
ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 42�46Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 519.6ON THE EXISTENCE OF H1-SOLUTIONS TO CERTAINIMAGE REGISTRATION PROBLEMSO. MuseykoInstitute of Medial Physis, University of Erlangen-Nuremberg,Erlangen 91052, Germany. E-mail: museyko�gmx.deThe solubility of the lass of nonlinear optimization problems arising in imageregistration is disussed. The neessary optimality onditions (Euler-Lagrange equa-tion) for suh kind of problems is a nonlinear Neumann boundary value problemwhih is not known to have a solution in general. However, in the image registrationontext some assumptions an be made that let us move a little bit further in thisquestion.Key words. Image registration, nonlinear optimization problem, nonlinear Neumann boundaryvalue problem, existene of H1-solutions.1. IntrodutionConsider the following optimization problem:
J(u) =

∫

Ω
|IT (x− u(x)) − IR(x)|2 dx+ a(u, u) → inf, (1.1)where u(x) is an o�set �eld assoiated with the transformation ϕ(x) = x−u(x), uis an element of a ertain lass of admissible displaementsW ; and the appliationdependent regularizing term a(·, ·) is a bilinear bounded form in W × W . Theimages IT (template) and IR (referene) are nonnegative funtions in Ω. Thedomain Ω in Rd where images are de�ned is assumed to be bounded and Lipshitz.We also assume that IT an be extended by zero to Rd so that IT (x−u(x)) makessense for any u.This is a so-alled image registration problem for the monomodal images,i.e. obtained on the same hardware so that the intensity of their pixels an beompared diretly, as in the �rst term in J whih is a sum of squared di�erenes(SSD). An example of referene and template images is in Figure 1 whih showstwo sets of orthogonal multiplanar projetions of a human femur taken withtinthe interval of one year. The purpose of monomodal registration in this aseis to ompare hanges in di�erent subvolumes of interest aused by a medialtreatment.From this point on, the referene image IR(x) is supposed to be an elementof the spae L∞(Ω). The template image IT (x) is an element of C(Ω) ∩ C1(Ω).The regularizing term a(·, ·), a bilinear form, penalizes the undesired propertiesof u.© O. Museyko, 2009



EXISTENCE OF SOLUTIONS TO IMAGE REGISTRATION PROBLEMS 43

Fig. 1. Example of a template and a referene image in R3: Orthogonal multiplanar projetionsof a CT-san of human femur. Left and right show slies from two volumes taken withtin thetime interval of one year, extrated at approximately the same anatomial position.The existene of solutions to the problem (1.1) for several onventional regula-rizers a(·, ·) (di�usion, elasti, et) an be readily stated in Sobolev spae W =
H1

0 (Ω)d sine the funtional J(u) is lower semiontinuous and oerive in theweak topology of this spae (see [3℄, where also lassial solutions are onsidered).See also [2℄, where the well-posedness of the Euler-Lagrange system for (1.1) isonsidered in abstrat Banah spae (of ourse, the solubility of the system doesn'tguarantee the existene of minimizers for original problem).However, when omputing numerial solutions to an image registration prob-lem, one usually works in the spae W = H1(Ω)d, see [1℄ for instane. The reasonis that the Euler-Lagrange system for the problem of type (1.1), used to omputea solution, is usually supplied with homogenous Neumann boundary onditionson u. These onditions are natural in image registration. Indeed, looking for thesuitable registration transformation ϕ(x) = x − u(x) whih makes a templatebeing similar to a referene (in the sense of our image similarity measure (1.1)),we would like to admit a non-zero o�set for every pixel in a moving templateimage: onsider the rigid rotation as a typial example in image mathing. Suha possibility would be lost with the homogenous Dirihlet boundary onditions,whih are applied in a ase of the spae H1
0 (Ω)d. To the best knowledge of theauthor, the existene of H1-solutions to the problem (1.1) was not yet established.Summarizing, we an say that in the image registration area the problem(1.1) is de fato onsidered in H1(Ω)d, whih is, despite of the great amount ofimportant pratial results, remains formal problem. The purpose of the paperis to �ll up this gap between the theoretial and pratial parts of the imageregistration problem.2. Assumptions and the proof of existeneAording to the diret methods in the alulus of variations, the weak lowersemiontinuity and oeriveness of the funtional are su�ient to state the exis-tene of the minimizers. We are going to show the weak lower semiontinuity of the



44 O. MUSEYKOfuntional J(u) in H1(Ω) and the weak sequential ompatness of the minimizingsequene un only, not the oerivity of the funtional J . The argument of thediret methods is then equally appliable.The hek of the lower semiontinuity is almost straightforward, whih is notthe ase with the ompatness. To obtain the ompatness we apply the idea ofthe proof of the Poinar�e inequality for the sequene of funtions un whih areknown to be bounded in H1(D) where D is a subset of Ω.First of all we establish the following auxiliary result.Proposition 1. Let a sequene {Un} of subsets in Ω be suh that there exist asequene of points {xn} in Ω whih, together with the balls of some radius ε > 0around them, belong to the orresponding sets Un: Bε(xn) ⊂ Un for all n.Then there exist a point y and a ball Bδ(y) in Ω whih belong to every set ina subsequene of the sets Un:
Bδ(y) ⊂ Unk

, k = 1, 2 . . .for some δ > 0.Proof. Let us �x a number δ < ε and onsider a mesh with grid points yi ∈ Ω,
i ∈ 1, l suh that the distane between any two points in a single ell is less then
ε− δ. Assume that the orollary laimed in Proposition is false. For the point y1it means that there exists an index m suh that Bδ(y1) 6⊂ Uk for all k > m. Thatis, |xk − y1| > ε − δ. Now take the rest points y2, y3, ...yl ∈ Ω in turn. Sine thedomain Ω is bounded, only a �nite number of balls Bε(xk) an belong to Ω. Thisontradition onludes the proof.The following lemma is used to prove the boundedness of the minimizingsequene un in the spae H1(D) where D is a ertain subset of Ω.Lemma 1. Let Ω be bounded. Let for a sequene {un ∈ L2(Ω)d} there exists ε > 0and a sequene of balls Bε(xn) of radius ε in Ω suh that

sup
n

‖un‖L2(Bε(xn))d <∞. (2.1)Then there exist a subsequene unk
and suh a set D ⊂ Ω that its Lebesguevolume is positive Ld(D) > 0 and

sup
k

‖unk
‖L2(D)d <∞.Proof. From Proposition 1 we readily get the existene of a ball Bδ(y) in Ω suhthat Bδ(y) ⊂ Bε(xnk

) for a ertain subsequene of the set sequene Bε(xn). Thatis,
sup

k
‖unk

‖L2(Bδ(y))d <∞ for all n,whih onludes the proof with D = Bδ(y).To get use of Lemma 1 and ensure the boundedness of gradients of the mini-mizing sequene, we suppose appropriate properties of the registration problem(1.1).



EXISTENCE OF SOLUTIONS TO IMAGE REGISTRATION PROBLEMS 45(A) There exist ε > 0, δ > 0, C > 0 and a sequene of balls Bε(xn) of radius εin Ω suh that if
‖u‖L2(Bε(xn))d > C for all Bε(xn)then

∫

Ω

|IT (x− u(x)) − IR(x)|2 dx ≥ inf
u∈H1(Ω)d

∫

Ω

|IT (x− u(x)) − IR(x)|2 dx+ δ.(B) The ontinuous bilinear form a(·, ·) is oerive in H1
0 -norm.Remark 1. In fat, it is natural even to assume that ‖u‖L∞(Bε(x))d > C inassumption (A) above, sine otherwise we admit the existene of a mapping

u whih is (sub)optimal (the value of the funtional on it an be arbitrarilylose to the in�mum) and suh that any neighbourhood in Ω ontains anotherneighbourhood whih is sent outside of Ω by u.The ondition (B) is ful�lled in the above mentioned ases (elasti, di�usionregistration, et).We are now in a position to establish the main result.Theorem 1. Given the problem (1.1) let the onditions (A)�(B) are satis�ed.Then there is a funtion u0 ∈ H1(Ω)d suh that J(u0) ≤ J(u) for all u ∈
H1(Ω)d.Proof. Let un ∈ H1(Ω)d be a minimizing sequene for the problem (1.1).Compatness of the minimizing sequene. Sine the bilinear form a(u, u) isoerive inH1

0 -norm (ondition (B)), the sequenes {∇ui
n} are bounded in L2(Ω)d,

i ∈ 1, d. Thus, we need to establish the boundedness of {un} in L2(Ω)d to ensurethe ompatness of the minimizing sequene in H1(Ω)d. Using ondition (A), wehave from Lemma 1 the boundedness of {un} in L2(D)d for some D ⊂ Ω (up to asubsequene). Then the boundedness in L2(Ω)d diretly follows from the Poinar�einequality.Consequently, one an �nd a subsequene of {un} (not relabelled), whihonverges weakly in H1(Ω)d to some u0.Weak lower semiontinuity. Sine un is weakly onvergt in H1(Ω)d, it is alsostrongly onvergent in L2(Ω)d and, therefore, is onvergent in measure. Then, bythe virtue of Fatou's Lemma and ontinuity of a(·, ·) we obtain
∫

Ω

|IT (x− u0) − IR(x)|2 dx+ a(u0, u0)

≤ lim inf
n→∞

∫

Ω

|IT (x− un) − IR(x)|2 dx+ a(un, un).That is, u0 is a minimizer for J(u).



46 O. MUSEYKO3. Closing remarksThe existene of solutions for a ertain lass of image registration problemsis established. To this end, a strong assumption on the behaviour of minimizingsequene is done whih however relates to the spei�s of the registration problem.The result an be extended to other registration problems whih are basednot on SSD-term but on the mutual information (MI) or the ross-orrelation(CC), for example. On the other hand, the proposed argument is also appliablefor the registration problem with ertain other regularizers when formulated inan appropriate spae. One example is a urvature registration problem in H2(Ω)dwith a(u, u) =
∫
Ω

|∆u|2 dx.The ondition (A), although being quite natural, is hard to verify. Therefore,the future e�orts will be to �nd an alternative assumption whih is based on theproperties of images only and doesn't use variational properties of the registrationproblem. Referenes1. Jan Modertsitzki Numerial Methods for Image Registration. � Oxford : OxfordUniversity Press, 2004. � 199 p.2. U. Clarenz, M. Droske, M. Rumpf Towards fast non-rigid registration. � Duisburg,2002. � (Preprint / University of Duisburg).3. Gerardo Hermosillo Valadez Variational methods for multimodal image mathing:PhD thesis May 2002 � Nie, 2002. Íàäiéøëà äî ðåäàêöi¨ 28.09.2009


