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ABSTRACT. In this paper, we define the concept of a closed element and dense
element in a Semi Heyting Almost Distributive Lattice (SHADL) L and derive
some properties of closed elements and dense elements of L. We also observe
that every SHADL is a pseudocomplemented ADL and that the set L* =
{z*/x € L} of all closed elements of an SHADL L, forms a Boolean algebra
with the operation V defined as z V y = (z* A y*)* for every z,y € L* where,
z* = (z — 0) Am.

1. Introduction

The concept of an Almost Distributive Lattice (ADL) was introduced by U. M.
Swamy and G. C. Rao [10] as a common abstraction to most of the existing ring the-
oretic generalizations of a Boolean algebra on one hand and the class of distributive
lattices on the other. The concept of Heyting Almost Distributive Lattice (HADL)
was introduced as a generalization of a Heyting algebra and many fundamental
properties of HADLs were derived in our earlier paper [4]. Later, closed elements
and dense elements in Heyting Almost Distributive Lattices (HADL) were studied
by G. C. Rao and Berhanu Assaye in [5] and [6] respectively. The concept of a Semi
Heyting Almost Distributive Lattice (SHADL) as a generalization of a Semi Heyt-
ing algebra was introduced in our earlier paper [7]. In this paper we study some
properties of closed elements and dense elements of a SHADL. We also observe that
every SHADL is a pseudocomplemented ADL and the set L* = {z*/x € L} of all
closed elements of an SHADL L forms a Boolean algebra.
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Key words and phrases. Semi Heyting Almost Distributive Lattice(SHADL), pseudocomple-
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2. Preliminaries

In this section we give some important definitions and results that are
frequently used for ready reference.

DEFINITION 2.1. [10] An algebra (L,V,A,0) of type (2,2,0) is called ADL if
it satisfies the following axioms: for all x,y,z € L

(1) xv0==x

(2) 0ANz=0

3) (xvy)Az=(xA2z)V(yAz)
4 zA(yVz)=(xAy)V(zAz)
B) zV(yAnz)=(xVy A(zV=2)
6) (zVy)Ay=y

DEFINITION 2.2. [10] Let L be a non-empty set. Fix zy € L. For any z,y € L,
define t Ay =y, e Vy =z if ¢ # xo,20 ANy = 29 and g Vy = y. Then (L, V, A, xg)
is an ADL and it is called a discrete ADL. Alternately, discrete ADL is defined as
an ADL (L, V, A, 0) in which every z(# 0) is maximal.

If (L,V,A,0) is an ADL. For any z,y € L, define x < y if and only if x = x Ay,
or equivalently = V y = y, then < is a partial ordering on L.

Through out this section L stands for an ADL (L, V, A,0) unless otherwise
specified. In the following theorem some important fundamental properties of an
ADL are given.

THEOREM 2.1. [9] For any a,b,c € L, we have the following

(1) avb=a<aAb=b

(2) avb=b&saNb=a

(3) aAb=bAa=a whenever a <b
(4) A is associative in L

(5) anbAc=bAaAc

(6) (avb)Ae=(bVa)Ac

(7) anb<banda<aVb

(8) aha=a andaVa=a

(9) an0=0and0Va=a

(10) ifa<candb<c, thenaANb=bAa andaVb=>bVa.

DEFINITION 2.3. [11] Let L be an ADL. A unary operation * on L is called a
pseudocomplementation on L if, for any z,y € L, the following conditions hold:
(1) zANy=0&a*ANy=y
(2) (@vy) =a" Ay
(3) zAz*=0

DEFINITION 2.4. [4] Let (L,V,A,0,m) be an ADL with a maximal element

m. Suppose — is a binary operation on L satisfying the following conditions for
all x,y,z € L.

(1) z—z=m
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(2) =y Ny=y
B)zA(z—=y)=xAyAm

) z=>yA2z)=(@—=y A(x—2)
B) (zVy) = z=(@—=2)AN(y— 2)

Then (L, V, A, —,0,m) is called a Heyting Almost Distributive Lattice (HADL).

DEFINITION 2.5. [5] Let (L,V,A,—,0,m) be a HADL. Define for any « € L.
2* = (x = 0) and L* = {z*/ « € L}. Then an element of L* is called a closed
element of L. Also, for any x,y € L*. We define xVy = (z* A y*)*.

DEFINITION 2.6. [6] Let (L,V,A,—,0,m) be a HADL. Define
Dy ={xz € L/ x* = 0}. Then an element of Dy, is called a dense element of L.

DEFINITION 2.7. [8] An algebra (L,V,A,—,0,1) of type (2,2,2,0,0) is called

a Semi Heyting algebra if it satisfies the following:

(1) (L,V,A,0,1) is a lattice with 0, 1

(2) zAN(z—=y)=zAy

B)zA(y—z2z)=zA(zAhy—>xA2)

(4) x—=a=1 forallz,y,z€ L
3. Closed and Dense Elements in Semi Heyting Almost Distributive

Lattices

We begin with the following definition of SHADL given in [7].

DEFINITION 3.1. [7] Let (L,V,A,0,m) be an ADL with a maximal element m.
Suppose there exists a binary operation — on L satisfying the following conditions:
(1) (x—=2)Am=m
(2) zA(z—=y)=xzAyAm
B)zA(y—2z)=zA(zAhy—>xA2)
4) (z—=yAm=xzAm—>yAm forallxz,y,z€ L
Then (L, V,A,—,0,m) is a Semi Heyting ADL (SHADL).

The following theorem which is taken from [7] will be used frequently in
this paper. Through out this section L denotes an SHADL.

THEOREM 3.1. [7] For any a,b,c,d,x € L we have the following

)

) (a—=bAm<(a—anb)Am
JaAm<la—= (b—=anb)]Am

) (a=b)Ac=(ahc—=bAc)Ac

) [(and) = (end)]Az=[bAa)—= (dAc)]Ax
Ja<banda<c=aAm< (b—c)Am.

In this section we introduce the concepts of closed elements and dense
elements in an SHADL analogous to those given in HADL.
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In the following, we give the definitions of a closed element and dense
element in an SHADL.

DEFINITION 3.2. If (L,V,A,—,0,m) is an SHADL and = € L, then we write
z* = (x — 0) Am. If * = 0, then x is called a dense element of L and if x = y*
for some y € L, then x is called a closed element of L. We denote the set of closed
(dense) elements of L by L*(Dy,).

In the following lemma we prove the fundamental properties of closed
elements and dense elements of L

LEMMA 3.1. Let L be an SHADL and a,b,c € L. Then

(1) an(a—Db)* =aAnb”.

2) aNb=0< aAm<b".

m* = 0.

a*=m<&a=0.

aANb* =0=aAm < b*™.

a<b=0b"<a*a™ b

aANb* =aA (aAb)*.

(a AD)* = (bAa)*. In particular, (a Am)* = a*.

aNa™ =aAm and o™ Na = a.

a*:a***.

a € L* iff a = a**.

a € Dy, iff a** =m.

(aVb)* =a* NDb*.

bAha=a=aAb*=0.

a* ANb* =b* ANa*.

a*Vvb*=b*Va*.

aNb=0=a"*ANb=0.

(a A D)™ < a**.

a** ANb** = (a ANb)*™.

a*™* A (a— b)* = a*™* Ab*.

If a is dense, then (a — b)* = b*.

If a and b are dense elements in L, then a — b is also dense.
Ifanb=0, then a* Nb=0.

(0 = m)Am =0 if and only if (0 = a) Am < a* for all a € L.

In particular, (0 — m) Am = 0 if and only if (0 — a) Am = 0 for all
dense elements a of L.

) a* < (0 — a) Am. In particular a* < (0 — a**) Am.

) aAm < (0—a*) Am.

) (a—=a*) Am < a* < (a* = a) Am.

) If a* <0 — a*, then (a — a*) Am = a*.

Y aAm< (™ —a)Am
)
)
)
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aAm < (a— a™™*) Am.
(a** = a*)Am < a* < (a—a*™) Am.
(aVa*)Am < (a — a**) Am. Hence (a — a**) € D(L).
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(33) c<a=cA(a—b*)=cAb*.
(34)a/\m<(0—>a**)/\mzfandonlyzfa/\m (0= a) Am.
(35) bA(a—= b )Am=>bAa*.

(36) If a is dense or if a* < b*, then (a — b*) Am < b*.

(37) Ifanb=0, then (a—)b)/\m<a

(38) (a* \/b*)**:(a/\b) = a*Vb* where aVb = (a* A b*)*.
(39) a € L* = a*Va=m

PROOF. (1) an(a—=b)*=aNn]|la—b) =0 Am
=aANfaN(a—Db) =0 Am
=aAfaANbAM — 0 Am
=aA(bAm—=0)Am
=aAN(b—=0)Am
=a b
(2) fanb=0,thenaAb*=aAn(b—0)Am
=aAN(aNb—0)Am
=aA(0—=0)Am
=alAm.
Thus a A m < b*.
Conversely, a Am < b* =aAb*=a/Am
=aANb=aAmAb=aAb*"Nb=0.
B)m"=(m—=>0Am=mA(m—=>0Am=mA0Am=0.
(4) If a* =m, thena=mAa=a*ANa=0.
Conversely, assume that a = 0, then a* = (a — 0) Am
=(0—=0)Am=m.
(5) If a Ab* =0 then a Ab*™ = a Am (by (2) above)
and hence, a A m < b**.
(6) Suppose a < b. Then a Ab* < bAD* = 0. Thus b* < a* (by (2) above) and
hence a** < b**.
(M) anb*=an(b—=0Am=aA(aANb—=>0)Am=aA (aNb)*.
(8) (anb)*=((and) >0)Am=(bAa) > 0)Am=(bAa)*.
9) ana™ =aAn(a*—=0)Am=aA(aNa*—0) Am=aAm.
Now, a** Na=aANa*™* Na=aAmAa=a.
(10) By (2) above, we get that a* A a*™* =0 = a* < a***.
Also, a Am < a** = a*™* < (aAm)* =a* (by (8 ))
Therefore, a* = a™**.
(11) Follows from (10) above.
(12) ae Dy =a*=0=a" =0"=m.
Conversely, if a** =m = a*=a*"™*=m*=0=a € Dy.
(13) (aVDb)A(a* AD*)=(aNa* AD*)V (bAa* AD*) =0.
=a*Ab* < (aVD)*
Also,a/\m<(a\/b)/\mandb/\mg(a\/b)/\m
= [(aVvbd) Am]* < (a Am)* and [(aV b) Am]* < (bAm)*
= (aVb)* <a* and (aVb)* < b*
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Therefore, (a V b)* < a* A b*.

Hence, (a V b)* = a* A b*.

Suppose bAa =a, then aAND* =bAaAb* =aAbAD" =0.
a* ANV =a* ANb* Am=b*"Na* Am="b*Na*.

a* Vb = (a*Am)V(*Am)=(a*Vb)Am=(b"Va")Am="0b"Va"
aNb=0=bAm<a" =a"*" <b*"=a"*ANbSV"Ab=0.

(a AD)*™ = (bAa)™ < a** from (6).

From (18) we get (a A b)** < o™ and (a A D)™ < b**

and hence, (a A b)** < a** A b**.

Now, by (17) above, a AbA (aAD)* =0=a"* AbA(aAD)* =0
=bAa*A(aAND)* =0

=0 ANa*A(aAb)* =0

= a™ AV A(aAb)* =0

= a™ AV < (aND)**

Therefore, (a A b)** = a** A b**.

a* A(a—=b)** =Jan(a—=0)]* =(aNbAmM)*™ = (aAb)*™ = a** Ab**.
a is dense = a* =0 = a™ =0" =m.

Thus (a — b)** =m A (a — b)** = a** A (a — b)**

=mAb**

= b** and hence

(a = b)* = (a = b)*™* =b*** =b*.

Suppose a and b are dense elements of L. Then by (20) we get
(a=b"*=a"*A(a—=b)** =a"™* AV =m

Therefore, a — b is also a dense element of L.

Suppose a Ab=0. Then, a* Ab=(a— 0)AmAb
=(a—=0)AD

=(bAa—0)AD

=(0—=0)AD

=mAb

=b.

0—=m)Am=0=>aAN(0—m)Am=0
=aA(0—=(aAm)Am=0

=aN(0—=>a)Am=0

= (0—a)Am<a*.

Conversely, assume that (0 — a) Am < a*, for all a € L.
When a = m, we get (0 = m) Am <m* =0.

If a is dense element of L then a* = 0 and hence the result follows.
a*NO0—=a)Am=a*N(0—a*ANa)Am

=a*AN0—=0)Am

=a*Am=a".

Therefore, a* < (0 — a) A m.

On replacing a by ¢** in this, we get the rest.
aAmA0—=a")Am=aA(0—=a*)Am
=aAN(0—=aNa*)Am
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=aAN(0—=0)Am=aAm.
Therefore, a Am < (0 — a*) A m.
(27) From (3) of Theorem 3.1, we get (a — a*) Am < a*.
Now, a* A (a** — a) Am =a* A ((a* Aa*™) = (a* ANa)) Am
=a*AN(0—=0)Am
=a*Am=a".
(28) Suppose a* < (0 — a*). Then
a*ANa—a*)Am=a*A(a*Na—a*)Am
=a*AN0—a*)Am
=a* Am=a".
Therefore, a* < (a — a*) A m. and hence by (27) above, we get
(a = a*) Am = a*.
(29) aAmA (™ wa)Am=aA(aNa™ - a)Am=aA(aAm —a) Am=
aA(a— a) Am =aAm and hence, a Am < (a™* — a) Am.
(30) Follows from (4) of Theorem 3.1, by taking b = a*.
(31) Since a A (@** = a*) Am < a™* A (@™ = a*) Am=a"*Na* Am=0
= (a™ — a*) A'm < a*. Now,
a*AN(a—a*)Am=a*"A(a*Na—a*Na*™*)Am
=a*AN(0—=0)Am
=a* Am=a".
Therefore, a* < (a — a™*) A m.
(32) Consider (aVa*)A(a— a™)Am=[aA(a— a**)]V][a*A(a = a*™*)|Am
=(aAm)V (a* Am)
= (aVa*) Am.
Therefore, (a vV a*) Am < (a — a™*) Am.
Since a V a* € Dy, we get a — a™* € D,
(33) cA(a = b*) =cA(eha = cAb*) =cA(c— cAb*) =cA(c = b*) = cAb*.
(34) an(0 = a*)Am=aANn(0—=aAha™*)Am=aA (0— a) Am and hence
weget aAm< (0= a™*)AmifaAm < (0—a) Am.
(35) bA(a—=b)Am=bA(bAa—bAV)AmM
—bA(bAa—0)Am
=bA(a—0)Am=>bAa".
(36) By 35 above, bA (a — b*) Am =bAa*. If a is dense then b A a* = 0 or if
a* <b*, then bAa* =0. Thus b A (@ — b*) Am = 0.
Hence (a — b*) Am < b*.
(37) Since a A (a —b) =aAbAm =0, we get (a — b) Am < a*.
(39) a*Va = (a** A a*)* = 0* = m.

THEOREM 3.2. Let L be an SHADL and let a,b € L with a Am < b A m.
For c¢,d € [a Am,bAm)], define c =% d = (¢ — d) ANbAm. Then the algebra
Lo = ([a Am,bAm],V,A,—® a Am,bAm) is a Semi Heyting algebra. Further
more, if L is a HADL. Then Lg is also a Heyting algebra.
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PROOF. Let ¢,d,e € [a Am,bAm].
First we note that ¢ = d € [a A m,b A m]
Since aAm < cAmyaAm < dAm, we get a Am < (¢ = d) A'm and hence
c—®delaAm,bAm].
cA(c—=®d)=ch(c—=d) AbAm
=cANdAbAmM
=cAd.
eN(c—=%dy=eA(c—d)AbAm
=eANleNc—eNd)ADAM
=eA(eAc—=eAd). Finally,
(c—=®c)=(c—=c)ANbAm
=mAbAmM
=bAm.
Hence L is a semi Heyting algebra.
Now, suppose L is a HADL. Then
chd<c=(c—c)<chd—c
=>=m<cANd—c
=cANd—c=m
Therefore c Ad =% ¢ = (cAd—c) AbAmMm =bAm.
Hence Lj is a Heyting algebra. O

THEOREM 3.3. Let (L,V,A,—,0,m) be an SHADL. For x € L, define
x* = (x = 0) Am. Then x is a pseudocomplementation on L.

PRroOOF. Clearly, aAb=0iff a* Ab=b,aNa* =0 and from (13) of lemma 3.4,
we get that * is a pseudocomplementation on L. O

THEOREM 3.4. Let L be an SHADL and a,b € L such that aAm < bAm. For
c € [a Am,bAm], define c*®® = (¢ — a) ANb Am. Then the algebra ([a A m,b A
m],V,\,*%® a Am,bAm) is a pseudocomplemented lattice.

PROOF. It is enough to verify that x Ay = a Am < = < y** for all
x,y € [a Am,bAm]
Let ¢ € [a Am,bAm], Since a Am < cAm we have a Am < (¢ — a) Am
=aAbAm<(c=a)AbAm=>arAm<(c=a)AbAM<bAM.
Therefore, ¢*® € [a A m,b A m).
Let xz,y € [a Am,bAm]
Assume that Ay = a Am. Then y*%* = (y — a) AbAm
TAY P =2A(y—=a)AbAm=xA(y—=a)Am=xA(xAy—a)Am
=zA(a—a)Am=uzx.
Therefore, x < y*@
Conversely, Suppose < y*® =z =2 A (y — a) AbAm.
NowyAz=yAxzA(y—=a)AbAm=xAyAaAbAm=aAm.

Therefore, ([a A m,b A m],V,A,*® a A m,b Am) is a pseudocomplemented
lattice. (]
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COROLLARY 3.1. Let L be an SHADL. Then the algebra ([0,m], Vv, A,*,0,m),
where ¢* = (¢ — 0) Am for c € [0,m], is a pseudocomplemented lattice.

COROLLARY 3.2. Let L be an SHADL. Then the following are equivalent.

) L is a lattice.

L is a Semi Heyting algebra

L is a psuedocomplemented lattice
L is a distributive lattice

L is a modular lattice

The proof of the following theorem can be verified routinely.

THEOREM 3.5. Let (L,V,A,—,0,m) be an SHADL. Then (L*,V, A, x,0,m) is
a Boolean algebra. Where x V y = (x* Ay*)* for any x,y € L*.

We know that a Boolean algebra is a Heyting algebra in which a — b = a* V b.
On the other hand, in a SHADL, we have the following.

THEOREM 3.6. Let L be an SHADL. Then, for a,b € L,(a — b)** < a*™V b**.

PROOF. (a — b)** = (a**V a*) A (a — b)**
[a** A (a — b)**] [a* A (@ — b)**]
[a A (a—= b)]*V [a* A (a — b)**]
= [a*™* AV [a* A (a — b)**]
(AL @A AP (0 )]
=mA (a*V b**)
_ G*M b
Therefore (a — b)** < a*V b**. O

In the following theorems we derive some important properties of SHADL
involving the operation .

THEOREM 3.7. Let L be an SHADL and a,b € L. Then
(ava*)A(a—b) Am < (a* Vb)) Am.

PROOF. (aVa*)A(a—=b)Am=][aA (a—=b)]VIa*A(a—=Db)]]Am
[(@ADAM)V (a* A (a—D)]Am
[(@aAbAM)Va*]A[(aAbAM)V (a— b)]AmMm
[a* V (a AbAm)]

(a*Va)A(a*V (bAm))
(a* vV b) Am. O

NN

THEOREM 3.8. Let L be an SHADL and a,b,c € L. Then
(1) a** A(a — b)* = a** Ab*.
(2) a*Ab—=ce)*=a™AN(aAb—=aAc).
(3) b* A(a—b) Am =0b*ANa™.
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PROOF. (1) a*V(a = b)* = (@™ A(a = b)*)* = (a A (a = b))*

=(aANbAM)*
= (a A b)* = a*Vb*.
Therefore, a** A (a — b)* = a™* A D™

(2) a*V(b—=c)* =[an(b — o)]* =[aA(aAb— ahc)]* =a*V(aAb— aic)*.
Therefore, a** A (b — ¢)* =a™ A(a Ab— aAc)*.

B) v*Ala—=b)Am=b*ANb*"Na—=b"ANbD)Am=b"AN(b*"Na—0)Am
=b*"A(a—0) Am=>b"ANa*.

O

THEOREM 3.9. Let (L,V,A,—,0,m) be an SHADL. Then for any element
x € L there exists d € Dy, such that x = x** A d.

PROOF. Let d = (x V a*), then d* = (z V 2*)* = 2* Aa™ = 0.
Therefore d € Dr,. Now,
r*ANd=x"*N(xVa*)=] (@ Ax)V (@™ Az*) ]| =xV0=1
O

COROLLARY 3.3. Let (L,V,A\,—,0,m) be an SHADL and x,y € L such that
x** = y**. Then there exists d € Dy, such that x Nd =y Ad.

PROOF. Let x,y € L, by above theorem there exists d;,ds € Dy such that
z=x" ANdy, y=9y"" Nds.
Let d = di A ds, then d is a dense element of L. Now, consider
cAdAM = ™ Adi Ado Am = y** Ady Ado A = yAdAm and hence xtAd = yAd. [

COROLLARY 3.4. Let (L,V,N,—,0,m) be an SHADL and x be an element of L.
Then x is dense if and only if there is an element y of L such that x Am = y** — y.

PROOF. Suppose x is a dense element of L. Then
T s r=m-—=>rx=xAm.
Conversely, assume that * Am = y** — y for some y € L. First we show that
y** — y is a dense element.
We know that y** A (y** = y) =y™ AyAm=yAm.
=y < (v = y)™ = (¥ — y)* < y*. Also, by Lemma 3.4 (27),
Yy <oy Am= (T oY)t <y
Therefore (y** — y)* = 0 and hence y** — y is a dense element.
Thus = A m is a dense element of L and hence x is a dense element of L. (|

If (L,V,A,—,0,m) and (L',V,A,—,0",m’') are two SHADLs. Then a

mapping a : L — L’ is said to be a homomorphism of L into L’ if for any z,y € L
the following hold.

(1) alzry) =alz

2

3

4

A~~~

) o
;aEx—w)= (z) = aly)
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Further if o : L — L’ is a homomorphism, then {z € L/a(x) = m'} is

called the kernel of o and is denoted by kera.

Finally, we conclude this paper with the following.

THEOREM 3.10. Let (L,V,A,—,0,m) be an SHADL and o : L — L* be defined

by a(x) = x** for all x € L and suppose x,y € L. Then

(1]
(2]
(3]
(4]
(5]
(6]
[7]

(8]

(9]

(1) « is isotone.
(2) a(zAy) = a(x) Naly)
(3) alz Vy) = ale)valy)
(4) ker(a) = Dyp,
PROOF. Let z,y € L
(1) Assume z < y = z** < y*™* = a(z) < ay)
(2) azAy) = (zAy)™ =z Ay™ = a(z) Aal(y)
(3) alzVy)=(xVy)" =@ Ay") =z"Vy" =a(@)Va(y)
(4) Let x € ker(a) = a(z)=m=a2"*=m=2*=0=x¢€ Dy.
Conversely, assume that x € Dy, = 2* =0= 2" =m
= a(zr) =m =z € ker(a).
Hence ker(a) = Dy.
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