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Abstract

Let G = (X, Y, E) be a bipartite graph. A subset S of X is a comple-
ment free dominating set if S is an X−dominating set and X − S is not
an Y−dominating set. A subset S of X is called a minimal complement
free dominating set if any proper subset of S is not a complement free
dominating set. The minimum cardinality of a minimal complement free
dominating set is called the complement free domination number of G
and is denoted by γcf (G). In this paper some results on complement free
domination number are obtained.
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1 Introduction

Let G = (V,E) be a connected undirected graph. The neighbourhood of a
vertex v ∈ V in G is the set NG(v) of all vertices adjacent to v in G. For a set
D ⊆ V , the open neighbourhood NG(D) is defined to be ∪u∈DNG(u) and the
closed neighbourhood NG[D] = NG(D) ∪D.

A set D ⊆ V is a dominating set of G if NG[D] = V . The domination
number of G, denoted by γ(G), is the minimum cardinality of a dominating
set of G. A dominating set D is called a split dominating set [2] if 〈V − D〉
is disconnected. The split domination number of G, denoted by γs(G), is the
minimum cardinality of a split dominating set of G. A dominating set D is
called a nonsplit dominating set [3] if 〈V − D〉 is connected. The nonsplit
domination number of G, denoted by γns(G), is the minimum cardinality of a
nonsplit dominating set of G. In a similar fashion, the concept of complementary
tree domination number of a graph G [5] and complementary nil domination
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number of a graph G [8] was defined. The varities of dominating parameters
were described in [1].

Stephen Hedetniemi ([6],[7]) and Renu Laskar proposed bipartite theory of
graphs, in which concepts in graph theory have equivalent formulations as con-
cepts for bipartite graphs. Equivalently, given any problem say P, on an arbi-
trary graph G, there is very likely a corresponding problem Q on a bipartite
graph G1, such that a solution for Q provides a solution for P. One such refor-
mulation is the concept of X−dominating set and Y−dominating set.

Unless otherwise stated, we will consider bipartite graph G = (X, Y, E) with
no multiple edges. Two vertices u, v in X are X-adjacent if they are adjacent
to a common vertex in Y . A subset D of X is an X-dominating set [6] if every
vertex in X −D is X-adjacent to at least one vertex in D. The X−domination
number of G,denoted by γX(G), is the minimum cardinality of a X-dominating
set of G. A subset S ⊆ X which dominates all vertices in Y is called an Y -
dominating set [6] of G. The Y -domination number denoted by γY (G) is the
minimum cardinality of a Y -dominating set of G. A subset S of X is hyper
independent [6] if there does not exist a vertex y ∈ Y such that NG(y) ⊆ S.
The hyper independence number of G, denoted by βh(G), is the maximum
cardinality of a hyper independent set of G.

Let S ⊆ X and let u ∈ S. A vertex v ∈ X − S is called a Y -private
neighbor of u with respect to S if u is the only point in S such that u and
v have common adjacent point in Y . The X-corona of a bipartite graph H is
the bipartite graph G = (X1, Y 1, E1) where X1 = X ∪ {u1, u2, · · · , up} and
Y 1 = Y ∪ {v1, v2, · · · , vp} and every vertex in X is X-adjacent to a unique ui

through vi,1 ≤ i ≤ p.The complement of G [5] denoted by G = (X, Y, E”) is
defined as follows: (i) No two vertices in X are adjacent. (ii) No two vertices in
Y are adjacent. (iii) x ∈ X and y ∈ Y are adjacent in G if and only if x ∈ X
and y ∈ Y are not adjacent in G.

Similar to the idea of complementary tree dominating set and complemen-
tary nil dominating set defined in arbitrary graph, we define complement free
domination in bipartite graph.

2 Complement free dominating set

Definition 2.1 A subset S of X is called a complement free dominating set
if S is an X−dominating set and X − S is not an Y−dominating set. The
complement free domination number of G, denoted by γcf (G), is the minimum
cardinality of a complement free dominating set of G.

Example 2.1
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S = {a, d} is a X−dominating set but not a complement free dominating set.
The set D = {b, c} is a complement free dominating set.

Remark 2.1 If Y contains an isolated vertex, then any X−dominating set will
be a complement free dominating set. Therefore, hereafter, by a graph G we
mean a bipartite graph G = (X, Y, E); |X| = p, without loops, multiple edges
and with no isolated vertex in Y .

Remark 2.2 γX(G) ≤ γcf (G).

Proposition 2.1 Let G be a graph, every γcf−set intersects with every Y−dominating
set.

Proof: Let D be a γcf−set and D1 be a γY−set of G. Suppose D ∩D1 = φ,
then D1 ⊆ X −D. X −D contains a Y−dominating set D1. Therefore, X −D
itself is a Y−dominating set, which is a contradiction. ¥

Theorem 2.1 Let G be a graph. A X−dominating set S is a complement free
dominating set if and only if S is not a hyper independent set.

Proof: Let S be a complement free dominating set. Then, X − S is not an
Y−dominating set. Therefore, there exists y ∈ Y such that it is not adjacent
to any vertex in X − S. Equivalently, there exists y ∈ Y such that N(y) ⊆ S.
Therefore, S is not a hyper independent set of graph G.

Conversely, let S be a X−dominating set which is not a hyper independent
set. That is, there exists y ∈ Y , such that N(y) ⊆ S. Therefore, y ∈ Y is
not adjacent to a vertex of X − S. Hence, X − S is not an Y−dominating set.
Therefore, S is a complement free dominating set. ¥

Remark 2.3

Complement of a minimal complement free dominating set need not be a com-
plement free dominating set. consider the graph

s
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S = {a, c} is a minimal complement free dominating set but X − S = {b, d} is
not a complement free dominating set.
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Theorem 2.2 Let S be a complement free dominating set of a graph G. Then
S is minimal if and only if for each vertex u ∈ S one of the following conditions
is satisfied:
(i) there exists a v ∈ X−S such that v is a Y -private neighbor of u with respect
to S.
(ii) X − (S − {u}) is a Y− dominating set of G.

Proof: Suppose S is a minimal complement free dominating set. Then S−{u} is
not a complement free dominating set. That is, S−{u} is not a X−dominating
set or X − (S − {u}) is a Y− dominating set of G. If S − {u} is not a
X−dominating set, there exists v ∈ X−(S−{u}) not X−adjacent to a vertex in
S−{u} but X−adjacent to a vertex in S. Therefore, we get (i). If X−(S−{u})
is a Y−dominating set of G, which is (ii).

Conversely, assume conditions (i) and (ii) hold. Let S be a complement free
dominating set. Let us assume S is not minimal complement free dominating
set. Then, there exists a vertex u ∈ S such that S − {u} is a complement free
dominating set. Equivalently, S−{u} is a X−dominating set and X−(S−{u})
is not a Y−dominating set. If X − (S − {u}) is not a Y−dominating set of G,
we get a contradiction to (ii). Also every vertex in X − S is X-adjacent to at
least one vertex in S − {u}, so condition (i) does not hold for u. ¥

Observation 2.1 (i)γcf (Km,n − {e}) = m− 1, where e is an edge in Km,n.
(ii) γcf (mK2) = m− 1 for m ≥ 3.

3 Bounds for complement free domination num-
ber

Let δX(G) = min{d(y) : y ∈ Y }.

Observation 3.1 γcf (G) ≥ δX(G).

Proof: Let S be a complement free dominating set. Then, X − S is not a
Y−dominating set. There exists a vertex y ∈ Y not dominated by a vertex of
X − S. Since, every vertex in Y should have degree at least δX(G). Therefore,
γcf (G) ≥ δX(G). ¥

Theorem 3.1 For any graph G, γcf (G) ≤ γX(G) + δX(G)− 1.

Proof: Let S be a γX−set of G. Let y ∈ Y be a vertex such that d(u) = δX(G).
Then atleast one vertex x ∈ N(y) must be in γX−set S, say x ∈ S. Now
S ∪ (N(y) − {x}) is a complement free dominating set. Therefore, γcf (G) ≤
|S ∪ (N(y)− {x})| ≤ γX(G) + δX(G)− 1. ¥

Remark 3.1 The upper bound in theorem 3.1 is attained in the graphs (i)Km,n

(ii) X-Corona of Km,n.
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Theorem 3.2 For any connected graph G, if γY (G) = k, then γcf (G) ≤ p −
k + 1.

Proof: Let S be a γY−set of G. Then S−{u} is not a Y−dominating set of G.
Since, S is a Y−dominating set, X − S is a X-dominating set of G. Therefore,
(X−S)∪{u} is a X−dominating set such that S−{u} is not a Y−dominating
set. Therefore, γcf (G) ≤ p− k + 1. ¥
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