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Abstract

In this paper we analyze a two-dimensional laminar flow past an elliptic cylinder in
case the major axis is parallel to the flow. Attention is limited in high speed regions
under a subcritical condition, using a potential function of series type comparable
with separation as an outside boundary condition. Numerical analysis is based on
a spectral finite difference scheme to give velocity profile near the surface and drag
characteristics in comparison with traditional experimental data.
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1 Introduction

Aerodynamic drag and lift is concerned with performance characteristics of aviation and
data were accumulated broadly in Ref.[4] and [5]. In a very slow flow regime, under
a suitable situation analytical approximation of fluid flow is possible as in Ref.[6] and
[3]. For a flow past an elliptic cylinder at moderate Reynolds numbers, experimental
treatment was given in Ref.[9], and numerical one in Ref.[§]. In an intermediate regime,
application of a boundary-layer theory [10] is possible. For a subcritical flow regime over a
simple shape, Zahm [12] got experimental evaluation on pressure distribution and velocity
profiles on the body surface, whereas Freeman [2] and Schubauer [I1] got experimentally
velocity profiles in the vicinity of the body surface (elliptic cylinder), and Lindsey [7] and
Delany and Sorensen [I] obtained experimental data of drag coefficients vs. a Reynolds
number for various aspect ratios of an elliptic section, covering data for a subcritical
region.

In this paper, a moderately high but subcritical speed flow over a single two-dimensional
elliptic cylinder is analyzed. Steady-state incompressible viscous laminar sublayer model
is assumed. The target cylinder is assumed to be placed normal to a uniform flow, the
direction of which is that of the major axis of the section. Outside of the surface sublayer,
the flow is assumed to be governed by a potential flow, which can be determined by the
wake configuration (i.e. sensitive to the outer barrier), resulting in any deviation but

restricted from far away field condition irrespective of possessing separation or not.

2 Analysis
2.1 Basic equations

Under a subcritical regime, fluid properties such as density and viscosity are assumed to
be constant, so that the fluid is regarded to be incompressible. Hereafter it is assumed
that length, velocity, and time are made dimensionless with respect to the semi-major
axis a (of the elliptic section), free stream velocity U.,, and a/U,, respectively. Let (z,y)
be a Cartesian coordinate system such that the direction of the positive z-axis is that of
the uniform flow. Let («, 5) be an elliptic coordinate system (in the zy-plane) such that

a = 0 corresponds to the surface of the cylinder. Thus

z =z + 1y = cosh(ap + o + i)/ cosh o,

(@ =0),[8] <, (1)
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where oy = tanh™'(semi-minor axis/semi-major axis). Then the equation of vorticity
transport (in a two-dimensional flow of Newtonian fluid) can be expressed as

Jﬁg“ 9(C, ) 1 <82 . 0? )C,

(2)

ot 9(a,B) Re\da? ' 9p?
9?2 P
B dz 2
‘d(a B ()

where 1, ( are dimensionless stream function, and vorticity respectively. Re : Reynolds

number = alU,, /v, v : kinematic viscosity.
2.2 Fluid flow behaviour outside of the laminar
sublayer

Complex flow potential function F'(= ¢+it) over a cylinder surface (¢: potential function)

is given by

e 1
2 cosh ’ —1 )
o (a+26>+1—26ncoshn(a+zﬂ) ®)

n>2

~ 2cosh Qp

provided Y €2 < 1, ¢, : real, and for pole(s), a, of F, |a| <{1. The latter condition for
poles is automatically satisfied if nonzero coefficients are finite. If || for the argument of

I is moderate,

FNL{2005h(oz+iﬁ)+Zencoshn(oz+zﬂ)}, (6)

2 cosh oy
n>2
2.3 Boundary conditions

At the surface of the cylinder, no-slip conditions are specified. That is,

(e =0,8) =0, (7)
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oy B
L (a=0.5)=0. (®)

At the location outside of the viscous sublayer (o = ay (> 0))

Y(aoo, B) = SH{F (o +18)}, 9)

3 Numerical solution procedure
3.1 Primary variables

Since flow is assumed to be symmetric with respect to the z-axis, the stream function v

and vorticity ( can be expanded into the following Fourier series of 3:

0=t (1) sinnf, ()
n=1

(=G, (o t)sinng. (12
n=1

Then, using the addition formulae of trigonometric functions, Eqgs.(2) and (3) can be
separated into each Fourier component of 3, which constitutes a system of of differential

equations with respect to ,’s and (,’s.
3.2 Numerical integration scheme

By truncating the series (11) and (12) up to a certain order the governing Eqs.(2)-(4) can
be decomposed into Fourier components, and by discretizing the system of equations in
space and time by a finite difference method incorporated with boundary conditions, the
system of equations can be integrated with respect to time by a semi-implicit method to
give a steady-state solution. Special attention should be placed on boundary conditions.

Eq.(8) is replaced by
2

where h is the value of the coordinate o at the discretized point nearest to the cylinder

surface. Among many possibilities, g—g (oo, 8) = 0 (which is originally a necessary condi-

tion) is introduced for discretized equations, resulting in reducing one discretized point of

4
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application for Eq.(2) or (3). For a., to cover the viscous laminar sublayer fully inside

dc
Qoo = o (14)
c>1,
where c is a suitably chosen constant.
4 Results
Velocity component parallel to the surface, u, is given by
1 oy (15)

In the following analysis ¢ for Eq.(14) = 1.4.
Figure 1 shows a velocity profile on the surface of a cylinder, the ratio of a major axis to
a minor axis is 3.01 at Re = 2.09 x 10° (experimental [11]), 2 x 10° (numerical, current

paper).

alm goo o 0 O O @
o
o

=] ] ] J

Fig. 1: Velocity profile

s : dimensionless arc length based on the minor axis from the forward stagnation point,
Yn: distance (based on a) measured from the elliptic surface (v = 0) at a given s.

o: s=0.251, [1I]; e : s =0.251, ¢, =0, n > 2, current (Cp = 0.322); a: s = 0.251,
ea = —0.05, ¢, =0, n > 3, current (Cp =0.241);0 : s =2.52, [II];m: s =252 ¢, =0,
n > 2, carrent, v: eg = —0.05, ¢, = 0, n > 3, current.

Drag coefficient Cp (based on apUZ, p: density) is given by

sl fiell o
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where integration is carried at a = 0. Figure 2 shows characteristics of Cp in case of the
ratio of the length of the major axis to that of the minor = 2. For the current analysis
€, =0, n2>3.

| | ‘ |

Fig. 2: Drag coefficients
o, A : experimental [I], 57 : experimental [7]; ® : e = —0.2, current; v: e, = —0.1,
current; m : €5 = 0, current.

5 Discussion

Equation (5) has a possibility to give a separation, where at a point fs, u(as, Bs) = 0. For
example, if ¢ = —0.2 and €3 = —0.2, ¢, = 0, n > 4, then f; = 0.47, x(as + i55) ~ 0.76.

6 Conclusions

Introducing a potential flow function in series type comparable with separation gives
reasonable velocity profiles in the viscous layer near the cylinder surface and reasonable
drag coefficients, using a spectral finite difference scheme. The assumption is just satisfied

in case of a slender elliptic cylinder, the major axis of which is parallel to the flow.

References

[1] Delany, N. K., Sorensen, N. E., Low-Speed Drag of Cylinders of Various Shapes,
NACA TN 3038 (1953), 1-24.

[2] Freeman, H. R., Measurements of Flow in the Boundary Layer of AII/40-Scale
Model of the U. S. Airship "AKRON”, NACA Report No. 430 (1933), 567-579.

6



D. Akita, Y. Mochimaru, CMMPG, vol. 1, No. 1 (2015), 1-7

3]

[4]

[10]

[11]

[12]

Happel, J., Brenner, H., Low Reynolds Number Hydrodynamics with Special Ap-
plications to Particulate Media, Prentice Hall, 1965.

Hoerner, S. F., Fluid-Dynamic Drag, theoretical, experimental, and statistical in-

formation, Hoerner, 1965.

Hoerner, S. F., Borst, H. V., Fluid-Dynamic Lift, Practical Information on Aerody-
namic and Hydrodynamic Lift, Hoerner, L. A., 1985.

Lamb, S. H., Hydrodynamics, 6th Ed., Cambridge Univ. Press, 1932.

Lindsey, W. F., Drag of Cylinders of Simple Shapes, NACA Report No. 619 (1938),
169-176.

Mochimaru, Y., Numerical Simulation of a Flow past an Elliptic Cylinder at low
and moderate Reynolds Numbers, The second KSME-JSME Fluids Eng. Conf., 1
(1990), 424-429.

Richards, G. J., Phil. Trans. Roy. Soc. London, 233 (1934), 279-301.
Schlichiting, H., Boundary-Layer Theory 6th Ed., McGraw-Hill, 1968.

Schubauer, G. B., Air Flow in the Boundary Layer of an Elliptic Cylinder, naca
Report No. 652 (1939), 207-226.

Zahm, A. F., Flow and Drag Formulas for Simple Quadrics, NACA Report No. 253
(1927), 517-536.




