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A b s t ra c t . We proposed a joint algorithm of calculat-
ing of transient and steady -state parametric sensitiv ity  of 
the three-phase induction motor. D ifferential eq uations of 
dev ice are presented in normal C auchy ’ s form. T ransient 
process is obtained for giv en initial conditions, steady -state 
- for those that ex clude the transient reaction.  T he results 
of simulations are giv en. 

 

K e y w ord s :  transient and steady -state parametric 
sensitiv ities, three phase induction motor. 
 
I n t rod u c t ion .  

C alculation of the parametric sensitiv ity  of electrical 
dev ices is the final stage of problem analy sis, w hich is 
building a bridge to the task  of sy nthesis. S tages of calcula-
tion of transient and steady -state processes and determine 
the static stability  deriv ed steady -state processes precede 
this stage. We propose a common algorithm that is based 
on the general theory  of nonlinear differential eq uations to 
solv e the complete problem of analy sis. T w o-point bound-
ary  v alue problem is solv ed for ordinary  differential eq ua-
tions of the electromechanical state. 

T o solv e this problem it w as necessary  to first: con-
struct a mathematical model of the dev ice, as w ell as aux il-
iary  model of parametric sensitiv ity  [ 1 ] . T his w as the basis 
construction of monodromy  matrix  of, and on its basis 
simulation transient and steady -state process, but at the 
same time steady -state parametric sensitiv ity . 

 
M a t h e m a t ic a l  m od e l .  

We w rite the eq uations of the electromagnetic state 
of motor as [ 1 ]  
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H ere ik=(ikA ,ikB )t, k =S ,  R are columns of phase cur-
rents of the stator w inding and transformed currents of 
rotor w inding;  uk=(ukA ,ukB )t, k =S ,  R are columns of phase 
v oltages of the stator w inding;  AS, ASR, ARS, AR are matrices  
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H ere τ , ρ  are і nv erse static and differential induc-
tance, w e find them by  characteristic of magnetiz ation of 
machine (no-operation state) as: 
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w here im is the module of spatial v ector currents magnetiz a-
tion 

2 22 ( ) / 3; ; .m A A B B A SA RA B SB RBi i i i i i i i i i i= + + = + = +  (7 ) 
I n the absence of saturation characteristics of mag-

netiz ation degenerates into a straight line im = αmψm, w here 
αm is inv erse main inductance, and the matrix  (4 ) according 
to (6 ) – in diagonal 
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w hich greatly  simplifies eq uation (1 ). I n this case, w e get 
the simplest of all k now n mathematical model of asy nchro-
nous motor;  RS ,  RR – matrix  of resistances 
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Moreov er αS ,  αR are inv erse inductance of dissipation of 
stator w inding and rotor;  rS is resistance of stator phases;  rR 
is giv en resistance of rotor w inding;  Ω is matrix  of angular 
v elocity  ω. 

C omponents column of complete link ages of stator 
w indings and rotor w e found so: 
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k

i i i j A B k S RΨ = + + = =
τ α

 (1 0 ) 

E lements of columns v oltage stator and rotor 
0

0 0( sin( ), sin( 120 )) ; 0,S m m t Ru U t U t u= ω ω − =  (1 1 ) 
w here Um, ω0 are amplitude and circular freq uency  of v olt-
age. 

T he eq uation of mechanical condition has the form 
0
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where M(ω) is mecha nica l  moment ;  p0 is nu mber of  p a irs 
of  ma g net ic p ol es;  J is moment  of  inert ia  of  t he rot or;  ME is 
el ect roma g net ic moment .  

T he syst em of  dif f erent ia l  eq u a t ions (1 ), (1 2 ) is a  
ma t hema t ica l  model  of  t he A -a synchronou s mot or. I t  is 
int ended f or t he a na l ysis of  t ra nsient  a nd st ea dy-st a t e p roc-
esses. F or p ra ct ica l  u se it  is necessa ry t o k now t he f ol l ow-
ing  inp u t  da t a :  resist a nce a nd inv erse indu ct a nce of  dissip a -
t ion of  st a t or winding s a nd rot or;  cha ra ct eriz a t ion in no-
op era t ion st a t e, whil e neg l ect ing  t he sa t u ra t ion of  t he ma in 
ma g net ic circu it  – t he inv erse of  t he p rima ry indu ct a nce of  
t he ma chine, t he nu mber of  p a irs of  ma g net ic p ol es a nd t he 
moment  of  inert ia  of  t he rot or. I np u t  sig na l s a re:  p ha se of  
su p p l y v ol t a g e a nd mecha nica l  moment  on t he sha f t . 

 
The solution of Cauchy’s problem.  

T he syst em of  ordina ry dif f erent ia l  eq u a t ions (1 ), 
(1 2 ) we writ e in t he g enera l  f orm 

( , ), ( , ) .tdx f x t x idt = = ω    (1 3 ) 

I nt eg ra t ion of  dif f erent ia l  eq u a t ions (1 3 ) f or g iv en 
init ia l  condit ions 0( ) (0)tx t x=+ =  const it u t es t he C a u chy' s 
p robl em f or a  g iv en syst em of  dif f erent ia l  eq u a t ions, which 
p resent s a  p robl em of  ca l cu l a t ing  t he t ra nsient  el ect rome-
cha nica l  p rocesses of  mot or. W e mu st  f irst  f ind t he ma t rix  
of  monodromy t o sol v e t wo-p oint  bou nda ry v a l u e p robl em. 

 
The matrix  of monod romy.  

W e wil l  u se col u mn of  u nk nown х  (1 3 ). B u t  f or 
bu il ding  a u x il ia ry model  of  sensit iv it y, we wil l  f orm col -
u mn of  u nk nown у 

( , ) .ty = Ψ ω         (1 4 ) 
A p p rop ria t e (1 4 ) t he dif f erent ia l  eq u a t ion (1 ) ha s t he 

f orm 

,
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Ψ ′= − Ω Ψ −    (1 5 ) 

T he ma t rix  of  monodromy we writ e in t he f orm [ 1 ] 
( , ) ,tz wΦ = Α           (1 6 ) 

where 

; .( 0 ) ( 0 )z wx x
∂Ψ ∂ω= =∂ ∂      (1 7 ) 

V a ria t ion eq u a t ions f or ca l cu l a t ing  su bma t rix  (1 7 ) 
we obt a in by dif f erent ia t ion by x(0 ) eq u a t ions of  el ect ro-
mecha nica l  st a t e (1 2 ), (1 5 ).   

D if f erent ia t ing  (1 5 ), we obt a in  
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dt

′∂ Ω′= − Ω + Α − Ψ
∂ ω

         (1 8 ) 

D if f erent ia t ing  by x(0 ) (1 2 ), we obt a in 
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D eriv a t iv es ),0(/),0(/),0(/ xixx SASBSA ∂∂∂Ψ∂∂Ψ∂  
)0(/ xiSB ∂∂  a re el ement s of  ma t rices z,  A z, so t hey a re 

k nown.  
T heref ore, t he const ru ct ion of  ma t rix  of  monodromy 

a synchronou s mot or req u ires int eg ra t ing  t he eq u a t ions of  
f irst  v a ria t ion (1 8 ), (1 9 ). 

 
The solution of tw o-point bound ary v alue problem.  

T here a re some init ia l  condit ions x(0 ), which in t he 
int eg ra t ion (1 3 ) on t he int erv a l  f rom 0  t o T ena bl e ent er 
direct l y int o t he p eriodic sol u t ion, byp a ssing  t he t ra nsient  
resp onse. T hese init ia l  condit ions we consider a s a n a rg u -
ment  eq u a t ion of  p eriodicit y 

( )( ) ( ) ( )( )0 0 0 , 0f x x x x T= − = ,  (2 0 ) 
where Т – p eriod. 

T he sol u t ion of  nonl inea r t ra nscendent a l  eq u a t ion 
(2 0 ) we wil l  imp l ement  by t he N ewt on’ s it era t ion met hod 

( ) ( ) ( )( ) ( )( )1( 1) ( ) ( ) ( )'0 0 0 0s s s sx x f x f x−+
= − .        (2 1 ) 

J a cobi' s ma t rix  we g et  by dif f erent ia t ion by x(0 ) t he 
obj ect iv e f u nct ion (2 0 ) 
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M a t rix  (2 3 ) is t he desired monodromy ma t rix  of  (1 6 ) 
a t  t ime t = T. H er mu l t ip l iers g iv e a  comp l et e a nswer a bou t  
st a t ic st a bil it y f ou nd p eriodic st a t e. 

A t  t he s-t h it era t ion N ewt on' s f ormu l a s (2 1 ) l inea r 
v a ria t iona l  eq u a t ion (1 8 ), (1 9 ) a re su bj ect  comp a t ibl e int e-
g ra t ion wit h t he non-l inea r (1 ), (1 2 ) in t he t ime int erv a l  
[ 0 ,T]. A s a  resu l t , we f ind t he obj ect iv e f u nct ion (2 0 ) a nd 
t he desired J a cobi' s ma t rix  (2 2 ), (2 3 ), which f u l l y def ines 
rig ht  p a rt  of  it era t iv e f ormu l a s (2 1 ) a nd t hen - a nd it s de-
sired l ef t  side x(0 )(s+1). T he p rocess of  I t era t ion ends when 
it  rea ches a  g iv en a ccu ra cy ent ering  in p eriodic sol u t ion.  

T he ma t rix  of  monodromy Ф  (2 3 ) is, in f a ct , a  ma t rix  
of  sensit iv it y t o init ia l  condit ions. E a ch of  t he l ine ca n be 
considered a s a  g ra dient  of  cert a in v a ria bl e in t he sp a ce of  
init ia l  condit ions, a nd ea ch col u mn describes t he sensit iv it y 
of  t he whol e set  of  v a ria bl es t o t he sa me init ia l  condit ions. 
T heref ore, t he dif f erent ia l  eq u a t ion (1 8 ), (1 9 ) ca n be re-
g a rded a s t he model  sensit iv it y t o init ia l  condit ions.  

 
The mod el of parametric sensitiv ity.  

T he p robl em of  ca l cu l a t ing  t he of  p a ra met ric sensi-
t iv it y t he ea siest  t o sol v e v a ria t iona l  met hods a s a  simp l e 
a ddit ion t o t he a l g orit hm a ccel era t ed sea rch of  p eriodic 
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solutions of nonlinear differential equations based on New -
ton' s iteration (2 1 ). 

W e denote v ec tor of c onstant p aram eters as 
( )nλλλ=λ ,,, 21 … .  (2 4 ) 

E lem ents of c olum n λ are any  c onstants p aram eters 
w h ic h  in turn m ay  be func tions of oth er struc tural c onstant 
p aram eters. C alc ulation of p aram etric  sensitiv ity  on th ese 
p aram eters is p erform ed sim ilarly , but deriv ativ es by  λ 
sh ould be tak en ac c ording  to th e rules of differentiation of 
c om p lex  func tions. 

M atrix  of p aram etric  sensitiv ities determ ined as th e 
deriv ativ e 

xS ∂=
∂λ

.     (2 5 ) 

A rg um ent x, w e find from  equation (1 3 ) w e w rite th e 
m ore g eneral form :  

( )1/ , ,dx dt f x t= λ ,               (2 6 ) 
D ifferentiating  (2 6 ) by  λ w e obtain linear p aram etric  

equation 
( ) ( )1 1, , , ,f x t f x td S Sd t x

∂ λ ∂ λ
= +

∂ ∂λ
.           (2 7 ) 

I n steady -state c ondition x(0 )=x(T), so equation (2 7 ) 
is also S(t) a p eriodic  solution. 

T ak ing  p artial deriv ativ es by  x and t in th e rig h t p art 
(1 ), (1 2 ) is quite a diffic ult task , but it is also not feasible. 
T h erefore, w e introduc e th e m atrix  of aux iliary  p aram etric  
sensitiv ities χ elativ e to som e oth er v ec tor y (1 4 ):  

dy
dχ = λ .      (2 8 ) 

T h e equation of state of th e inv estig ated obj ec t in re-
lation to th e v ec tor y, w e w rite also in th e g eneral form :  

( )2/ , ,dy dt f y t= λ ,   (2 9 ) 
f2 is T– p eriodic  by  t. 

D ifferentiating  (2 9 ) by  λ and tak ing  into ac c ount 
(2 5 ), (2 8 ), w e obtain 

( ) ( )2 2, , , ,f y t f y td
dt y

∂ λ ∂ λχ = χ +∂ ∂λ .                (3 0 ) 

E quation (1 4 ) also h as a p eriodic  solution ( )tχ . 
F unc tion χ(t), besides p erform ed sup p orting  roles, c onsti-
tutes often indep endent interest. 

M atrix  of p aram etric  sensitiv ities S in our c ase re-
p eats (1 6 ) 

( , ) ,tS = Αχ η           (3 1 ) 
w h ere 

( , ) ; ; .tiS ∂ ω ∂Ψ ∂ω= χ = η =∂λ ∂λ ∂λ   (3 2 ) 

W e p rov ide th e equation (1 5 ) form  (2 9 ) 

1
,

d u R L
dt

−
Ψ ′= − Ω Ψ − Ψ         (3 3 ) 

w h ere 1L−  is inv erse m atrix  of static  induc tanc es [ 1 ]  
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(3 4 ) 
R ec all, th at th e Т w e obtain from  (5 ). 
T o obtain equation (3 0 ) is suffic ient ac c ording  to 

(2 8 ) to differentiate by  λ (3 3 ) 

( ) .d R F
dt
χ = − Ω + Α χ +       (3 5 ) 

H ere 
1

.
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 (3 6 ) 

w h ere L is m atrix  of static  induc tanc es [ 1 ]  
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m oreov er lS=1 / α S ,  lR= 1 / α R is induc tanc e of dissip ation of 
stator w inding s and rotor;  lτ= 1 / τ is basic  static  induc tanc e 
(see (6 )). 

D ifferentiating  by  λ (1 2 ), w e obtain 

( )

0

0

( )

(1 / )( ) ,

E

E

p Md M
d t J

Jp M M

∂η ∂ ω = − η + ∂λ ∂ω 
∂+ − ω ∂λ

          (3 8 ) 

w h ere 

03 ( )E
S A S B S A S B S B S A S B S A

M p i S i S∂ = χ + Ψ − χ − Ψ∂λ . (3 9 ) 

M atrix  of p aram etric  sensitiv ity  (3 1 ) w e w ill be di-
v ided into c olum ns and w rite as a string  

( )1 2, , , mS S S S= … ,  (4 0 ) 
w h ere m is th e num ber of elem ents of th e v ec tor of c on-
stant p aram eters λ= (λ1,λ2,… ,λm), λ= c onst. M oreov er 

( , ) / , 1, 2, ,i t iS d i i m= ω ∂λ = …             (4 1 ) 
are v ec tors of p aram etric  sensitiv ities elem ents of th e v ec -
tor x to som e c onstant p aram eters. 

T h e c ondition of p eriodic ity  S w e w rite sim ilarly  to 
(2 0 ) 

( )( ) ( ) ( )( )0 0 0 , 0, 1, 2, ,i i i iF S S S S T i n= − = = … . (4 2 ) 
E quation (4 2 ), w e also solv e th e iteration New ton' s 

m eth od, but sinc e (3 5 ) and (3 8 ) are linear equations th en 
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solut i on w e  ge t  p e r  one  i t e r at i on. I n t h e  z e r o ap p r ox i mat i on 
( 2 1 )  w i ll 

( ) ( )( ) ( )1( 1) ( 0 ) ( 0 )'0 0 , 1, , .i i iS F S S T i n
−

= = …     ( 4 3)  

J ac ob i ' s mat r i x  i s e x p r e sse d  t h r ough  a k now n mat r i x  
( 1 6) , ob t ai ne d  f r om t h e  c alc ulat i on of  p e r i od i c  solut i on 
( ) ( )x t x t T= + : 

( )( ) ( )(0)' 0 ФiF S E T= − .       ( 4 4 )  

I n a si ngle  i t e r at i on of  f or mula ( 4 3)  c omp at i b le  i nt e -
gr at i on on t h e  i nt e r val [ 0,T] ar e  d i f f e r e nt i al e q uat i ons ( 1 ) , 
( 1 2 )  w i t h  t h e  i ni t i al c ond i t i ons, e x c lud i ng t r ansi e nt  r e ac -
t i on, and  ( 35 ) , ( 38 )  w i t h  z e r o i ni t i al c ond i t i ons. M ovi ng i n 
ad vanc e  ac c or d i ng t o ( 31 )  f r om Si ( 0)  t o χi ( 0)  w e  ge t  t h e  
p e r i od i c  solut i on: ( ) ( ) ( ) ( )0, 0t t T t t Tχ + χ + = η + η + = . 
S e nsi t i vi t y  S  w e  f i nd  f r om ( 31 ) . 

P e r i od i c  solut i ons ar e  not  alw ay s e asy  t o use . T h e r e -
f or e , w e  c an move  t o t h e i r  r oot -me an-sq uar e  value s  

2

0

1 ( ) .
T

S t dt
T

= ∫S   ( 4 5 )  

R e c all t h at  i nt e gr al of  mat r i x  t ak e n as mat r i x  of  i nt e -
gr als of  i t s i nd i vi d ual e le me nt s. 

T i me  d i sc r e t i z at i on gi ve n d i f f e r e nt i al e q uat i ons and  
d i f f e r e nt i al e q uat i ons of  se nsi t i vi t y  ( t o i ni t i al c ond i t i ons 
and  p ar ame t r i c )  p e r f or me d  b y  e x p li c i t  or  i mp li c i t  me t h od s. 
Esp e c i ally  h ar moni ously  c omb i ne d  t h e m c omp at i b le  solu-
t i on i n t h e  c ase  of  i mp li c i t  me t h od s, b e c ause  J ac ob i ' s ma-
t r i c e s t h e  mai n e q uat i on and  e q uat i on of  ob j e c t i ve s mat c h .  

 
The results of simulations.  

O n F i g. 1  – F i g. 4  ar e  sh ow n t h e  r e sult s of  t h e  si mu-
lat i on.  

 
F i g .  1 .  S t e a d y -s t a t e  p a r a m e t r i c  s e n s i t i v i t y  o f  t h e  s t a t o r  c u r r e n t  t o  t h e  

r e s i s t a n c e  o f  r o t o r  w i n d i n g  

 
F i g .  2 .  S t e a d y -s t a t e  p a r a m e t r i c  s e n s i t i v i t y  o f  t h e  s t a t o r  c u r r e n t  t o  t h e  

a m p l i t u d e  o f  v o l t a g e  

 
F i g .  3 .  S t e a d y -s t a t e  p a r a m e t r i c  s e n s i t i v i t y  o f  t h e  e l e c t r o m a g n e t i c  m o m e n t  

t o  m o m e n t  o f  i n e r t i a  o f  t h e  r o t o r  

 
F i g .  4.  S t e a d y -s t a t e  p a r a m e t r i c  s e n s i t i v i t y  o f  t h e  a n g u l a r  v e l o c i t y  t o  t h e  

i n d u c t a n c e  d i s s i p a t i o n  o f  r o t o r  w i n d i n g  

B e low  t h e r e  i s a t ab le  of  f ull r oot -me an-sq uar e  se nsi -
t i vi t i e s ( 4 5 )  of  st at or  c ur r e nt , angular  ve loc i t y  and  e le c t r o-
magne t i c  mome nt  t o t h e  c or r e sp ond i ng c onst ant  p ar ame t e r s 

 
 Sr  Rr  mU  J  Rl  Sl  

SAi  4 .9  0.9  7 .4 E-
03 

1 .4 E-
04  1 9 .1  37 8 .6 

ω  1 .2  2 .2  1 .2 E-
03 

3.2 E-
04  5 9 .2  4 6.9  

EM
 37 .3 1 .9  5 .1 E-

02  
1 .4 E-
02  2 08 5 .6 2 1 1 7 .5  

 
C onc lusion.  

I f  t h e  c alc ulat i on of  st e ad y -st at e  p r oc e sse s of  e le c t r i -
c al mac h i ne s r e d uc e d  t o t w o-p oi nt  b ound ar y  value  p r ob le m 
f or  or d i nar y  d i f f e r e nt i al e q uat i ons of  t h e  e le c t r ome c h ani c al 
st at e , t h e n b ui lt  on t h i s b asi s algor i t h ms allow  t o c ount  
t r ansi e nt  and  st e ad y -st at e  p r oc e sse s, st at i c  st ab i li t y  and  
p ar ame t r i c  se nsi t i vi t y  on a c ommon mat h e mat i c al b asi s of  
t h e  ge ne r al t h e or y  of  non-li ne ar  or d i nar y  d i f f e r e nt i al e q ua-
t i ons. T h e  p r op ose d  algor i t h m i s e f f e c t i ve  me t h od  of  analy -
si s of  t r ansi e nt  and  st e ad y -st at e  p r oc e sse s i n p r ob le ms of  
e le c t r ome c h ani c s. I t  mak e s i t  p ossi b le  t o ob t ai n d e si r e d  r e -
sult s w i t h  p r e d e t e r mi ne d  ac c ur ac y . T h at  w i ll not  p r ovi d e  
t h e  me t h od s of  t i me le ss sp ac e . 
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