíêà

I1(p) ≥ γ1 ||p̃||2L2(t0,T ).Òîãäà ìàòðèöà A ïðåäñòàâëÿåò ñîáîé ïîëîæèòåëüíî-îïðåäåëåííûé îïåðàòîðâ ïðîñòðàíñòâå L2(t0, T ) è îïðåäåëÿåò â íåì ýíåðãåòè÷åñêîå ïðîñòðàíñòâî
HA(t0, T ) ñ íîðìîé âèäà

[p̃]2HA
=

∞∑

i,j=0

∫ T

t0

pi(t) pj(t) Ai,j dt.Èç [3℄ ñëåäóåò, ÷òî HA(t0, T ) ⊆ L2(t0, T ). Ïåðåïèøåì çàäà÷ó ñ ìèíèìàëüíîéýíåðãèåé (2.35), (2.30), (2.32) â òåðìèíàõ ïðîñòðàíñòâà HA(t0, T ). Ñ ýòîéöåëüþ îïðåäåëèì ïîñëåäîâàòåëüíîñòè ̺l(t) ∈ HA(t0, T ), l = 0, 1, ... êàêðåøåíèÿ óðàâíåíèé
A ̺l(t) = f l(t), l = 0, 1, ..., (2.37)ãäå

f0(t) = {exp(−λ0(T − t)), 0, ...},

f2k−1(t) = {0, ..., 0︸ ︷︷ ︸
2k−2

, exp(−λ(2)
k (T − t)), 0, ...},
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f2k(t) = {0, ..., 0︸ ︷︷ ︸

2k−2

,−θk(T − t), exp(−λ(1)
k (T − t)), 0, ...}, k = 1, ... .Òàê êàê f l(t) ∈ HA(t0, T ), òî è ̺l(t) ∈ HA(t0, T ), l = 0, 1, ... . Òîãäà çàäà-÷à ñ ìèíèìàëüíîé ýíåðãèåé �îðìóëèðóåòñÿ òàêèì îáðàçîì: ìèíèìèçèðîâàòüêðèòåðèé

I1(p) = [p̃]2HA
(2.38)ïðè îãðàíè÷åíèÿõ

[̺l, p̃]HA
= µl, l = 0, 1, ... . (2.39)Ïðåäïîëîæèì, ÷òî ïîñëåäîâàòåëüíîñòè {̺l(t)}∞l=0 îáðàçóþò áàçèñ ïðîñòðàí-ñòâà HA(t0, T ). Òîãäà ðåøåíèå çàäà÷è (2.38)�(2.39) ìîæíà ïðåäñòàâèòü â âèäå:

p̃(t) =

∞∑

j=0

αj ̺
j(t),ãäå ÷èñëà αj îäíîçíà÷íî îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé

∞∑

k=0

αk [̺k, ̺j ]HA
= µj, j = 0, 1, ... .Ïðè ýòîì ïîñëåäîâàòåëüíîñòü p̃(t) äîëæíà áûòü òàêîé, ÷òîáû èíäóöèðóåìîååþ îïòèìàëüíîå óïðàâëåíèå p(x, t) áûëî íåïðåðûâíûì.Èçëîæåííûé àëãîðèòì ðåøåíèÿ çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé íîñèò�îðìàëüíûé õàðàêòåð, òàê êàê òðåáóåò îáîñíîâàíèÿ íà êàæäîì øàãå. Ïîñëåä-íåå óïèðàåòñÿ â èçó÷åíèå ñâîéñòâ ìàòðèö A−1 è {[̺k, ̺j ]HA

, k, j = 0, 1, ...}−1.Ýòîò âîïðîñ ïîêà îñòàåòñÿ îòêðûòûì. Ïîýòîìó ïðåäëîæåííûé çäåñü ïîäõîäê ðåøåíèþ çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé ñ èñïîëüçîâàíèåì êðèòåðèÿ êà÷å-ñòâà (2.5) ÿâëÿåòñÿ öåëåñîîáðàçíûì.Çàìå÷àíèå 1. Â ñëó÷àå α = 0 ïîëó÷èì ðåçóëüòàò, àíàëîãè÷íûé òåîðåìå 1.3. �àçäåëåííîå óïðàâëåíèåÏóñòü óïðàâëÿåìûé ïðîöåññ y(x, t) îïèñûâàåòñÿ óðàâíåíèåì
∂y

∂t
=

∂2y

∂x2
+ g(x) p(t), (3.1)ñ êðàåâûìè óñëîâèÿìè (2.2)�(2.3), ãäå g(x) ∈ C(0, 1).Òðåáóåòñÿ íàéòè óïðàâëåíèå p∗(t) ∈ C(t0, T ), äîñòàâëÿþùåå ìèíèìóì êðè-òåðèþ êà÷åñòâà

J(p) =

∫ T

t0

p2(t) dt (3.2)è óäîâëåòâîðÿþùåå óñëîâèþ (2.4) (α > 0.)Ó÷èòûâàÿ ïðåäñòàâëåíèå ðåøåíèÿ êðàåâîé çàäà÷è (3.1), (2.2)�(2.3) â âèäåðÿäà ïî ñèñòåìå Wα, ïîëó÷èì òàêóþ �îðìóëèðîâêó çàäà÷è ñ ìèíèìàëüíîé
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g0

∫ T

t0

exp(−λ0(T − t)) p(t) dt = µ0, (3.3)
g2k−1

∫ T

t0

exp(−λ(2)
k (T − t)) p(t) dt = µ2k−1,

∫ T

t0

[−θk(T − t) g2k−1 + exp(−λ(1)
k (T − t)) g2k] p(t) dt = µ2k, k > 0, (3.4)ãäå gj � êîý��èöèåíòû ðàçëîæåíèÿ �óíêöèè g(x) â ðÿä ïî ñèñòåìå Wα.Ïåðå�îðìóëèðóåì ïðîáëåìó ìîìåíòîâ (3.3) - (3.4). Ñ ýòîé öåëüþ ââå-äåì äâå ïîñëåäîâàòåëüíîñòè: 1) b = {bj}∞j=0, ãäå b0 = µ0/g0; b2k−1 =

µ2k−1/g2k−1,

b2k =
2 δk µ2k − µ2k−1

2 δk g2k − g2k−1
, k = 1, ... .2) χ = {χj}∞j=0, ãäå χ0 = λ0; χ2k−1 = λ

(1)
k , χ2k = λ

(2)
k , k = 1, ... .Òîãäà ïðîáëåìà ìîìåíòîâ (3.3)�(3.4) ïðèíèìàåò âèä:

∫ T

t0

exp(−χj(T − t)) p(t) dt = bj , j = 0, 1, ... . (3.5)Ïóñòü b ∈ l2. Òîãäà ìû ïîëíîñòüþ ïîïàäàåì â óñëîâèÿ ðàçðåøèìîñòè çà-äà÷è ñ ìèíèìàëüíîé ýíåðãèåé äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ëîêàëüíûìèêðàåâûìè óñëîâèÿìè, èçëîæåííûå â [3℄. Äåéñòâèòåëüíî, òàê êàê
∞∑

k=0

1

χk
< ∞,òî, ñîãëàñíî òåîðåìå Ìþíöà [5℄, ñèñòåìà �óíêöèé {exp(−χj(T − t))}∞j=0 íåÿâëÿåòñÿ ïîëíîé â L2(t0, T ). �åøåíèå çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé (3.2),(3.5) èùåòñÿ â ïîëíîì (îòíîñèòåëüíî ìåòðèêè ïðîñòðàíñòâà L2(t0, T )) ïðî-ñòðàíñòâå Hλ(t0, T ) ⊂ L2(t0, T ) â âèäå: p(t) =

∑∞
k=0 ck exp(−χk(T − t)), ãäå÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü c = {ck}∞k=0 îïðåäåëÿåòñÿ êàê åäèíñòâåííîåðåøåíèå ñèñòåìû óðàâíåíèé

∞∑

k=0

Mk,j ck = bj, j = 0, 1, ... ,

Mk,j =
1 − exp(−(χk + χj)(T − t0))

χk + χj
,

∞∑

k,j=0

Mk,j ck cj < ∞.Ìàòðèöà M îïðåäåëÿåò â l2 ïîëîæèòåëüíûé îïåðàòîð. Ïîýòîìó ïîñëåäîâà-òåëüíîñòü {ck} ïðèíàäëåæèò ýíåðãåòè÷åñêîìó ïðîñòðàíñòâó Mλ ïîëîæèòåëü-íîãî îïåðàòîðà M (l2 ⊂Mλ).Òàêîé ðåçóëüòàò, âîîáùå ãîâîðÿ, íàñ íå óñòðàèâàåò: íåò äîñòàòî÷íûõ óñëî-âèé ðàçðåøèìîñòè íå òîëüêî â C(t0, T ), íî è â L2(t0, T ). Íî áîëüøåãî ïîêàäîñòè÷ü íå óäàåòñÿ.
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