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Anti fuzzy ideal extension of ['—semiring

M. Murali Krishna Rao and B. Venkateswarlu

ABSTRACT. In this paper the concept of anti fuzzy prime ideal, anti fuzzy semi
prime ideal ,anti fuzzy ideal extension in a I'—semiring have been introduced.
We obtain a characterization of a prime ideal of a I'—semiring in terms of anti
fuzzy ideal extension of complement of its characteristic function.

1. Introduction

The notion of semiring was introduced by H. S. Vandiver [14] in 1934.The
notion of I'—ring was introduced by N. Nobusawa [10] as a generalization of ring
in 1964. M. K. Sen [13] introduced the notion of I'—semigroup in 1981. The
notion of ternary algebraic system was introduced by Lehmer [5] in 1932, Lister [6]
introduced ternary ring. Dutta & Kar [1] introduced the notion of ternary semiring
which is a generalization of ternary ring and semiring. In1995, M. Murali Krishna
Rao [7] introduced the notion of I'—semiring which is a generalization of I'—ring,
ternary semiring and semiring. After the paper [7] published, many mathematicians
obtained interesting results on I'—semiring. L. A. Zadeh [16] introduced the notion
of a fuzzy subset p of a set X as a function from X into [0,1]. The concept of fuzzy
subgroup was introduced by A. Rosenfeld [11]. In 2001, X. Y. Xie [15] introduced
the notion of extension of fuzzy ideal in semigroups. In 2009, M. Shabir and Y.
Nawaz [12] M. Khan and T. Asif [4] introduced the notion of an anti fuzzy ideal
in semigroups. Zhan, Dudek , Jun contributed a lot of theory of fuzzy semiring.
In 2011, T. K. Dutta et .al [2] introduced the notion of fuzzy ideal extension in
a ['—semiring . In this paper the concept of anti fuzzy prime ideal , anti fuzzy
semiprime ideal, anti fuzzy ideal extension in a I'—semiring have been introduced
and obtained a characterization of a prime ideal of a I'—semiring in terms of anti
fuzzy ideal extension of complement of its characteristic function. Anti fuzzy prime
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ideal, anti fuzzy semi prime ideal and anti fuzzy k—ideal are preserved by anti fuzzy
ideal extension.

2. Preliminaries

In this section we recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. A set R together with two associative binary operations called
addition and multiplication (denoted by + and - respectively) will be called a
semiring provided

(i). Addition is a commutative operation
(ii). Multiplication distributes over addition both from the left and from the
right .
(iii). There exists 0 € Rsuch that t+0=xand z-0=0-z =0foreachz € R

DEFINITION 2.2. Let M and I' be additive abelian groups. If there exists a
mapping M xI'x M — M (images to be denoted by zay, x,y € M, a € T') satisfying
the following conditions for all x,y,z € M,«a,8 € T

(i). za(yBz) = (zay)Bz

(ii). za(y + 2z) = zay + zaz

(ili). z(a+ By = zoy + xfz

(iv). (z+y)az = zaz + yaz
Then M is called a I'—ring.

DEFINITION 2.3. Let (M, +) and (T, +) be commutative semigroups. Then we
call M as a I'—semiring, if there exists a mapping M x I' x M — M is written
(z,a,y) as xzay such that it satisfies the following axioms for all x,y,z € M and
a,B el
@i
(ii
(iii

(iv

). za(ypz) = (vay)Bz

). za(y + 2) = zay + zaz
). z(a+ By = zay + zfz
). (x4 y)az =xaz+ yaz

We illustrate the definition of I'—semiring by the following examples.

EXAMPLE 2.1. Every semiring M is a ['—semiring with I' = M and ternary
operation as the usual semiring multiplication.

EXAMPLE 2.2. Let M be the additive seimgroup of all m x n matrices over the
set of non negative rational numbers and I" be the additive semigroup of all n x m
matrices over the set of non negative integers, then with respect to usual matrix
multiplication M is a I'—semiring.

EXAMPLE 2.3. Let S be a semiring and Mp; ¢(S) denote the additive abelian
semigroup of all p x ¢ matrices with identity element whose entries are from S.
Then Mp,q(S) is a I'—semiring with I' = Mp, ¢(S) ternary operation is defined
by zaz = z(a’)z, with respect to usual matrix multiplication, where o denote the
transpose of the matrix «, for all 2,y and « € Mp, q(5).
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EXAMPLE 2.4. Let X and Y be abelian semigroups with identity element. Let
M = Hom(X,Y),I' = Hom(Y, X) and Va,b € M,« € T. Define aab be the usual
composition map. Then M is a I'—semiring.

DEFINITION 2.4. A I'—semiring M is said to have zero element if there exists
an element 0 € M such that 0 +z =2 =z + 0 and Oazx = za0 = 0,Vz € M.

DEFINITION 2.5. A I'—semiring M is said to be a commutative ['—semiring if
roy = yax,Vr,y € M and o € I

DEFINITION 2.6. A subset A of I'—semiring M is a left (right) ideal of M if
A is an additive semigroup of M and the set MTA = {zay | v € M,a € T,y €
A}(AT'M) is contained in A. If A is both left and right ideals then A is an ideal of
M.

DEFINITION 2.7. An ideal I of a I'—semiring M is called a k—ideal, if b €
M,a+band a € I then b € I.

DEFINITION 2.8. Let S be a nonempty set, a mapping f : .S — [0, 1] is called
a fuzzy subset of S.

DEFINITION 2.9. Let A be a nonempty subset of S. The characteristic function
of A is a fuzzy subset of S is defined by

(2) = 1, ifzeA;
XA =0, ifzdA.

The complement of characteristic function is denoted by x¢.

DEFINITION 2.10. Let f be a fuzzy subset of S, for ¢ € [0,1] the set f; = {z €
S| f(z) >t} is called level subset of S with respect to f.

DEFINITION 2.11. A fuzzy subset p of a '—semiring M is called fuzzy left(right)
of M if it satisfies

px +y) = min{pu(@), w(y)}, weay) = wy{p(zay) > p(@)},Vo,y € M,a €T
If i is a fuzzy left (right) ideal of I'—semiring M then u(0) > p(z), Vo € M.

DEFINITION 2.12. A fuzzy subset f of I'—semiring M is called fuzzy ideal of
M, ifVe,y e M,a €T,

[ +y) = min{f(z), f(y)}, f(zay) = maz{f(z), f(y)}

DEFINITION 2.13. A fuzzy subset p of a I'—semiring M is called an anti fuzzy
ideal left (right) ideal of M if,

p(x +y) < max{p(x), p(y)} plzay) < ply){mzey) < p(@)},Vo,y € M,a €.
If u is an anti fuzzy left (right) ideal of I'—semiring M then p(0) < p(z),Va € M.

DEFINITION 2.14. A fuzzy subset p of a I'—semiring M is called an anti fuzzy
ideal of M if p is both an anti fuzzy left and anti fuzzy right ideal of M.

DEFINITION 2.15. The complement of a fuzzy subset p of a '—semiring M is
denoted by p© and is defined as p¢(x) =1 — p(z), Vo € M.
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DEFINITION 2.16. A fuzzy ideal f of a I'—semiring M with zero 0 is said to be
a k—fuzzy ideal of M if f(x+y) = f(0) and f(y) = f(0) = f(z) = f(0),Vx,y € M.

DEFINITION 2.17. A fuzzy ideal f of a I'—semiring M is said to be a fuzzy
k—ideal of M if f(z) = min{f(x +v), f(y)},Vz,y € M.

DEFINITION 2.18. Let M be a I'—semiring. A fuzzy ideal p of M is said to be
an anti fuzzy-k—ideal of M if u(z) < maz{u(z +y), u(y)}-

DEFINITION 2.19. Let M be a I'—semiring. Let p be an anti fuzzy ideal of
I'—semiring M, for any t € [0, 1], p¢ is defined by p; = {z € M | u(x) <t} then py
is called an anti level subset.

3. Main results:

In this section the concept of anti fuzzy prime ideal, anti fuzzy semi prime
ideal, anti fuzzy ideal extension in a I'—semiring have been introduced.

DEFINITION 3.1. Let p be a fuzzy subset of a I'—semiring M and « € M. Then
the fuzzy subset (x,u) : M — [0,1] is defined by (z, u)(y) = sup p(zay), for all
ael

y € M, is called an extension of u by x.

DEFINITION 3.2. Let p be a fuzzy subset of a I'—semiring M. Then p is called
an anti fuzzy prime ideal if p(zay) = min{u(z), u(y)}, for all z,y € M,a € T.

DEFINITION 3.3. Let p be an anti fuzzy ideal of a I'—semiring M. Then py is
called an anti fuzzy semi prime ideal if p(x) < p(zax), for all z € M.

DEFINITION 3.4. Let u be a fuzzy subset of a I'—semiring M. We define anti
support p = {x € M | u(z) < 1}.

DEFINITION 3.5. Let M be a I'—semiring A C M.z € M. We define
(x,A) ={y e M | zay € A,Va € T'}.
THEOREM 3.1. Let A be a non empty subset of a I'—semiring M. If a fuzzy

subset w in M such that
(2) 0, ifzed
xTr) =
. 1, ifedA.
Then w is an anti fuzzy ideal of M if and only if A is an ideal of M.
PROOF. Suppose p is an anti fuzzy ideal of I'—semiring M.
Let z,y € A.
=pu(x) =0,u(y) =0, u(z +y) < maz{u(z), p(y)} =0
=r+yecA
Let z,y e M,a €T.

=p(zay) < min{p(z), p(y)} =0
=zay € A.
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Hence A is an ideal of I'—semiring M.
Conversely let x,y € M,a € T', A be an ideal of M.
Case(1): If z,y € A, pu(z) =0, u(y) =0, u(z +y) = 0,zay € A = p(zay) =0,
then p(z +y) < maz{u(z), p(y)}, plray) < min{u(z), u(y)}
Case(2): fx,y ¢ Athenaz+y ¢ Ap(z) =1Luly) =Luz+y) =1l,zay € A=

p(zay) = 0 then p(z +y) < maz{u(x), n(y)}, plzay) < min{u(z), u(y)}
Case(3): fx e Ajy¢ Athenz+y € A pu(x) =0,u(y) = L,u(zr+y) = Lzay €

Y)
): 0,
A= p(zay) =0 then p(z +y) < maz{p(z), n(y)}, pleay) < min{p(z), p(y)}
Case(4): fyec Aoz ¢ Athenz+y ¢ A, pu(r) = Lu(y) =0, u(z+y) = 0,zay €
A= p(way) = 0 then pu(z +y) < maz{u(z), uly)}, plzay) < mindu(z), u(y)}
Therefore p is an anti fuzzy ideal of M. O

THEOREM 3.2. Let p be an anti fuzzy ideal of a commutative I'—semiring M.
Then the following are equivalent

(1). w is an anti fuzzy semi prime ideal

(2). p(x) = plzax) forallz € M,a €T

PROOF. (2) = (1) is obvious. Suppose p is an anti fuzzy semi prime ideal.
By definition 3.3 , we have u(x) < p(rax) for all z € M,a € T, since u is an
anti fuzzy ideal of a I'—semiring M. p(zax) = p(z). Hence p(x) = p(zax) for all
x € M,a € T'. Hence the theorem. O

The following proof of the theorem is a straight forward verification.

THEOREM 3.3. Let p be a non empty fuzzy subset of I'—semiring M. Then p is
an anti fuzzy prime ideal of a T'—semiring M if and only if uiis a prime ideal of a
T'—semiring M for any t € Im(u) where py is defined by py = {x € M | u(x) < t}.

THEOREM 3.4. Let p be an anti fuzzy right ideal of a I'—semiring M. Then
(x, 1) is an anti fuzzy right ideal of M.

PRrROOF. Let z,y € M,a € I'. Then
(x,u)(y + z) = sup ,u(xa(y + z))
ael

= S}égu(xay + zaz))
< sup maz{p(zay), p(ray)}
= max {sup p(xoy), sup u(xay)}
acl ael
= mazx {{z, p)y, (x, n)z)}
(x, ) (yaz) = sup p(xfB(yaz))
Ber
= sup pu((zBy)az))
per

< sup p(xfBy) = (z, w)y.
per

Hence (z, p) is an anti fuzzy right ideal of T'—semiring M. O
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COROLLARY 3.1. Let u be an anti fuzzy ideal of a commutative I'—semiring M
and x € M. Then the extension (x,u) is an anti fuzzy ideal of T —semiring M.

THEOREM 3.5. Let p be an anti fuzzy prime ideal of a I'—semiring M and
x € M. Then (x,p) is an anti fuzzy prime ideal of M.

PrROOF. Let z,y € M, € I'. Then
(z, 1) (yBz) = Sggu(wa(yﬁz))

= Zlé[; man {p(x), p(ybz)}

= sup min{p(z), min{u(y), u(z)}}

= sup min {min{u(z). p(y)}. min{p(z).n(2)}}

— sup min{p(zay), p(zaz)},
ael’

= min{ sup p(zay), sup p(zaz)},
acl ael

— min (w, 1y, (@)},

Hence (z, ) is an anti fuzzy prime ideal of I'—semiring M. O

THEOREM 3.6. Let p be a fuzzy subset of a commutative I'—semiring M and
x € M such that the extension (x,u) = p for every x € M. Then u is a constant
function.

PROOF. Let p be a fuzzy subset of a commutative I'—semiring M and z,y € M.

p(z) = (y, mx
= sup pi(yoz)
acl’
= sup p(zay)
acl
= (z, )y = n(y).
Hence p(xz) = p(y). Therefore p is a constant fuzzy function. O

THEOREM 3.7. Let i be a fuzzy subset of a commutative I'—semiring M. Then
for every t € Im(p), (x, pt) = (x, u)s for every x € M.

PROOF.
Let y € (z, u)r & (z,p)y <t

< sup pu(zay) <t
ael’

< p(ray) <t
= Ty € Ut
<y € (x, uy), by definition 3.5.
Hence the theorem. U
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THEOREM 3.8. Let u be an anti fuzzy semi prime ideal of a commutative
T'—semiring M and x € M. Then (x,u) is an anti fuzzy semi prime ideal of a
I'—semiring M.

PROOF. Let p be an anti fuzzy semi prime ideal of a I'—semiring M and
x,y € M, € T'. By corollary3.1, the extension (x,u) is an anti fuzzy ideal of
M. Then

(x, 1) (yBy) = sup p(xoyBy)
> sup p(zayPyaz)
aecl’
= sup p(zaypfray)
ael’

(

> sup p(ray)
ael’

= <$’M>y

Hence (z, 1) is an anti fuzzy semi prime ideal of a I'—semiring M. O

THEOREM 3.9. Let M be a commutative T'—semiring {S;}icrz a non empty
family of semi prime ideals of M and A = {NS;}icr # ¢ then (x,xS) is an anti
fuzzy semi prime ideal of M, for all x € M where xi is the complement of charac-
teristic function of A.

PROOF. Let z € M, € I' then xax € A = zax € S; foralli € I = x € S; for
all i € I = x € A. Hence A is a semi prime ideal of a I'—semiring M. By theorem
3.1, x4 is an anti fuzzy semi prime ideal of a I'—semiring M. Therefore by theorem
3.8, (x, x4) is an anti fuzzy semi prime ideal of a I'—semiring M. O

THEOREM 3.10. Let p be an anti fuzzy prime ideal of a I'—semiring M and
x € M such that p(x) = sup p(y). Then (x, u) = pu.
yEM

PROOF. Let p be an anti fuzzy prime ideal of a I'—semiring M and x € M

such that u(x) = sup u(y).
yeM

Let z € M = p(x) = u(z)
= min{u(z), p(=)} = u(2)

= sup u(zaz) = p(z),vz e M
ael

= (x, w)z = p(z).
Therefore (x, u) = p. O

THEOREM 3.11. Let p be an anti fuzzy ideal of a commutative I'—semiring M
and x € M. Then we have the following
(i). 12 (2, p)
(ii). ((wa)"z,u) 2 ((wa)" o, u),Yo € M,a €.
(iii). If p(z) < 1 then anti supp {(x,u) = M.
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PROOF.

(i). Let y € M. Then (x, u)(y) = sup p(ray) < p(y). Hence p 2O (z, u).
acl

(iD). ((za)* "'z, m)y = Sup pu(za) " aBy) < sup p(xa)"zBy.
€ ac

Hence {(za)"x, p) D ((xa)" M, p), for all z € M.
(iii). Let y € M. We have (x, u)(y) = sup p(zay) < p(z) < 1, for all y € M.
er

o
= y € anti supp (z, ), by definition 3.4. Hence anti supp {(x, u) = M.
O

THEOREM 3.12. Let i be an anti fuzzy prime ideal of a commutative I'—semiringl]
M. If i is not constant then p is not a minimal anti fuzzy prime ideal of a com-
mutative I'—semaring M.

PROOF. By theorems 3.5 , 3.11, for each x € M, (x, i) is an anti fuzzy prime
ideal of M and (x,u) C p. Since p is not constant fuzzy subset by theorem 3.6,
there exists y € M such that (y, p) is a proper subset of . Hence p is not a minimal
anti fuzzy prime ideal of a commutative I'—semiring M. O

THEOREM 3.13. I is a prime ideal of I'—semiring M if and only if x§ is an
anti fuzzy prime ideal of T'—semiring M.

PRrOOF. Suppose [ is a prime ideal of I'—semiring M and x§ is the charac-
teristic function of I. By theorem 3.1, x§ is an anti fuzzy ideal of I'—semiring
M. Let z,y € M,a € T and zay € I. Then x5(zxay) = 0. Since I is a prime
ideal of I'—semiring M. We have x € [ or y € I,= x5(z) = 0 or x5(y) = 0.
Hence x§(zay) = min{x5(x),x$(y)} = 0. Let zay ¢ I. Since I is a prime ideal of
I'—semiring M. We have ¢ [ and y ¢ I. x5(z) = 1,x5(y)} = 1, x5(zay) = 1.
Hence x§(zay) = min{x§(z),x5(y)} Hence x§ is an anti fuzzy prime ideal of
I"'—semiring M.

Conversely x¢ is an anti fuzzy prime ideal of I'—semiring M. Then x; is an
fuzzy ideal of I'—semiring M = I is an ideal of I'—semiring M. Let z,y € M,a € T’
such that zay € I. Then x§(zay) = 0. Suppose z ¢ I and y ¢ I,x5(zay) =
min{x§(z), x5(y)} = min{l,1} = 1. This is a contradiction to our assumption.
Hence z € I or y € I. Thus [ is a prime ideal of I'—semiring M. O

THEOREM 3.14. Let u be an anti fuzzy ideal of a commutative I'—semiring M.
If for y € M, u(y) is not minimal in w(M) and (x,u) = p then p is an anti fuzzy
prime ideal of a commutative I'—semiring M.

PROOF. Let a,b € M, €T then p(aad) < p(a) and plaad) < u(b).
Case(1): Let pu(a) be minimal in p(M).
= (aab) = p(a) and placd = p(a) = min{p(a), u(b)}
Case(2): Neither p(a) nor p(b) is a minimal in p(M) then by hypothesis {(a, u) = u
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and (b, ) = p. Hence (a, p)(b) = pu(b) and (b, u)(a) = p(a)
= Zlelgu(aab) = p(b) and ilégu(baa) = p(a)
= p(b) = plaad) and p(a) > p(baa) = p(aab)

min{p(a), u(b)} > paab) < min{u(a), u(b)}.

Hence p(aadb) = min{u(a),n(b)}. Therefore p is an anti fuzzy prime ideal of a
commutative I'—semiring M. O

THEOREM 3.15. I is a prime ideal of a T'—semiring M if and only if (x,x§) =
X§ for x € M with x ¢ I, where x§ is the complement of the characteristic function
of I.

PROOF. Let I be a prime ideal of a commutative I'—semiring M. By theorem
3.13, x§ is an anti fuzzy prime ideal of I'—semiring M for z € M with z ¢ I, we
have x§(z) = 1 = sup x§(x). Hence theorem 3.10, {x, x§) = x§.

zeM

Conversely suppose that (z, x§) = x§ for x € M with « ¢ I. We have x{ is an
anti fuzzy ideal of I'—semiring M. Let y € M such that x§(y) is not minimal in
X5 (M) then x§(y) =1 =y ¢ I. Hence, if (y,x§) = x§ by theorem 3.14, x§ is an
anti fuzzy prime ideal of I'—semiring M. O

THEOREM 3.16. Let pu be an anti fuzzy k— ideal of a commutative I'—semiring
M and z € M. Then (z,u) is an anti fuzzy k— ideal of a commutative I'—semiring
M.

PROOF. Let p be an anti fuzzy k— ideal of a commutative I'—semiring M and
x,y,z € M, € I'. Since p is an anti fuzzy k— ideal of a commutative I'—semiring
M. By corollary 3.1, the extension (z, ) is an anti fuzzy ideal of M.

We have p(x) < maz{p(z +y), u(y)}, for all z,y € M
=p(zax) < max{p(zax + zay), u(zay)}, for all z,y € M,a €T

= sup p(zax) < max {sup p(zax 4+ zay), sup ,u(zay)}
a€el ael’ ael

= (2, 1) (z) < maz{(z, p)(z +y), (2, 1) (y) }-

Therefore (z, p) is an anti fuzzy k—ideal of a commutative I'—semiring M. O
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