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Íà îñíîâå èçâåñòíîé ïîòåíöèàëüíîé ñèììåòðèè ïîñòðîåíî êîíå÷íîå íåëî-
êàëüíîå èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâàíèå, îñòàâëÿþùåå èíâàðèàíò-
íûì íåëèíåéíîå òåëåãðàôíîå óðàâíåíèå utt−∂x

(−u−1+u−2ux

)
= 0. Ïîñòðîåíû àë-

ãîðèòìû, ïî êîòîðûì âûïîëíåíî ðàçìíîæåíèå åãî ðåøåíèé. Â ÷èñëå íàéäåííûõ
ïðèñóòñòâóþò íîâûå ðåøåíèÿ. Â ñòàòüå ïîëó÷åíû óðàâíåíèÿ, ñâÿçàííûå ñ äàí-
íûì ïîñðåäñòâîì ïîòåíöèàëüíîé ñèñòåìû. Äëÿ íèõ èññëåäîâàíû ëèåâñêèå ñèì-
ìåòðèè è ïîñòðîåíû òî÷íûå ðåøåíèÿ. Ïîêàçàíî, ÷òî ïîòåíöèàëüíûå ñèììåòðèè
ïðåäñòàâëÿþò ñîáîé ñïåöèàëüíûé ÷àñòíûé ñëó÷àé íåëîêàëüíûõ ñèììåòðèé �
êîíå÷íûå ïðåîáðàçîâàíèÿ Ëè � Áýêëóíäà ñ èíòåãðàëüíîé ïåðåìåííîé. Âûâå-
äåíû õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ, îïðåäåëÿþùèå íåëîêàëüíûå ñèììåòðèè
óðàâíåíèé, ñâÿçàííûõ ïîòåíöèàëüíîé ñèñòåìîé. Ýòè õàðàêòåðèñòè÷åñêèå óðàâ-
íåíèÿ òàêæå èñïîëüçîâàíû äëÿ îòûñêàíèÿ òî÷íûõ ðåøåíèé óêàçàííûõ óðàâíå-
íèé.

Êëþ÷åâûå ñëîâà: òî÷å÷íûå ñèììåòðèè Ëè, çàêîí ñîõðàíåíèÿ, ïîòåíöèàëüíàÿ ñèììåòðèÿ,
íåëîêàëüíîå ïðåîáðàçîâàíèå, ðàçìíîæåíèå ðåøåíèé.

1. Ââåäåíèå

Íåëèíåéíûå âîëíîâûå óðàâíåíèÿ íàõîäÿò ïðèìåíåíèå â îáøèðíîì ñïåê-
òðå ïðèêëàäíûõ çàäà÷ [1�4]. Ê ÷èñëó ýôôåêòèâíûõ ìåòîäîâ èíòåãðèðîâà-
íèÿ óðàâíåíèé íåëèíåéíîé ìàòåìàòè÷åñêîé ôèçèêè îòíîñÿòñÿ ìåòîäû, îñ-
íîâàííûå íà çíàíèè èõ (íåïðåðûâíûõ òî÷å÷íûõ èëè íåëîêàëüíûõ) ñèììåò-
ðèé [5�11]. Ïîýòîìó îïèñàíèå âñåõ êëàññîâ óðàâíåíèé, âêëþ÷àþùèõ ïðîèç-
âîëüíûå ýëåìåíòû è äîïóñêàþùèõ âîçìîæíî áîëåå øèðîêèå ñèììåòðèè, ÿâ-
ëÿåòñÿ àêòóàëüíîé çàäà÷åé ñîâðåìåííûõ èññëåäîâàíèé è ñîñòàâëÿåò çàäà÷ó
èõ ñèììåòðèéíîé êëàññèôèêàöèè. Èññëåäîâàíèå òî÷å÷íûõ ñèììåòðèé Ñ. Ëè
óðàâíåíèé êëàññà

utt − ∂x

(
C(u)ux + K(x, u)

)
= 0

áûëî âûïîëíåíî â ðàáîòàõ [13, 14]. Ãðóïïîâîé àíàëèç óðàâíåíèé, ïðèíàäëå-
æàùèõ êëàññó

f(x)utt − ∂x

(
C(u)ux + K(u)

)
= 0,
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áûë ïðîâåäåí â ðàáîòå [15]. Ðàñøèðèòü ìíîæåñòâî ñèììåòðèé èññëåäóåìûõ
êëàññîâ óðàâíåíèé îêàçàëîñü âîçìîæíûì, ââåäÿ ïîíÿòèå ïîòåíöèàëüíîé ñèì-
ìåòðèè [16,17]. Ïðè ýòîì èñõîäíîå óðàâíåíèå

F1

(
x, t, u, u

1
, . . . , u

k

)
= 0 (1.1)

äîëæíî äîïóñêàòü ïðåäñòàâëåíèå â ôîðìå õîòÿ áû îäíîãî çàêîíà ñîõðàíåíèÿ

Dtφ
t
(
x, t, u, u

1
, . . . , u

r

)
+ Dxφx

(
x, t, u, u

1
, . . . , u

r

)
= 0. (1.2)

Çäåñü è äàëåå ïðèíÿòû îáîçíà÷åíèÿ

uµ =
∂u

∂xµ
≡ ∂µu, uµν =

∂2u

∂xµ∂xν
= ∂µ∂νu, u

1
= {uµ} , u

2
= {uµν} .

µ, ν = 0, 1, ..., n− 1,

Dt è Dx � ïîëíûå ïðîèçâîäíûå ïî ïåðåìåííûì t è x, φt è φx � ïëîòíîñòü è
ïîòîê, ñîîòâåòñòâåííî. Â ñëó÷àå äâóõ íåçàâèñèìûõ ïåðåìåííûõ x0 = t, x1 = x
ïèøåì

ut =
∂u

∂t
≡ ∂tu, ux =

∂u

∂x
≡ ∂xu.

Èçâåñòíî [8,16], ÷òî äëÿ óðàâíåíèÿ (1.1), äîïóñêàþùåãî ïðåäñòàâëåíèå â
ôîðìå çàêîíà ñîõðàíåíèÿ (1.2), ñóùåñòâóåò ïîòåíöèàëüíàÿ ôóíêöèÿ v(x, t),
ÿâëÿþùàÿñÿ ðåøåíèåì âñïîìîãàòåëüíîé ïîòåíöèàëüíîé ñèñòåìû

vx = φt
(
x, t, u, u

1
, . . . , u

r

)
,

vt = −φx
(
x, t, u, u

1
, . . . , u

r

)
.

(1.3)

Òåîðåòèêî-ãðóïïîâîå èññëåäîâàíèå ñèñòåìû (1.3) ïîçâîëÿåò â ðÿäå ñëó÷àåâ
ïîëó÷èòü äîïîëíèòåëüíóþ èíôîðìàöèþ î ñèììåòðèè óðàâíåíèÿ (1.1).

Ïóñòü ñèñòåìà (1.3) äîïóñêàåò àëãåáðó Ëè èíâàðèàíòíîñòè îïåðàòîðîâ âè-
äà

X = ξ1(x, t, u, v)∂x + ξ2(x, t, u, v)∂t + η1(x, t, u, v)∂u + η2(x, t, u, v)∂v.

Îïåðàòîð òî÷å÷íîé ñèììåòðèè ñèñòåìû (1.3), ó êîòîðîãî õîòÿ áû îäíà èç
êîîðäèíàò ξ1, ξ2, η1 ÿâíî çàâèñèò îò ïîòåíöèàëüíîé ïåðåìåííîé v(x, t), îïðå-
äåëÿåò ïîòåíöèàëüíóþ ñèììåòðèþ óðàâíåíèÿ (1.1), [16]. Íèæå ïîêàçàíî, ÷òî
òàêèå ïîòåíöèàëüíûå ñèììåòðèè ïðåäñòàâëÿþò ñîáîé ñïåöèàëüíûé ÷àñòíûé
ñëó÷àé íåëîêàëüíûõ ñèììåòðèé îòíîñèòåëüíî êîíå÷íûõ ïðåîáðàçîâàíèé Ëè �
Áýêëóíäà [18] ñ èíòåãðàëüíîé ïåðåìåííîé.

Ïóñòü îäíî èç óðàâíåíèé ñèñòåìû (1.3) ïðåäñòàâëÿåò ñîáîé êîíå÷íîå íåëî-
êàëüíîå ïðåîáðàçîâàíèå çàâèñèìîé ïåðåìåííîé u(x, t). Åñëè âîçìîæíî èñêëþ-
÷èòü ýòó ïåðåìåííóþ èç âòîðîãî óðàâíåíèÿ ñèñòåìû (1.3), òîãäà îíà ñòàíîâèò-
ñÿ ïðåîáðàçîâàíèåì Áýêëóíäà [4], ñâÿçûâàþùèì èñõîäíîå óðàâíåíèå ñ äðóãèì
óðàâíåíèåì äëÿ ïåðåìåííîé v(x, t):

F2

(
x, t, v, v

1
, . . . , v

m

)
= 0. (1.4)
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Íåëèíåéíîå âîëíîâîå óðàâíåíèå

utt − ∂x

(
C(u)ux + K(u)

)
= 0, (1.5)

äîïóñêàþùåå ïðåäñòàâëåíèå ïîòåíöèàëüíîé ñèñòåìîé

vx − ut = 0,
vt − C(u)ux −K(u) = 0,

(1.6)

ïðåäñòàâëÿåò ñîáîé òåëåãðàôíîå óðàâíåíèå äâóõïðîâîäíîé ëèíèè ïåðåäà÷,
ãäå ôóíêöèÿ v(x, t) � ñèëà òîêà â ïðîâîäíèêå, u(x, t) � íàïðÿæåíèå ìåæäó
ïðîâîäíèêàìè, K(u) � óòå÷êà òîêà íà åäèíèöó äëèíû, C(u) � ïåðåìåííîå
ïðîèçâåäåíèå ñàìîèíäóêöèè íà åìêîñòü íà åäèíèöó äëèíû ïðîâîäà, t � ïðî-
ñòðàíñòâåííàÿ ïåðåìåííàÿ, x � âðåìÿ.

Äðóãîå ïðèìåíåíèå ýòîé æå ñèñòåìû âñòðå÷àåòñÿ ïðè îïèñàíèè äâèæå-
íèÿ (ïðîäîëüíûõ êîëåáàíèé) ýëàñòè÷íîãî íåïðåðûâíîãî ñòåðæíÿ, ïëîùàäü
ïîïåðå÷íîãî ñå÷åíèÿ êîòîðîãî èçìåíÿåòñÿ âäîëü ñòåðæíÿ.

Ïðè ýòîì u(x, t) � âåëè÷èíà ïðîäîëüíîãî ñìåùåíèÿ îòíîñèòåëüíî ðàâíî-
âåñíîãî ïîëîæåíèÿ, v(x, t) � ñêîðîñòü ÷àñòèöû, âûçâàííàÿ ýòèì ñìåùåíèåì,
C(u) = λK ′(u) � òåíçîð íàïðÿæåíèé äëÿ íåêîòîðîé ïîñòîÿííîé λ, t � âðå-
ìÿ, [3].

Â íàñòîÿùåé ðàáîòå, èñõîäÿ èç ïîòåíöèàëüíîé ñèììåòðèè óðàâíåíèÿ

utt − ∂x

(− u−1 + u−2ux

)
= 0, (1.7)

ìû ïîëó÷àåì êîíå÷íîå èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâàíèå, îáåñïå-
÷èâàþùåå åãî íåëîêàëüíóþ èíâàðèàíòíîñòü. Ýòî ïðåîáðàçîâàíèå ïîëîæåíî â
îñíîâó äâóõ àëãîðèòìîâ, ñ ïîìîùüþ êîòîðûõ âûïîëíåíî ðàçìíîæåíèå ðÿäà
òî÷íûõ ðåøåíèé óðàâíåíèÿ (1.7).

Â ÷èñëå ïîñòðîåííûõ ïðèñóòñòâóþò è íîâûå ðåøåíèÿ. Êðîìå òîãî, â ðà-
áîòå âûâåäåíû óðàâíåíèÿ (1.4), ñâÿçàííûå ñ òåëåãðàôíûì óðàâíåíèåì (1.7)
ïîñðåäñòâîì ñîîòâåòñòâóþùåé ïîòåíöèàëüíîé ñèñòåìû (1.6). Äëÿ ýòèõ óðàâ-
íåíèé èññëåäîâàíû òî÷å÷íûå ñèììåòðèè è ïîëó÷åíû òî÷íûå ðåøåíèÿ.

Â ðàáîòå âûâåäåíû õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ, ñîîòâåòñòâóþùèå èç-
âåñòíîé ïîòåíöèàëüíîé ñèììåòðèè óðàâíåíèÿ (1.7). Îíè îïðåäåëÿþò íåëî-
êàëüíûå ñèììåòðèè èñõîäíîãî óðàâíåíèÿ è óðàâíåíèÿ (1.4) è èñïîëüçîâàíû
íàìè äëÿ ïîñòðîåíèÿ òî÷íûõ ðåøåíèé ýòèõ óðàâíåíèé.
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2. Êëàññè÷åñêèå ñèììåòðèè óðàâíåíèÿ (1.7) è ñâÿçàííûõ
ñ íèì óðàâíåíèé. Ïîòåíöèàëüíàÿ ñèììåòðèÿ è íåëîêàëüíàÿ
èíâàðèàíòíîñòü

2.1. Ëèåâñêèå ñèììåòðèè óðàâíåíèé

Óðàâíåíèå (1.7) ïðèíàäëåæèò êëàññó (1.5) è, êàê óñòàíîâëåíî â ðàáî-
òå [17], îáëàäàåò ïîòåíöèàëüíîé ñèììåòðèåé. Âûÿñíèì ñâÿçü ýòîé ïîòåíöè-
àëüíîé ñèììåòðèè ñ ñèììåòðèÿìè óðàâíåíèé, îïðåäåëÿåìûõ ñîîòâåòñòâóþ-
ùåé ïîòåíöèàëüíîé ñèñòåìîé. Çàìåòèì, ÷òî ìàêñèìàëüíàÿ àëãåáðà èíâàðè-
àíòíîñòè óðàâíåíèÿ (1.7) ñîñòîèò èç îïåðàòîðîâ

X1 = ∂t, X2 = ∂x, X3 = t∂t + u∂u,
X4 = e−x∂x + e−xu∂u.

(2.1)

Ïîðîæäåííàÿ óðàâíåíèåì (1.7) ïîòåíöèàëüíàÿ ñèñòåìà
{

vx − ut = 0,
vt − u−2ux + u−1 = 0

(2.2)

îáëàäàåò øèðîêîé ëèåâñêîé ñèììåòðèåé, îïèñûâàåìîé ñëîæíîé ñèñòåìîé îï-
ðåäåëÿþùèõ óðàâíåíèé, êîòîðóþ ïîëíîñòüþ ðåøèòü íå óäàåòñÿ. Îòìåòèì, ÷òî
ñîîòâåòñòâóþùàÿ àëãåáðà èíâàðèàíòíîñòè âêëþ÷àåò, â ÷àñòíîñòè, îïåðàòîðû

X1 = ∂t, X2 = ∂v, X3 = t∂t + u∂u (2.3)

è îïåðàòîð
S = u−1∂x − v∂t + ∂u, (2.4)

íàéäåííûé â ðàáîòå [17]. Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì, ýòîò îïåðàòîð õà-
ðàêòåðèçóåò ïîòåíöèàëüíóþ ñèììåòðèþ óðàâíåíèÿ (1.7).

2.2. Íåëîêàëüíîå ïðåîáðàçîâàíèå èíâàðèàíòíîñòè

Êîíå÷íîå òî÷å÷íîå ïðåîáðàçîâàíèå, îòâå÷àþùåå îïåðàòîðó S ëèåâñêîé èí-
âàðèàíòíîñòè ñèñòåìû (2.2), èìååò âèä:

r = ln
u + ε

u
+ x, s = −εv + t, p(r, s) = u + ε, q(r, s) = v. (2.5)

Çäåñü r, s, p(r, s), q(r, s) � íîâûå íåçàâèñèìûå è çàâèñèìûå ïåðåìåííûå, ε�
ãðóïïîâîé ïàðàìåòð. Îáðàòíûì äëÿ (2.5) ÿâëÿåòñÿ ïðåîáðàçîâàíèå

x = r − ln
p

p− ε
, t = s + εq, u(x, t) = p− ε, v(x, t) = q. (2.6)

Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèÿ (2.5), (2.6) ïåðåâîäÿò ïîòåíöèàëüíóþ ñèñòåìó
â ñåáÿ.
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Â ïðîñòðàíñòâå íåçàâèñèìûõ ïåðåìåííûõ r, s è çàâèñèìûõ ïåðåìåííûõ
p(r, s), q(r, s) âîñïîëüçóåìñÿ ðàâåíñòâîì qr = ps è çàìåíèì â ôîðìóëàõ ïðå-
îáðàçîâàíèÿ (2.6) ïåðåìåííóþ q(r, s) èíòåãðàëîì

∫
ps(r, s) dr. Òåïåðü ïðå-

îáðàçîâàíèå ñâÿçûâàåò ïåðåìåííûå x, t, u(x, t) ñ ïåðåìåííûìè r, s, p(r, s),∫
ps(r, s)dr

x = r − ln
p

p− ε
, t = s + ε

∫
ps(r, s)dr, u(x, t) = p− ε, v(x, t) = q, (2.7)

ñòàíîâÿñü èíòåãðî-äèôôåðåíöèàëüíûì. Ïðè ε = 0 îíî ïðåâðàùàåòñÿ â òîæäå-
ñòâåííîå ïðåîáðàçîâàíèå. Òàêèì îáðàçîì, ïîñòðîåííîå ïðåîáðàçîâàíèå (2.7)
ÿâëÿåòñÿ ýëåìåíòîì ãðóïïû Ëè � Áýêëóíäà.
Òåîðåìà 2.1. Èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâàíèå (2.7) ïåðåâîäèò
óðàâíåíèå (1.7) âî ìíîæåñòâî åãî èíòåãðî-äèôôåðåíöèàëüíûõ ñëåäñòâèé,
ò. å. îñòàâëÿåò óðàâíåíèå (1.7) íåëîêàëüíî-èíâàðèàíòíûì.
Äîêàçàòåëüñòâî òåîðåìû 2.1. Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ ïðè-
ìåíèì ïðåäûäóùåå ïðåîáðàçîâàíèå ê óðàâíåíèþ (1.7). Ïåðåõîäÿ â ïîëó÷åí-
íîì ðåçóëüòàòå íà ìíîãîîáðàçèå, êîòîðîå çàäàíî èíòåãðî-äèôôåðåíöèàëüíû-
ìè ñëåäñòâèÿìè óðàâíåíèÿ (1.7), îïðåäåëÿåìûìè ñîîòíîøåíèÿìè

prr = pssp− pr + 2p−1pr
2,

∫
pssdr = −p−1 + p−2pr,∫

psssdr = p−3 (ps − 2prps + pprs) ,
(2.8)

ïîëó÷àåì íîëü. Òåîðåìà äîêàçàíà.

2.3. Óðàâíåíèå äëÿ ïîòåíöèàëüíîé ïåðåìåííîé

Äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ïîòåíöèàëüíîé ïåðåìåííîé v(x, t), ñî-
îòâåòñòâóþùåå ñèñòåìå (2.2), ìîæåò áûòü ïîëó÷åíî èñêëþ÷åíèåì èç íå¼ ïåðå-
ìåííîé u(x, t). Ïðîèíòåãðèðîâàâ ïåðâîå óðàâíåíèå ñèñòåìû (2.2) ïî t è ïîä-
ñòàâèâ ðåçóëüòàò u =

∫
vx dt âî âòîðîå óðàâíåíèå ñèñòåìû, ïîëó÷àåì:

vt

(∫
vx dt

)2

−
∫

vxx dt +
∫

vx dt = 0.

Ïðîäèôôåðåíöèðîâàâ ïîëó÷åííîå âûðàæåíèå ïî ïåðåìåííîé t, ïðèõîäèì ê
êâàäðàòíîìó óðàâíåíèþ äëÿ èíòåãðàëà

∫
vx dt:

vtt

(∫
vx dt

)2

+ 2vt

∫
vx dt− vxx + vx = 0. (2.9)

Ðàçðåøèâ (2.9) îòíîñèòåëüíî èíòåãðàëüíîé íåèçâåñòíîé è ïðîäèôôåðåíöèðî-
âàâ ðåçóëüòàò ïî t, ïîëó÷àåì äâà äèôôåðåíöèàëüíûõ óðàâíåíèÿ äëÿ ïîòåí-
öèàëüíîé ïåðåìåííîé:

vx + ∂t

(
vtvx ±

√
vt

2vx
2 + vtt(vxx − vx)
vtt

)
= 0. (2.10)
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Èññëåäîâàòü òî÷å÷íûå ñèììåòðèè ýòèõ óðàâíåíèé íåïîñðåäñòâåííî íå ïðåä-
ñòàâëÿåòñÿ âîçìîæíûì â ñèëó èõ èððàöèîíàëüíîãî õàðàêòåðà. Èçáàâèâøèñü â
êàæäîì èç ýòèõ óðàâíåíèé îò èððàöèîíàëüíîñòè, ïîëó÷àåì îäíî è òî æå óðàâ-
íåíèå, êîòîðîå ââèäó ãðîìîçäêîñòè çäåñü íå âûïèñûâàåì. Îíî, êàê îêàçàëîñü,
äîïóñêàåò ìàêñèìàëüíóþ àëãåáðó èíâàðèàíòíîñòè, ñîñòîÿùóþ èç îïåðàòîðîâ

X1 = ∂t, X2 = ∂x, X3 = t∂t, X4 = ∂v, X5 = e−x∂x. (2.11)

2.4. Ðåøåíèÿ, ïîñòðîåííûå íà îñíîâå ñèììåòðèé Ñ. Ëè

Äëÿ ïîñòðîåíèÿ ðåøåíèé óðàâíåíèÿ (1.7) âîñïîëüçóåìñÿ êëàññè÷åñêèì ìå-
òîäîì Ëè � Îâñÿííèêîâà [5]. Ïî îïåðàòîðàì àëãåáðû Ëè èíâàðèàíòíîñòè (2.1)
íàõîäèì ñëåäóþùèå ðåøåíèÿ:

1) u = ex(c1t + c2), 2) u = t
c1e−x−c2

,

3) (c2
1 − 1)ln|1 + c1u|+ c1u− c2

1ln|u|+ c2
1(x− t− c2) = 0.

(2.12)

Çäåñü è äàëåå ci, i = 1, 2, 3, ..., � ïðîèçâîëüíûå ïîñòîÿííûå. Òðåòüå ðåøåíèå
óðàâíåíèÿ (1.7), ïîëó÷åííîå íàìè â íåÿâíîì âèäå, îïðåäåëÿåòñÿ ïðèâåäåííûì
âûøå óðàâíåíèåì.

Ïîäñòàâèâ êàæäîå èç íàéäåííûõ âûðàæåíèé äëÿ ôóíêöèè u(x, t) â óðàâ-
íåíèÿ ïîòåíöèàëüíîé ñèñòåìû (1.6) è ðåøàÿ åå, íàõîäèì ñîîòâåòñòâóþùèå
âûðàæåíèÿ äëÿ ïîòåíöèàëüíîé ôóíêöèè v(x, t):

1) v = c1ex + c3, 2) v = c2 ln|t| − c−1
2 (ln|c1e−x − c2|+ x) + c3. (2.13)

Ïîäñòàíîâêà â ïîòåíöèàëüíóþ ñèñòåìó íåÿâíîé ôóíêöèè u(x, t) èç (2.12)
èìååò ñëåäñòâèåì ðàâåíñòâî v = −u+s(t). Óòî÷íåíèå ïðîèçâîëüíîé ôóíêöèè
s(t) ïîäñòàíîâêîé v â óðàâíåíèå (2.10) äàåò s(t) = c1t + c2, îòêóäà ñëåäóåò
íåÿâíîå âûðàæåíèå äëÿ ïîòåíöèàëà, îïðåäåëåííîå óðàâíåíèåì

(c2
1 − 1) ln| − c1v + 1 + tc2

1 + c1c2| − c1v−
c2
1 ln| − v + c1t + c2|+ c2

1(x− c2) + c1c2 = 0.
(2.14)

Ïîïîëíèòü ñåìåéñòâî èíâàðèàíòíî-ãðóïïîâûõ ðåøåíèé ìîæåì, âîñïîëü-
çîâàâøèñü îïåðàòîðîì ëèåâñêîé ñèììåòðèè S, ïîòåíöèàëüíîé ñèñòåìû (2.2).
Ðåøàÿ ñèñòåìó õàðàêòåðèñòè÷åñêèõ óðàâíåíèé, ïîðîæäåííûõ ýòèì îïåðàòî-
ðîì,

u−1ux − v ut − 1 = 0, (2.15)

u−1vx − v vt = 0, (2.16)

íàõîäèì äâà íåÿâíûõ ðåøåíèÿ ñèñòåìû

u = exG(t± u), v = ±1



ÍÅËÎÊÀËÜÍÛÅ ÑÈÌÌÅÒÐÈÈ ÍÅËÈÍÅÉÍÎÃÎ ÒÅËÅÃÐÀÔÍÎÃÎ ÓÐÀÂÍÅÍÈß 149

ñ G(t± u) � ïðîèçâîëüíîé ãëàäêîé ôóíêöèåé àðãóìåíòà, è òðåòüå ðåøåíèå

u =
t− c3

c2e−x − c1
, v = c1.

Â êà÷åñòâå åùå îäíîãî ïðîñòîãî ïðèìåðà âûïîëíèì èíâàðèàíòíî-ãðóïïî-
âîå ðàçìíîæåíèå íàéäåííîãî âûøå ïåðâîãî ëèåâñêîãî ðåøåíèÿ ïîòåíöèàëü-
íîé ñèñòåìû, â êîòîðîì äëÿ ïðîñòîòû ïîëîæèì c1 = 1 è c2, c3 = 0, ò. å.

u = t ex, v = ex.

Âîñïîëüçóåìñÿ äëÿ ýòîãî ïðåîáðàçîâàíèåì (2.6). Ðåøèâ ïîëó÷åííûå â ðåçóëü-
òàòå ïðåîáðàçîâàíèÿ óðàâíåíèÿ îòíîñèòåëüíî çàâèñèìûõ ïåðåìåííûõ è çà-
ïèñàâ èõ â îáîçíà÷åíèÿõ x, t, u(x, t), v(x, t), íàõîäèì ðåøåíèå, çàâèñÿùåå îò
ãðóïïîâîãî ïàðàìåòðà ε:

u =
1
2

ex
(
t− εex ±

√
(εex − t)2 − 4ε2

)
,

v = ex +
2ε(

t− εex ±
√

(εex − t)2 − 4ε2
) .

Ïîëó÷åííûå â äàííîì ðàçäåëå ðåøåíèÿ ñîñòàâëÿþò îñíîâó äëÿ ïîñòðîåíèÿ
íîâûõ ðåøåíèé ñ ïîìîùüþ ìåòîäîâ, êîòîðûå èñïîëüçóþò óæå íåëîêàëüíûå
ñèììåòðèè óðàâíåíèé.

3. Õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ è íåëîêàëüíûå ñèììåòðèè,
ïîðîæäåííûå ïîòåíöèàëüíîé ñèñòåìîé

Ñ îïåðàòîðîì S (2.4) ñâÿçàíû äâà (ëèåâñêèõ) õàðàêòåðèñòè÷åñêèõ óðàâíå-
íèÿ (2.15) è (2.16) â ïðîñòðàíñòâå ïåðåìåííûõ ñèñòåìû (2.2). Êàæäîå èç ýòèõ
óðàâíåíèé çàâèñèò îò îáåèõ çàâèñèìûõ ïåðåìåííûõ. Ïîêàæåì, ÷òî èñêëþ-
÷åíèå ñîîòâåòñòâóþùåé ïåðåìåííîé èç ýòèõ óðàâíåíèé ïðèâîäèò ê äâóì õà-
ðàêòåðèñòè÷åñêèì óðàâíåíèÿì áîëåå âûñîêîãî ïîðÿäêà, îïðåäåëÿþùèì íåëî-
êàëüíûå ñèììåòðèè óðàâíåíèé, ñâÿçàííûõ ïîòåíöèàëüíîé ñèñòåìîé.

Ðåøàÿ ïåðâîå óðàâíåíèå ñèñòåìû (2.15), (2.16) îòíîñèòåëüíî v(x, t), íàõî-
äèì:

v =
ux − u

u ut
.

Ïðîäèôôåðåíöèðîâàâ ëåâóþ è ïðàâóþ ÷àñòè çàïèñàííîãî âûøå ðàâåíñòâà ïî
t è âîñïîëüçîâàâøèñü ïîäñòàíîâêîé vx = ut, ïðèõîäèì ê âûðàæåíèþ, óïðîùàÿ
êîòîðîå, ïîëó÷àåì õàðàêòåðèñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî
ïîðÿäêà äëÿ ôóíêöèè u(x, t)

u3
t u

2 − uutuxx + uuxutx − u2utx + utu
2
x = 0. (3.1)

Ïîëó÷åííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå íå ìîæåò áûòü ñïðîåöèðîâàíî
íà êàêîå-ëèáî äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâî-
ãî ïîðÿäêà, è, ñëåäîâàòåëüíî, îïèñûâàåò íåëîêàëüíóþ ñèììåòðèþ èñõîäíîãî
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óðàâíåíèÿ (1.7). Ïîñêîëüêó èíòåãðèðîâàíèå óðàâíåíèÿ (3.1) íå ïðîùå, ÷åì
èñõîäíîãî, äëÿ îòûñêàíèÿ åãî ÷àñòíûõ ðåøåíèé âîñïîëüçóåìñÿ ëèåâñêîé ñèì-
ìåòðèåé. Îïåðàòîðû áåñêîíå÷íîé àëãåáðû èíâàðèàíòíîñòè ýòîãî óðàâíåíèÿ

X1 = ∂t + e−xF1(ue−x)∂x + ue−xF1(ue−x)∂u,
X2 = (e−xF2(ue−x) + 1)∂x + ue−xF2(ue−x)∂u,
X3 = t∂t + e−xF3(ue−x)∂x + (e−xF3(ue−x) + 1)∂u,
X4 = (e−xF4(ue−x) + ln|ue−x|)∂x + (e−xF4(ue−x) + 1

2u)∂u

(3.2)

çàâèñÿò îò ÷åòûðåõ ïðîèçâîëüíûõ ãëàäêèõ ôóíêöèè Fi(u e−x), i = 1, ..., 4,
àðãóìåíòà u e−x.

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ ïðèìåíåíèÿ àëãåáðû (3.2) äëÿ ïîñòðîå-
íèÿ íåëèåâñêèõ ðåøåíèé óðàâíåíèÿ (1.7). Îïåðàòîðó X1 àëãåáðû (3.2) îòâå-
÷àåò óðàâíåíèå õàðàêòåðèñòèêè

e−xF (u e−x) ux + ut − u e−xF (u e−x) = 0. (3.3)

Íåÿâíîå ëèåâñêîå ðåøåíèå ýòîãî óðàâíåíèÿ
(
t− F1(u e−x)

)
F (u e−x)− ex = 0 (3.4)

íàðÿäó ñ ïðîèçâîëüíîé ôóíêöèåé, ñâÿçàííîé ñ ñèììåòðèåé (3.2), ñîäåðæèò
âòîðóþ ïðîèçâîëüíóþ ôóíêöèþ, ïîÿâëÿþùóþñÿ â ðåçóëüòàòå èíòåãðèðîâà-
íèÿ. Íàéäåííîå ðåøåíèå ìîæåò áûòü âûáðàíî â êà÷åñòâå íåëîêàëüíîãî àíçà-
öà äëÿ óðàâíåíèÿ (1.7). Ïîäñòàâèâ åãî â óðàâíåíèå è ðàñùåïëÿÿ ðåçóëüòàò ïî
ïåðåìåííîé t, ïðèõîäèì ê ñèñòåìå äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé:

ω(1− ω2F 2)F̈ + 2Ḟ (ω3FḞ + 1) = 0,

ω(ω2 − 1)F1F̈ − 2ḞF1(ωF + 1)− ωFF̈1(ω2F 2 − 1)− 2Ḟ1(ωḞ + F ) = 0,

êîòîðàÿ äîïóñêàåò ðåøåíèÿ

F (ω) = ± 1
ω

, F1(ω) = F1(ω);

F (ω) =
1

2c3ω

(
−1 + tanh

(
−1

2
( ln|ω| − c4)

√
4c2

3 + 1
) √

4c2
3 + 1

)
,

F1(ω) = c1 + ω + c2

(∫
1

F (ω)2ω2
dω

)
.

Çäåñü ω = u(x, t) e−x.

Òåïåðü ëåãêî íàõîäÿòñÿ ñîîòâåòñòâóþùèå íåÿâíûå ðåøåíèÿ (1.7)

−t + F1(u e−x)± u = 0,

(c2 −
√

2)u4 + 2(c1 − t)exu3 +
(
(c2 −

√
2)u + (c1 − t)ex

)
e3(x+c4) = 0.
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Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå, îòâå÷àþùåå âòîðîìó èç ïåðå÷èñ-
ëåííûõ îïåðàòîðîâ àëãåáðû (3.2)

(
e−xF (u e−x) + 1

)
ux − u e−xF (u e−x) = 0, (3.5)

ïîëó÷àåì çàäàííûé íåÿâíî íåëîêàëüíûé àíçàö äëÿ óðàâíåíèÿ (1.7)

u +
∫ u e−x

F (a) da + F1(t) = 0.

Äîîïðåäåëèâ F1(t), ïîäñòàíîâêîé íàéäåííîãî àíçàöà â óðàâíåíèå (1.7),
ïðèõîäèì ê íåÿâíîìó ðåøåíèþ, êîòîðîå çàâèñèò îò ïðîèçâîëüíîé äîñòàòî÷íî
ãëàäêîé ôóíêöèè F (u e−x),

u +
∫ u e−x

F (a) da + t + c1 = 0.

Âûáðàâ â êà÷åñòâå ïðèìåðà íåñêîëüêî ÷àñòíûõ ñëó÷àåâ çàâèñèìîñòè F (u e−x),
ïîëó÷àåì ñîîòâåòñòâóþùèå ðåøåíèÿ óðàâíåíèÿ (1.7).
1. Ôóíêöèè F (a) = a îòâå÷àþò äâà ðåøåíèÿ

u =
(
−ex ±

√
e2x − 2t + c1

)
ex.

2. Âûáðàâ F (a) = a2, íàõîäèì:

u =
1
2
ex

(
−12(t + c1)± 4

√
4e3x + 9(t + c1)2

) 1
3 −

2e2x
(
−12(t + c1)± 4

√
4e3x + 9(t + c1)2

)− 1
3
.

3. Äëÿ çàâèñèìîñòè F (a) = cos (a) ïîëó÷àåì íåÿâíîå ðåøåíèå:

u + sin (u ex) + t + c1 = 0.

Çàìå÷àíèå 3.1. Ðåøàÿ óðàâíåíèå (3.1) ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ò. å.
ïîëàãàÿ u = F1(x)F2(t), ïðèõîäèì ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé

Ḟ2(t)
2

= λ, F̈1(x) = λF1(x)3 + 2F1(x)−1Ḟ1(x)
2 − Ḟ1(x).

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèè

u = (
√

λ t + c1) ec2+x+W (x)2 ,

W (x) = ± erf(W (x))
√

2π − 2
√

λ ec2(c3 − ex),

êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.1), óäîâëå-
òâîðÿþò óðàâíåíèþ (1.7) òîëüêî ïðè óñëîâèè ñòàöèîíàðíîñòè, ò. å. êîãäà îá-
ðàùàåòñÿ â íîëü êîíñòàíòà ðàçäåëåíèÿ λ:

u =
c1

c2e−x − c3
.
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Ïîäîáíûì îáðàçîì ìîæåò áûòü íàéäåíî õàðàêòåðèñòè÷åñêîå äèôôåðåí-
öèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà äëÿ ôóíêöèè v(x, t). Ðåøàÿ óðàâíåíèå
(2.16) îòíîñèòåëüíî u(x, t), ïîëó÷àåì u = vx(vvt)−1. Äèôôåðåíöèðóÿ ëåâóþ
è ïðàâóþ ÷àñòè ýòîãî ðàâåíñòâà ïî t è èñïîëüçóÿ ïîäñòàíîâêó vx = ut, çàïè-
ñûâàåì åãî â ôîðìå

vx = ∂t(vx(vvt)−1).

Ïîñëå óïðîùåíèÿ ïîëó÷åííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà
ïðèîáðåòàåò âèä:

−v2vxv2
t + vvtvtx − vxv2

t − vvxvtt = 0. (3.6)

Îíî îïðåäåëÿåò ñîîòâåòñòâóþùóþ íåëîêàëüíóþ ñèììåòðèþ óðàâíåíèé (2.10).
Äëÿ îòûñêàíèÿ ÷àñòíûõ ðåøåíèé ýòîãî óðàâíåíèÿ âîñïîëüçóåìñÿ åãî ëèåâ-
ñêîé ñèììåòðèåé. Áåñêîíå÷íàÿ àëãåáðà èíâàðèàíòíîñòè óðàâíåíèÿ (3.6) îïè-
ñûâàåòñÿ îïåðàòîðîì

X = F1(x)∂x+v−1(F4(x)v2e
1

2v2 +t(v2+1)F2(v)+v(t+F3(v)))∂t+F2(v)∂v, (3.7)

â êîòîðîì Fi, i = 1, ..., 4 � ïðîèçâîëüíûå ãëàäêèå ôóíêöèè ñîîòâåòñòâóþùèõ
àðãóìåíòîâ.

Ïîëàãàÿ, íàïðèìåð, F1(x) = 1, F2(v) = F3(v) = 0, F4(x) = 0, ïðèõîäèì ê
õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ äëÿ ïîòåíöèàëà

vx + t vt = 0.

Îáùåå ðåøåíèå ïîñëåäíåãî v(x, t) = f(te−x) ïîñëå ïîäñòàíîâêè â óðàâíåíèå
(2.10) è ðàñùåïëåíèÿ ïîðîæäàåò ïåðåîïðåäåëåííóþ ñèñòåìó äâóõ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ω
...
f (ω)(ḟ(ω))2 − 3ωḟ(ω)(f̈(ω))2 − (ḟ(ω))2f̈(ω) = 0,

−(ωf̈ ḟ + ω2ḟ4)
...
f (ω) + 2ωf̈(ω)3 + (2ω2ḟ(ω))3 + ḟ(ω))f̈(ω)2 + ωḟ4f̈(ω) = 0

ñ ðåøåíèÿìè

v = c1t e−x + c2, v = ± ln| t e−x +
√

(t e−x)2 − c1|+ c2.

Åùå îäíî ðåøåíèå óðàâíåíèÿ (2.10) ïîëó÷èì, âûáðàâ äëÿ îïåðàòîðà (3.7)
õàðàêòåðèñòè÷åñêîå óðàâíåíèå â âèäå:

t
(
(v + v−1) + 1

)
vt − 1 = 0.

Ñîîòâåòñòâóþùåå ðåøåíèå óðàâíåíèÿ (2.10) çàäàåòñÿ ðàâåíñòâîì

ln|v| − ln|t|+ 1
2
v2 + v + c1 = 0.

Äðóãèå ðåøåíèÿ óðàâíåíèé (1.7) è (2.10) ìîãóò áûòü ïîñòðîåíû ïîäîáíûì
îáðàçîì èç ïðîèçâîëüíûõ ëèíåéíûõ êîìáèíàöèé îïåðàòîðîâ àëãåáð èíâàðè-
àíòíîñòè (3.2) è (3.6) è ñ ïîìîùüþ ãðóïïîâîãî ìíîãîïàðàìåòðè÷åñêîãî ðàç-
ìíîæåíèÿ.
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4. Ðàçìíîæåíèå ðåøåíèé, èñïîëüçóþùåå íåëîêàëüíûå
ñèììåòðèè óðàâíåíèé

4.1. Ðàçìíîæåíèå ðåøåíèé ñ ïîìîùüþ ïîòåíöèàëüíîé ñèñòåìû

Âûøå áûëî ïîêàçàíî, ÷òî ïîòåíöèàëüíàÿ ñèñòåìà (2.2) ñâÿçûâàåò óðàâ-
íåíèÿ (1.7) è (2.10). Ñëåäîâàòåëüíî, åå óðàâíåíèÿ ìîæåì ðàññìàòðèâàòü êàê
ïðåîáðàçîâàíèå Áýêëóíäà íàçâàííûõ óðàâíåíèé. Âîñïîëüçóåìñÿ ýòèì îáñòî-
ÿòåëüñòâîì äëÿ ðàçìíîæåíèÿ ðåøåíèé óðàâíåíèÿ (1.7). Ïðîöåññ ïîñòðîåíèÿ
íîâîãî ðåøåíèÿ óðàâíåíèÿ èç äàííîãî ìîæåò áûòü îñóùåñòâëåí äâóìÿ ðàç-
ëè÷íûìè ñïîñîáàìè.

Àëãîðèòì 4.1. Ïîäñòàâèì èçâåñòíîå ðåøåíèå óðàâíåíèÿ (1.7) uI(x, t) =
f1(x, t) â ïåðâîå óðàâíåíèå ñèñòåìû (2.2), ðàññìàòðèâàÿ åãî êàê íåëîêàëü-
íîå ïðåîáðàçîâàíèå, ñâÿçûâàþùåå óðàâíåíèÿ (1.7) è (2.10). Ðåøèâ ïîëó÷åí-
íîå óðàâíåíèå îòíîñèòåëüíî v(x, t), íàõîäèì àíçàö vI(x, t) =

∫
f1(x, t) dx +

s1(t). Äëÿ óòî÷íåíèÿ ôóíêöèè s1(t) ïîäñòàâèì íàéäåííûé àíçàö â óðàâíåíèå
(2.10). Ïîëó÷åííîå ïðè ýòîì äèôôåðåíöèàëüíîå âûðàæåíèå îòíîñèòåëüíî
ôóíêöèè s1(t) ðàñùåïëÿåì, èñõîäÿ èç òðåáîâàíèÿ åãî ðåäóêöèè ê ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷àåì ðåøåíèå óðàâíåíèÿ
(2.10) vI(x, t) = ϕ(x, t). Ïîâòîðíî ïîäñòàâèâ ïîñòðîåííîå âûøå ðåøåíèå â
ïåðâîå óðàâíåíèå ñèñòåìû (2.2) è ðåøèâ åãî îòíîñèòåëüíî ôóíêöèè u(x, t),
íàõîäèì íîâîå ðåøåíèå óðàâíåíèÿ (1.7) uII(x, t) = f2(x, t).

Àëãîðèòì 4.2. Âûïîëíèì âñå øàãè àëãîðèòìà 4.1 âïëîòü äî ïîëó÷åíèÿ
ðåøåíèÿ vI(x, t) = ϕ(x, t). Òåïåðü ïîäñòàâèì ýòî ðåøåíèå âî âòîðîå óðàâíå-
íèå ñèñòåìû (2.2). Ðåøèâ åãî îòíîñèòåëüíî ôóíêöèè u(x, t), íàõîäèì íîâîå
ðåøåíèå óðàâíåíèÿ (1.7) uII(x, t) = f2(x, t).

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ ðàçìíîæåíèÿ ðåøåíèé óðàâíåíèÿ (1.7) ñ
ïîìîùüþ îïèñàííûõ àëãîðèòìîâ.

Ïðîäåìîíñòðèðóåì äåéñòâèå àëãîðèòìîâ, ðàçìíîæèâ ïðîñòîå èñõîäíîå ðå-
øåíèå

uI = t.

Ïåðâîå óðàâíåíèå ïîòåíöèàëüíîé ñèñòåìû â ýòîì ñëó÷àå èìååò âèä vx = 1.
Îòêóäà íàõîäèì:

v = x− ln|t + c2|+ c3. (4.1)
Ñëåäóÿ ïåðâîìó àëãîðèòìó, ïîäñòàâèì ýòî âûðàæåíèå äëÿ v(x, t) ïîâòîðíî
â ïåðâîå óðàâíåíèå ñèñòåìû (2.2). Ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ îòíîñè-
òåëüíî u(x, t)

uII = t + f(x)

ïîäñòàâèì â èñõîäíîå óðàâíåíèå (1.7). Ðåøàÿ ïîëó÷åííóþ ñèñòåìó îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

f̈ + ḟ = 0, f f̈ − 2ḟ2 + fḟ = 0,
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íàõîäèì f(x) = c1 è ðåøåíèå óðàâíåíèÿ (1.7)

uII = t + c1.

Â ñîîòâåòñòâèè ñî âòîðûì àëãîðèòìîì âûðàæåíèå (4.1) ïîäñòàâèì âî
âòîðîå óðàâíåíèå ïîòåíöèàëüíîé ñèñòåìû:

∂t(x− ln|t + c2|+ c3)− u−2ux + u−1 = 0.

Ðåøåíèå ýòîãî óðàâíåíèÿ

uIII =
t + c2

1 + (t + c2) e−xs(t)

óòî÷íÿåì, ïîäñòàâèâ åãî â (1.7) è ðåøàÿ ñèñòåìó îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé

ss̈− 2ṡ2 = 0, (t + c2)2s̈ + 4(t + c2)ṡ + 2s = 0.

Îêîí÷àòåëüíî ïîëó÷àåì:
uIII =

t + c2

1 + c3 e−x
.

Ïîäñòàâèì îäíî èç íàéäåííûõ âûøå ðåøåíèé óðàâíåíèÿ (1.7)

uI = ex(c1t + c2)

â ïåðâîå óðàâíåíèå ñèñòåìû (2.2). Ðåøàÿ ïîëó÷åííîå óðàâíåíèå îòíîñèòåëüíî
v, íàõîäèì:

v = c1ex + s(t).

Óòî÷íèì ôóíêöèþ s(t), ïîäñòàâèâ íàéäåííîå âûðàæåíèå â óðàâíåíèå (2.10).
Ïîëó÷àåì ðåøåíèå óðàâíåíèÿ (2.10):

v = c1ex − 4c3(t + c4)−1 + c5. (4.2)

Ïîäñòàâèâ ïîñòðîåííîå âûøå ðåøåíèå ïîâòîðíî â ïåðâîå óðàâíåíèå ñèñòåìû
(2.2) è ðåøèâ åãî îòíîñèòåëüíî ôóíêöèè u(x, t), ïîëó÷àåì ðåøåíèå, ñîâïàäà-
þùåå ñ èñõîäíûì:

uII = ex(c1t + c2).

Íåòðóäíî óáåäèòüñÿ, ÷òî ïîäñòàíîâêà ðåøåíèÿ (4.2) âî âòîðîå óðàâíåíèå ñè-
ñòåìû (2.2) ïðèâîäèò âíîâü ê èñõîäíîìó ðåøåíèþ. Ñëåäîâàòåëüíî, âûáðàííîå
íàìè èñõîäíîå ðåøåíèå ÿâëÿåòñÿ íåðàçìíîæàåìûì îòíîñèòåëüíî ïðåäëîæåí-
íûõ àëãîðèòìîâ.

Ïðèâåäåì äðóãèå ïðèìåðû ðàçìíîæåíèÿ ðåøåíèé óðàâíåíèÿ (1.7) ñ ïîìî-
ùüþ ïðåäëîæåííûõ àëãîðèòìîâ.

Ïîäñòàâèâ âòîðîå èç ïîñòðîåííûõ ëèåâñêèì ìåòîäîì ðåøåíèé (2.12)

uI =
t

c1e−x − c2
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â ïåðâîå óðàâíåíèå ñèñòåìû (2.2), ïîëó÷àåì àíçàö:

v = −c−1
2 (ln|c1ex − c2|+ x) + s(t).

Óòî÷íèâ âûðàæåíèå äëÿ s(t) ïîäñòàíîâêîé â óðàâíåíèå (2.10), íàõîäèì:

v = −c−1
2 (ln|c1ex − c2|+ x) + c2c3(t + c4)−1 + c2ln|t + c4|+ c5. (4.3)

Ïîäñòàâëÿÿ íàéäåííîå ðåøåíèå â ïåðâîå óðàâíåíèå ñèñòåìû (2.2) è ðåøàÿ åå,
ïîëó÷àåì àíçàö:

uII =
t

c1e−x − c2
+ g(x).

Óòî÷íèâ ïðîèçâîëüíóþ ôóíêöèþ g(x) ñ ïîìîùüþ óðàâíåíèÿ (1.7), ÷òî îêà-
çûâàåòñÿ âîçìîæíûì ëèøü ïðè óñëîâèè c4 = −c3(c1−c2)(c1+c2)−1, ïðèõîäèì
ê ðåøåíèþ

uII =
t

c1e−x − c2
+

c3e
3x
2

(c1 − c2ex)2

(
sinh(x/2)− (c1 − c2)

c1 + c2
cosh(x/2))

)
.

Åñëè âîñïîëüçîâàòüñÿ âòîðûì àëãîðèòìîì è ïîäñòàâèòü ðåøåíèå (4.3) âî
âòîðîå óðàâíåíèå ïîòåíöèàëüíîé ñèñòåìû, ïðèõîäèì ê ðåøåíèþ

uII =
t + c4

c7e−x − c2
,

ñ òî÷íîñòüþ äî êîíñòàíò ñîâïàäàþùåìó ñ èñõîäíûì.

4.2. Ðàçìíîæåíèå ðåøåíèé ñ ïîìîùüþ íåëîêàëüíîãî
ïðåîáðàçîâàíèÿ

Ïîñòðîåííîå èíòåãðî-äèôôåðåíöèàëüíîå ïðåîáðàçîâàíèå (2.7), êàê áûëî
äîêàçàíî â òåîðåìå 2.1, îáåñïå÷èâàåò íåëîêàëüíóþ èíâàðèàíòíîñòü óðàâíåíèÿ
(1.7). Ñëåäîâàòåëüíî, âûïîëíèâ ýòî ïðåîáðàçîâàíèå äëÿ èçâåñòíîãî ðåøåíèÿ,
ìû äîëæíû ïîëó÷èòü îïÿòü ðåøåíèå òîãî æå ñàìîãî óðàâíåíèÿ. Â çàâèñèìî-
ñòè îò òîãî, êàêèì îáðàçîì èñêëþ÷àòü èíòåãðàëüíóþ ïåðåìåííóþ èç ïîëó-
÷àþùèõñÿ óðàâíåíèé, ñóùåñòâóåò äâà ðàçëè÷íûõ ñïîñîáà ðåàëèçàöèè ýòîãî
ìåõàíèçìà.

Àëãîðèòì 4.3. Ïóñòü èçâåñòíî ðåøåíèå óðàâíåíèÿ (1.7), çàäàííîå íåÿâíî
óðàâíåíèåì ϕ1(x, t, uI(x, t)) = 0. Âûïîëíèì íåëîêàëüíîå ïðåîáðàçîâàíèå (2.7)
ýòîãî óðàâíåíèÿ. Ïîëó÷àåì:

ϕ1

(
p(r, s)− ε, r + ln|1− ε p(r, s)−1|, s + ε

∫
ps(r, s) dr

)
= 0.

Ðåøèâ ýòî óðàâíåíèå îòíîñèòåëüíî
∫

ps(r, s) dr, íàõîäèì èíòåãðî-äèôôå-
ðåíöèàëüíîå óðàâíåíèå:

∫
ps(r, s) dr = f(r, s, p(r, s), ε). (4.4)
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Ïðîäèôôåðåíöèðîâàâ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà ïî r, ïîëó÷àåì äèôôå-
ðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà:

F1(r, s, p(r, s), pr(r, s), ps(r, s), ε) = 0. (4.5)

Ðåøèì ýòî óðàâíåíèå. Ïåðåîáîçíà÷èâ â íàéäåííîì ðåøåíèè ïåðåìåííûå, ò. å.
çàìåíèâ ïåðåìåííûå (r, s, p(r, s)) íà (x, t, u(x, t)) ñîîòâåòñòâåííî, ïîëó÷àåì
íåÿâíûé àíçàö:

ϕ
(
x, t, uII(x, t), ε

)
= 0. (4.6)

Äëÿ óòî÷íåíèÿ ïîÿâëÿþùåéñÿ â ïðîöåññå ðåøåíèÿ ïðîèçâîëüíîé ôóíêöèè
ïîäñòàâèì íàéäåííûé àíçàö (4.6) â óðàâíåíèå (1.7). Ïîëó÷åííîå ïðè ýòîì
äèôôåðåíöèàëüíîå âûðàæåíèå äëÿ ïðîèçâîëüíîé ôóíêöèè ðàñùåïëÿåì èñõî-
äÿ èç òðåáîâàíèÿ åãî ðåäóêöèè ê ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ïîäñòàâèâ íàéäåííîå ðåøåíèåì ñèñòåìû âûðàæåíèå ïðîèçâîëü-
íîé ôóíêöèè â àíçàö (4.6), íàõîäèì íîâîå ðåøåíèå óðàâíåíèÿ (1.7):

ϕ2

(
x, t, uII(x, t), ε

)
= 0.

Àëãîðèòì 4.4. Âûïîëíèì âñå øàãè àëãîðèòìà 3 âïëîòü äî ïîëó÷åíèÿ óðàâ-
íåíèÿ (4.4). Ïðîäèôôåðåíöèðóåì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà ïî s. Ïî-
ëó÷àåì óðàâíåíèå:

∫
pss(r, s) dr = ∂sf(r, s, p(r, s), ε). (4.7)

Ïîñêîëüêó äëÿ ôóíêöèè p(r, s) ñïðàâåäëèâî óðàâíåíèå (1.7), âîñïîëüçóåìñÿ
ðàâåíñòâîì ∫

pss(r, s) dr = −p(r, s)−1 +
pr(r, s)
p(r, s)2

è ïåðåïèøåì (4.7) èíà÷å

−p(r, s)−1 +
pr(r, s)
p(r, s)2

= ∂sf(r, s, p(r, s), ε). (4.8)

Ðåøèâ ýòî óðàâíåíèå è ïåðåîáîçíà÷èâ â íàéäåííîì ðåøåíèè ïåðåìåííûå, ïî-
ëó÷àåì íåÿâíûé àíçàö ϕ

(
x, t, uII(x, t), ε

)
= 0. Ïîñëåäóþùèå øàãè äàííîãî àë-

ãîðèòìà äîñëîâíî ïîâòîðÿþò ñîîòâåòñòâóþùóþ çàêëþ÷èòåëüíóþ ÷àñòü
àëãîðèòìà 3.

Ðàññìîòðèì ïðèìåðû ðàçìíîæåíèÿ íåêîòîðûõ èç ïîñòðîåííûõ âûøå ðå-
øåíèé óðàâíåíèÿ (1.7) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (2.7). Âîñïîëüçóåìñÿ äëÿ
ýòîãî àëãîðèòìîì 3.
1) Ïåðâîå èíâàðèàíòíî-ãðóïïîâîå ðåøåíèå (2.12)

uI = ex(c1t + c2)

ïåðåõîäèò â

uII =
1
2
ex

(
c3(c1εex + t) + c4 ±

√
(c3(c1εex + t) + c4)2 − 4c2

1ε
2

)
.
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2) Âòîðîå èíâàðèàíòíî-ãðóïïîâîå ðåøåíèå

uI =
t

c1e−x − c2

ãåíåðèðóåò íåÿâíîå ðåøåíèå, çàäàííîå ðàâåíñòâîì
ε2(c2 − c3

2)ln
∣∣(c1e

−x − c2)c3u
II + c2ε

∣∣ + c3c2ε(t− (c1e
−x − c2)uII)+

+c3
2ε2(ln|uII| − x) + c4c2c3

2ε = 0.

3) Ïîëó÷åííîå íàìè ðàíåå ðåøåíèå

uI =
t + c3

c1e−x − c2

ïåðåõîäèò â ðåøåíèå

uII =
1

c1e−x − c4
exp

(
−1

2
LambertW(−G(x, t)) +

1
2
ln|G(x, t)|

)
,

G(x, t) = exp (2 (ln|c1 + c4e
x|+ c4t + c2c4)) .

4) Âûáðàâ èñõîäíîå ðåøåíèå â âèäå

uI =
c1t

−c2e−x + c1
,

íàõîäèì íåÿâíîå ðåøåíèå
(c2

3 − 1) ln| c3(c2 − ex) uII − ex| − c2
3 ln| c3(−1 + c2 e−x) uII|+

c3 uII(1− c2 e−x)− c2
3 ln|c3(c2 − ex)| − c2

3(x− t− c4) + x = 0.

Â ÷àñòíîñòè, ðåøåíèå uI = t, ïîëó÷àåìîå èç ïðåäûäóùåãî ïðè c2 = 0,
ãåíåðèðóåò ôóíêöèþ

uII = e−LambertW(ex+t+x+t). (4.9)
Ïðèâåäåì ïðèìåðû ðàçìíîæåíèÿ ðåøåíèé ñ èñïîëüçîâàíèåì àëãîðèòìà 4.

1) Îïÿòü â êà÷åñòâå èñõîäíîãî âûáåðåì ðåøåíèå

uI =
c1t

−c2e−x + c1
.

Ðàçìíîæèâ åãî â ñîîòâåòñòâèè ñî âòîðûì àëãîðèòìîì, ïðèõîäèì ê ðåøåíèþ

uII = ε exp
(
− LambertW

(
c−1
1 (−c2 + c1ex)e−

c3−t
ε

)
− c3 − t

ε
+ x

)
.

2) Ðàçìíîæèòü íåÿâíîå ðåøåíèå èç ïåðå÷èñëåííûõ â (2.12)
uI

c1
+ ln|1 + c1u

I| − ln|1 + c1u
I|

c1
2

− ln|uI|+ x− t− c2 = 0

óäàåòñÿ, âûáðàâ ñ öåëüþ óïðîùåíèÿ ðàñ÷åòîâ ε = 1. Ïðè ýòîì ïîëó÷àåì:
(c1−1)(c2

1−1)ln|1+c1 uII−c1|−c2
1(t−x+c1x)+c2

1ln| uII|(c1−1)+c1( uII−1) = 0.
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Çàìå÷àíèå 4.1. Ðåøåíèå (4.9) óðàâíåíèÿ (1.7) ïîçâîëèëî ïîñòðîèòü ðÿä ñðàâ-
íèòåëüíî íåñëîæíûõ ðåøåíèé óðàâíåíèÿ (2.10). Òàê, âîñïîëüçîâàâøèñü ïåð-
âûì óðàâíåíèåì ïîòåíöèàëüíîé ñèñòåìû, íàõîäèì ðåøåíèå:

v = ±
(
e−LambertW(ex+t+x+t) − t

)
+ c1.

Âòîðîå óðàâíåíèå ïîòåíöèàëüíîé ñèñòåìû èç ýòîãî æå ðåøåíèÿ ãåíåðèðóåò

v = ±(ln| LambertW(ex+t)| − x) + c2.

Ïîâòîðíîå èñïîëüçîâàíèå ïåðâîãî, è, ñîîòâåòñòâåííî, âòîðîãî óðàâíåíèÿ ïî-
òåíöèàëüíîé ñèñòåìû, ò. å. çàâåðøåíèå òðåòüåãî è ÷åòâåðòîãî àëãîðèòìîâ ðàç-
ìíîæåíèÿ, äàåò îäíî è òî æå ðåøåíèå:

u = LambertW(ex+t).

5. Çàêëþ÷åíèå è îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ

Â ïðåäëîæåííîé ñòàòüå ïîêàçàíî, ÷òî ïîòåíöèàëüíàÿ ñèììåòðèÿ íåëèíåé-
íîãî òåëåãðàôíîãî óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé ÷àñòíûé ñëó÷àé íåëîêàëü-
íîé ñèììåòðèè îòíîñèòåëüíî êîíå÷íîãî èíòåãðî-äèôôåðåíöèàëüíîãî ïðåîá-
ðàçîâàíèÿ Ëè � Áýêëóíäà. Ýòî ïðåîáðàçîâàíèå ïîëîæåíî â îñíîâó äâóõ àë-
ãîðèòìîâ, ñ ïîìîùüþ êîòîðûõ âûïîëíåíî ðàçìíîæåíèå ðÿäà òî÷íûõ ðåøå-
íèé óðàâíåíèÿ. Îòìå÷åííàÿ íåëîêàëüíàÿ ñèììåòðèÿ îïðåäåëÿåòñÿ ïîñðåä-
ñòâîì õàðàêòåðèñòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà, âûâîäèìûõ èç ëèåâ-
ñêîãî îïåðàòîðà, îïèñûâàþùåãî ïîòåíöèàëüíóþ ñèììåòðèþ óðàâíåíèÿ. Ëè-
åâñêèå èíâàðèàíòíî-ãðóïïîâûå ðåøåíèÿ ýòèõ õàðàêòåðèñòè÷åñêèõ óðàâíåíèé
ñëóæàò èñòî÷íèêîì íîâûõ íåëèåâñêèõ ðåøåíèé óðàâíåíèé, ñâÿçàííûõ ïîòåí-
öèàëüíîé ñèñòåìîé. Ïîñòðîåíû Ëè èíâàðèàíòíî-ãðóïïîâûå ðåøåíèÿ òàêèõ
óðàâíåíèé è àëãîðèòìû, ïî êîòîðûì âûïîëíåíî èõ ðàçìíîæåíèå. Â ÷èñëå
íàéäåííûõ ïðèñóòñòâóþò íîâûå ðåøåíèÿ.

Â ñëåäóþùåé ñòàòüå ìû ñòðîèì êîíå÷íîå èíòåãðî-äèôôåðåíöèàëüíîå ïðå-
îáðàçîâàíèå, ëèíåàðèçóþùåå ðàññìîòðåííîå íåëèíåéíîå òåëåãðàôíîå óðàâíå-
íèå è ñâÿçàííîå ñ íèì íåëèíåéíîå óðàâíåíèå äëÿ ïîòåíöèàëà. Ñ åãî ïîìîùüþ
áóäóò íàéäåíû íîâûå ïîòåíöèàëüíûå è íåëîêàëüíûå ñèììåòðèè è ïîñòðîåíû
íîâûå òî÷íûå ðåøåíèÿ.
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