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Abstract

In this paper, we show that some results of Sharma and Deshpande
[I9] are not valid, we also give supporting example. Finally, we consider
the concept of weakly compatible mappings to improve the main result of
Pathak [9].
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1 Introduction

Jungck [3] proved a common fixed point theorem for commuting maps general-
izing the Banach’s fixed point theorem. Sessa [I8] defined weak commutativity
and proved common fixed point theorem for weakly commuting mappings. Fur-
ther, Jungck [] introduced the notion of compatibility, which is more general
than that of weak commutativity, then various fixed point theorems for compat-
ible mappings satisfying contractive type conditions and assuming continuity of
at least one of the mappings, have been obtained by many authors. In 1998,
Jungck and Rhoades [5] introduced the notion of weak compatibility and showed
that compatible maps are weakly compatible but the converse need not to be
true. Finally, Sharma and Choubey [I7] proved common fixed point theorems
for weakly compatible mappings on a complete Menger spaces without using
the condition of continuity.

Menger [7] introduced the notion of probabilistic metric spaces, which is
a generalization of metric spaces. The study of these spaces was performed
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extensively by Schweizer and Sklar [I5]. The theory of probabilistic metric
spaces is of fundamental importance in probabilistic functional analysis.

Recently, some fixed point theorems in Menger spaces have been proved by
many authors, Radu [10] [I1], Stojakovic [I3],[14], Dedeic and Sarapa [2], Murthy
and Stojakovic [I] and others under various contractive conditions.

In this paper, we point out that[[I9], Theorem (3.1)] is false unless some
additional conditions are imposed. An example is given to justify our claim.
Finally, we improve the results of Pathak [9] by replacing the condition of com-
patibility of type (P) by weak-compatibility in complete Menger space.

2 Preliminaries

The following definitions appear in [15].

Definition 2.1 A real valued function f on the set of real numbers is called a
distribution function if it is non-decreasing, left continuous with inf,cr f(u) =0
and sup,cp f(u) = 1.

The Heaviside function H is a distribution function defined by

0, ©u<0
H(u)—{ 1, u>0.
Definition 2.2 Let X be a non-empty set and let L denote the set of all distri-
bution functions defined on X. An ordered pair (X,S) is called a probabilistic
metric space where  is a mapping from X x X into L if for every pair (z,y) € X
a distribution function F(z,y) or Fy, assumed to satisfy the following condi-
tions:

(2) F£,y(u) = Fy,x(u)
(3) Fyy(0)=0.

H(u) if and only if x = y.

(4) If Fy y(u1) =1 and Fy ,(uz) = 1, then F, .(u1 +ug) =1 for all x,y,z in
X and uy,us > 0.

Every metric space (X,d) can be realized as a probabilistic metric space by
taking & : X x X — L defined by F, ,(u) = H(u—d(z,y)) for all z, y in X. So
probabilistic metric spaces provide a wider framework than that of the metric
spaces and are better suited in many situations.

Definition 2.3 A t-norm is a function t : [0,1] x [0,1] — [0,1] satisfying the
following conditions:

(T1) t(a,1) =a, t(0,0) =0,
(T2) t(a,b) =t(b,a),
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(T3) t(c,d) > t(a,b) forc > a,d > b,
(T4) t(t(a,b),c) =t(a,t(b,c)) for all a,b,c € [0,1].

Definition 2.4 A Menger probabilistic metric space (X, S, t) is an ordered triple,
where t is a t-norm, and (X, <) is a probabilistic metric space satisfying the fol-
lowing condition: Fy ,(u1 + ug) > t(Fy(u1), Fy »(u2)) for all z,y,z in X and
ug, uz > 0.

Definition 2.5 A sequence {x,} in (X,S,t) is said to converge to a point
x € X if for every e > 0 and X > 0, there exists a positive integer N (g, \) such
that Fy o(e) >1— X for alln > N(g, ).

Definition 2.6 A sequence {z,} in (X,S,t) is said to be a Cauchy sequence
if for every e > 0 and A > 0, there exists a positive integer N(e,\) such that
Fy x.,(e) >1—=X foralln,m > N(eg, \).

Definition 2.7 A Menger space (X, t) with continuous t-norm is said to be
complete if every Cauchy sequence in X converges to a point in X.

Definition 2.8 A coincidence point (or simply coincidence) of two mappings
18 a point in their domain having the same image point under both mappings.

Formally, given two mappings f,g : X — Y we say that a point x in X is a
coincidence point of f and g if f(x) = g(x).

Definition 2.9 ([5]) A pair of mappings A and S is called a weakly compatible
pair if they commute at a coincidence point.

Example 2.1 Define the pair A, S :[0,3] — [0,3] by
[z, ze€]0,1) [ 33—z, z€]0,1)
A(x)_{ 3, zell,3 ’ S(””)_{ 3, z € [1,3].
Then for any z € [1,3], ASz = SAz, showing that A, S are weakly compatible

maps on [0, 3].

Definition 2.10 An PM-space (X, <) is said to be a simple space if and only if
there exists a metric d on X and a distribution function G satisfying G(0) = 0,
such that for every x, y in X

Foy(u) = G(M) TEY S
H(u), =y forall x,y € X.

Furthermore, we say that (X,S) is the simple space generated by the metric
space (X, d) and the distribution function G.

Theorem 2.1 ([I5]) A simple space is a Menger space under any choice of T
satisfying (T'1), (T2), (T'3) and (T4).
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3 Common Fixed Point Theorems

Rashwan and Hedar [12] proved the following Theorem:

Theorem 3.1 Let A, B, S and T be self mappings on a complete Menger space
(X, F,t), where t is continuous and t(x,x) > x for all x € [0, 1], satisfying the
conditions:

(3.1.1) A(X) C T(X) and B(X) C S(X),

(3.1.2) there exists k € (0,1) such that

Fap,pq(ku) > t(Fap,sp(u), t(Fpg,re(w), t(Fapre(aun), Fpg,sp(2u — au))))
forallz,y € X,u >0 and a € (0,2),

(3.1.3) one of A,B,S and T is continuous,
(3.1.4) the pairs {A, S} and {B,T} are compatible.
Then A, B,S and T have a unique common fized point in X.

In [I9] Sharma and Deshpande improved Theorem (3.1) by replacing the
condition of compatibility by weak-compatibility, relaxing the continuity re-
quirement of maps and relaxing the completeness of the space (X, F,t) .They
proved the following theorem:

Theorem 3.2 Let A, B, S and T be self mappings on a Menger space (X, F,t)
where t is continuous and t(x,x) > x for all x € [0, 1], satisfying the conditions:
(3.2.1) A(X)CT(X) and B(X) C S(X),

(3.2.2) there exists k € (0,1) such that
Faa,py(ku) > U(Fag,s50(w), t(Fpy,ry (0), t(Faz,ry(aw), Fpy 5:(2u — au))))
forallz,y € X, u>0 and o« € (0,2).

If

(3.2.3) one of A(X),B(X),S(X) and T(X) is a complete subspace of X,
then

(i) A and S have a coincidence point, and

(i) B and T have a coincidence point.
Further if

(3.2.4) the pairs {A, S} and {B,T} are weakly compatible,
then

(iii) A, B, S and T have a unique common fized point in X.
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Now, we provide an example to demonstrate that this claim is false unless
some additional conditions are imposed.
The next example shows that there exists four mappings A, B, S and T satis-
fying all the properties (3.2.1) — (3.2.4) but they have more than one common
fixed point.

Example 3.1 Let X = (0, 3] with the Euclidean metric d and let S : X xX — L
be defined as:

Fyy(u) = G(d(:ﬁy)) TEY
H(u), T=1y for all x,y € X,

where G(x) is any distribution function such that G(0) = 0, then, (X,<) is a
simple space. By using Theorem (2.1), the space (X, <, t) will be Menger space
with 7t = min”.

Define the mappings A, B, S and T as following;:

_ 5 xe(0,1) [ 1-= z€(0,1)
A(m)_{i’i z € [L1,3] ’ B(x)_{s, z € [1,3]
l1—z, xz€(0,1) z, xz€(0,1)

S(@) = { 3, x € [1,3] ’ T(z) = { 3, zell,3].

We see that, X = (0, 3] is not complete. Since A(X) = {3,3}, B(X) ={(0,1)U
{3}}, T(X) = {(0,1) U{3}} and S(X) = {(0,1) U {3}}, then we can say that
A(X) CS(X), B(X) CT(X) and A(X) is complete subspace of X.

We have ASz = SAz for all x € [1,3] or z = 3, then {A, S} commute at
coincidence points, and also, BTz = T'Bz forallz € [1,3] or z = %, then {B,T'}
commute at coincidence points, i.e, {4, S} and {B,T} are weakly compatible
pairs.

Hence, these mappings satisfy the conditions (3.2.1), (3.2.3) and (3.2.4). More-
over, A, B, S and T satisfying (3.2.2), for k = %, a= % and u > 0 as follows:

1- fze(0,1),ye(0,1),x#y,z#;andy# 5.
Left hand side of (3.2.2) (L.H.S) is Fag By(ku) = F%,lfy(%u) = G(ill%—qul)’
Right hand side of (3.2.2) (R.H.S) equal,
t(FA'm,Sz(U)yt(FBy,Ty( w), t(Fag, Ty(3 u), FBy Sm(z? )
:mm{F%,l—w(u)aFl—y,y( u), F@,y(gu) 1- u,l w(iu)}

—y|”?

w\c«

.-.|1_2y‘:2|l_y|> | y|:>|1 21/‘_|1
0), since G(x) is non decreasing distribution function , then, G(

G2,

|5 -yl

z ik (equal sign holds atu =

IN

[1- 2u|)
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R.H.S = min{G(\%Zzl)’G(|1f2y|)’G(|j,uy|)}‘
Now we consider many cases,

Case(i) If z >y and z < 3:

3

x>y:—x<—y:>f—x<l—y$|%_x|<|%_y|:>m2
= 2y|:>G( )>G(|1 2y|)
Aso,z<g=r-y<z-y=lo-yl<|z-yl <[1-2y = 3% =
\éim:$\53|2\r3y|:>GﬁjiA)Z(Xﬁ?Zﬂ)

Hence, R.H.S = G(ﬁ), and we have If—uyl = \1%3y| > = 2y|

Then, R.H.S = G(127) < G(i) = LHS.

Case(ii) If z >y, 2> 1 and y < &:
x<%:>a:—y> %—ySincey<%andx>y, then |z — y| >

2 - M:mmgwr = Gl < Ol
Alsoy< =y— x<f—x:>x—y>x—f:>|x— | >z — 3=
1, N
< <ty = GG < Gty
1u l'u/ lu §u
Hence, R.H.S = G(%), and we have 2 < < 7 =
lz—yl lz—yl \ffyl 13—yl

R.H.S = G( o) S LH.S = G( -

Case(iii) If we take any value for z and y such that z > y , > %

and y > 3, we note that |1 — 2y| > |5 — x| > 2|z — y|. Then for
any x >y > 5 we have =t < i < = G(g) <

T < 3y
Glis) < Glopty) = RH.S = Gy ie, LH.S > RS,

2

Case(iv) If z < y:
As in the previous cases one can verify that, R.H.S < L.H.S.

2- Ifx:%andy:%.
LH.S = Fazpy(3u) = Fs

RHS—mmﬁmﬂd)FmI
—mln{F1 1( F%%()
= H(u).

3- Ifaczlandye(o 1).

Su
LHS = Fy_,(Ju) = G(7=)

RS = min{Fy 4 (1), Fiopy (0), Fy (). Fr_, 3 (30)
= min{G (), Gl Gy
Since,




(5u), Fy 1o (3u)}

(u), F'

=

1 1
2 2
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RHS—min{F1

- ()

Ifu>0=LHS=1>RHS
= 0:

Ifu=0= L.HS=0=G(0)=RH.S.

Ifzell,3],yell,3
L.H.S = R.H.S.

4“)

If z € [1,3] and y € (0,1), y;éO
G(|2+y|
) Fioy3(z3u)}

L.H.S= Fg,l_y( u)
RHS min{F373( )F1 yy( )ng(
(1257) G ), G )}

H.S.

= min{H (u)
Ifu=0RHS=0=

33

< G(isp)-

1

) <

1

Now suppose u > 0, we have two cases
Case(i) Ify > 35t
y>1=y+2>13 +2—3—7>3 y=ly+2| >3 y|:>2|y+2|>
3
ly+2| >3-y >33~y = |y+2| <= y\ :>G(\y+2\)
) < 2(y+2) = 2y — 1| < 2\y+2| =
Hence, R.H.S= G(‘y+2|

Also, 2y—1 = 2 -1
T > e = Gl > Gl
Glgir) = LALS.

Case(u) Ify < z
(3+y) 33+3 )— 2+3 < 2(2-3) <2(2-y) < 2(2+y),
|31 L > e = G f“") > G,
2y = gy < ey = Glha) < Glg)-

FB-y) <
then 23 —y| <2]2+y| =

Also, 2|y + 2| > |1 —
Hence, R.H.S= G(‘ +2‘) < L.H.S.
7- Ifz e [1,3],y = 3.
L.H.S= Fy 1 (Ju) = (%“) = G(Fu)
R.H.S=min{F33(u), Fy 1 (u), Fy 3 (Fu), Fy 3(3u)} = min{H(u), H(u), G(5u), G(5u)} =
G(%u) < L.H.S.
8 Ifx e (0,1),y €1, S}andx# 3
LH.S=Fy 5(} )*G(%“)*G(f’ou)
R.H.S= HllIl{F‘%7 z( ) F3 3( ) Fl 3( ) F31 m(%u)}
), Hu), G(2u), G( A
) = G-
ie, RH.S = G(|2+|)<LHS

su) >

= min{G (1
224z > 24| > |1 — 2 éG(
G(&

Also,2 <22+ ) = G(

\2+ a1
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9- Ify € [1,3],2 = 5.
L.H.S= H(u) > R.H.S.

Then A, B, S and T satisfying (3.2.1) — (3.2.4) but they have more than one
common fixed point.

The following Lemma is used in the sequel.

Lemma 3.1 ([20, [16]) Let {z,} be a sequence in a Menger space (X,S,t),
where t is continuous and t(x,x) > x for all x € [0,1] . If there exists a
constant k € (0,1) such that,

Fpp wnii(kx) > Fy | o, (x) for all 2 > 0 and n € N, then {x,} is Cauchy
sequence in X.

Now we prove a common fixed point theorem for four weakly compatible maps
on a complete Menger space.

Theorem 3.3 Let A, B, S and T be self mappings on a complete Menger space
(X, F,t) where t(x,y) = min(z,y) for all x,y € [0,1], satisfying the following
conditions:

(3.3.1) A(X), B(X) are closed sets of X and A(X) C T(X),B(X) C S(X),

(3.3.2) the pairs {A, S} and {B,T} are weakly compatible,

(3.3.3) [Fag,y(ku)]* >
min § [Fsy 7y (u)]?, Fsu a2 (W) Fry By(u), Fse 1y (u) Fse a0 (u),
Fsomy(u)Fry By (u), Fso my(u) Fse py(20), Fse ry(4) Fry az(u),
Fsu,y(2u) Fry ac(u), Fsg Az (W) Fry ac(u), Fsz py (20) Fry, 5y ()

forallz,ye X, x >0 and u >0, where k € (0,1). Then A, B, S and T have
a unique common fixed point in X .

Proof. since A(X) C T(X) for any arbitrary zo € X, there exists a point
z1 € X such that Azg = Tx; and B(X) C S(X) implies that for this point z;
we can find a point o € X such that Bx; = Sxo and so on. inductively, we
can define a sequence {y,} in X such that

(31) Yon = Al‘Qn == T$2n+1
Yon+1 = B.’132n+1 = S$2n+27 n=0,1,2,..,.

Now we prove that the sequence defined by (3.1) is a Cauchy sequence. By
Lemma (3.1) it is sufficient to show that F, (ku) > Fy,, | yon (u) for all

Y2n,Y2n+1
u > 0 where k € (0,1). Suppose that Fy, .. . (ku) < Fy, 4, (u) and using
(3.3.3), we have
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[Fy2my2n+1 (ku)P = [FA12n7BI2n+1 (ku)]2 >
min [Fsr2n,Tﬂﬁ2n+1 (u)]Qa FSOEzn,AHEQn (U)FTI2n+1,BI2n+1 (u)v FSI2n7T172n+1 (U)FSCEQn,AIQn (u)a

FSIZnmi2n+l (u)FTI2n+1,BI2n+1 (u)a FSI2n7Tm2n+l (u)Fszzn,Bfﬂ2n+1 (2’LL),
FS$2‘H,7T1:271,+1 (U)Flen,+1,AfC2n (u)v FSIQ’VL7B‘/E27'L+1 (QU)FTI2W,+17A‘/E2TL (’LL),

FSIE%,AIzn (U)FT$2’!L+17AJ/‘2’!L (u)7 FSJEzn,BIszrl (QU)FT121L+1,B$27L+1 (u) }’

> min {[Fy2n1,y2n (U)]Qa Fyo 1 yon (U)FyZH;erH»l (u), Fyor 1 yon (u>Fy2'n717y2n (u),

Fyo 1 yon (U)Fym,yan (u), Fyo 1 yon (u)Fy2n717y2n+1 (2u), Fyor 1yom (U)Fyzman (u),
Fy2n—1792n+1 (2U)Fy2nuy2n (u)’ Fy2n—1vy2n (u)FyZTman (u)v Fy2n—17y2n+1 (2U)Fy2n7y2n+1 (u)}a
Z min {[Fy2n7y2n+l (ku)Pa Fy2n7y2n+1 (ku)Fy2n,7y2n,+1 (u)’ [Fyzmy2n+1 (ku)]Q)v

Y2n,Y2n+1 (ku)FyZn,7y2n+1 (u)? Fy2n7y2n+1 (ku)t{Fyzn—lvyZn (U), Fy2my2n+1 (u)}7
Fy2n;y2n+1 (ku)a t{Fy2n—17y2n (u)’ Fy2nyy2n+1 (u)}7

Fyoryania (ku), t{F92n717y2n (u), Fysr yonia (u)}Fyzmyan (u) }

!

Since k € (0, 1) then u > ku for any u > 0 and F),
and also

t{Fy2n717y2n (u), Fysr yonia (u)} > t{Fy2n7y2n+1 (ku), Fysr yonia (u)} >

? 5 Y2n,Y2n+1

u) > F,

Y2n,Y2n+1

(Fu)

2my2n+1(

2n7y2n+1( 2n7y2n+1(

Hence,
[Fyon.y2ns1 (ku)]* > min {1 Fyan yonir (ku)?, Fyoyznss (KU}
Since Fp,(u) for any z,y € X,u > 0 is a nondecreasing and inf F, ,(u) =
0,sup Fy, y(u) = 1, then [Fy,, .., (kw)]* > {[Fy,, ysni: (ku)]*}, which is a con-

tradiction. Thus Fyzmyzn+1 (ku) 2 Fy2n—1;y2n (u) and {yn} is CauChy sequence
in X.

Since the Menger space (X, F,t) is complete, then the sequence {y,} con-
verges to a point z in Xand the subsequences { Azay, }, { Bxant1}, {STan}, {TTon+1}
of {yan} also converge to z.

Since A(x) C B(x), there exists p € X , such that z = T'p. by using (3.3.3)
we have

[Fszn,Bp(ku)]Q >
i {[FSW,TM% Fsun, s, () Frp.p(u),

Fswo (W) Sy, Awa, (0); FSa,, 1p(u) Frp Bp(u),
Fsz2n I'p (U)FSIQH ,Bp (2”), FSl'Zn ,Tp (u)FTvaIQH (u) ’
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FS?EQn ,BP(QU’)FTPaAIzn (U')7 FS"L‘ZTL JATan (U)FTpaAw2n (u)’ FS$2717BP(2U)FTP,BP (U;) } .

Taking limits as n — oo gives,
P (h)? = i [P, (07 Oy ). (0 0,
Foe (0 Py (), B ()i (20), e o () F (), F 5 (20)F 2 (1)
P00, Py (2000

> min {[F: 5y ()], Fzpp(u)} > [Fe,pp(u)]?.
Which means that Bp = z then we have, Bp =Tp = z.
By a similar way, since B(X) C S(X), there exists ¢ € X such that z = Sq.
Again by using (3.3.3)
[FAQ’BI%H»I (ku)P >

min {[FSQ7T3«'271+1 (’U,)]Q, FSq,Aq (U)Fszn,+17B$2n+1 (U),

FSQ)Tw2n+1 (u)FS‘LAq(u)? FSq,T&L’szA (U)FTw2n+17B$2n,+1 (u)7
FSq,T$2n+1 (U)FS‘LBIszA (Qu)’ qu,Tﬂﬁzn+1 (U)FTIQnJrl,Aq(u)?
qu,Bw2n+1 (2u>FTI2n+17Aq(u)’ FSQ;Aq (u)FTﬂCzn+1,Aq(u>7
F5473I2n+1 (QU)FTEQW,+LBC62W,+1 (u) }

Taking limits as n — oo gives,
[Fag,-(ku)]* >

min {[FZ’Z(U)F» Foaq()F; 2 (u), Fy 2 (u)Fy aq(u),
F, .(WF, ,(u), F, ,(W)F, ,(2u), F, (W) F; aq(w), F, (2u) F, aq(u),
F, aq(u)F aq(u), Fz,Z(2U)Fz,Z(u)}>

> min {[F,aq(u)]*, Fz aq(u)} = [Fz aq(w)]*.

This yields Aq = z then we have, Aq = Sq = z.

Since {B,T} are weakly compatible then they commute at their coincidence
point p. i.e, BI'p=TBpor Bz =Tz

Now we show that z is a fixed point of B.

By using (3.3.3), [Faq,5:(ku)]* >

min 3 [Fsg 72 (w)]?, Fsg,aq(w) Frs 52 (w), Fsgr2(u) Fsq,aq(w),

FSq,Tz (U)FTZ,Bz(u)a FSq,Tz (U)FSq,Bz(2u)v FSq,Tz (U)FTZ,Aq (u)7 FSq,Bz (2U)FTz,Aq (u)a

FSq,Aq (U)FTZ,Aq (u)7 FSq,Bz(QU)FTz,Bz (u)},

[Fz,Bz(ku)]Q Z min [Fz,Bz(u)]27 Fz,z(U/)FBz,Bz(u), Fz,Bz(u)Fz,z<u)a
Fz,Bz(u)FBz,Bz(u)a Fz,Bz(u)Fz,Bz(2u)7 FZ,BZ(U)FBZ,Z(U)v Fz,Bz(zu)FBz,z(u)a
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FZ,Z(u)FBZ,Z(u)7 Fz,Bz(Qu)FBz,Bz (u)}a Z min {[Fz,Bz (u)]Q’ FZ,BZ(U)}v

> [F, ps(u)]*.

which implies that Bz =Tz =z

Similarly, since {A, S} are weakly compatible then they commute at their coin-
cidence point ¢. i.e, ASq = SAq or Az = Sz.

Now we show that z is a fixed point of A. By using (3.3.3),

[F;Xz,z(ku)}2 Z min {[FAz,z(u)Pa FAz,Az (U)Fz,z(u)a FAz,z(u)FAz,Az (u)a
FAz,z(u)Fz,z (u)u FAz,z(u)FAz,z(Qu)a FAz,z (U)Fz,Az (u)7 FAZ,Z(QU)FZ,AZ (u)7
FAz,Az (U)Fz,Az (U), FAz,z(Qu)Fz,z(u)}a

> [Fa..(u)]? which means that Az = Sz = 2.

Thus z is a common fixed point of A, B, .S and T. Finally in order to prove
the uniqueness of z, suppose that z, w are common fixed points of A, B, S and
T. We prove the converse by putting x = z, y = w in (3.3.3).

[Faz puw(ku)]? > min{[FSz,Tw(u)P; Fs. a:(w)Frow,Bw(u), Fs: rw(u)Fs. a(u),
FSz,Tw (U)FTw,Bw (u), FSz,Tw (U)FSZ,Bw(QU)a FSZ,Tw (U)FTw,Az (u)7 FSZ,Bw(Qu)FTw,Az (u)a

FSZ,AZ (U)FTw,Az (U)a FSz,Bw (2U)FTU),BIU (U) s

[Fow(kw)]? > min < [, (w)])?, Fos(w) Fyw(u), Fow(u)Fy o (u),

Foow W) Fy w(W), Fy (W) F; (2u), Fy (W) Fy 2 (1), Fy 0 (2u) Fy 2 (1),
F, . (u)Fy (u), Fy 0(2u) Fy (u)} > [Fyw(w))?

which means that z = w. This complete the proof of the theorem. O
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