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A COMMON FIXED POINT THEOREM

IN NON-ARCHIMEDEAN MENGER PM-SPACES

R. A. Rashwan and Shimaa I. Moustafa

Abstract. In this paper we prove a common fixed point theorem for six
compatible self mappings of type (A) in a complete non-Archimedean Menger
PM-space.

1. Introduction and preliminaries

Non-Archimedean probabilistic metric spaces and some topological prelimi-
naries on them were first studied by Isrătescu and Crivăt [7]. Some fixed point
theorems for mappings on non-Archimedean Menger spaces have been proved by
Isrătescu [5, 6] as a result of the generalization of some of the results of Sehgal and
Bharucha-Ried [9] and Sherwood [10]. Recently, Cho [2] introduced the notion
of compatible mappings of type (A) in non-Archimedean Menger PM-spaces and
proved a common fixed point theorem for four compatible mappings of type (A) in
a complete non-Archimedean Menger PM-space.

In this paper we prove a unique common fixed point theorem for six compatible
self mappings of type (A) in a complete non-Archimedean Menger PM-space under
new contraction condition.

Definition 1.1. [5, 7] Let X be any any nonempty set and L be the set
of all left-continuous distribution functions. An order pair (x,F) is called a non-
Archimedean probabilistic metric space (briefly, a N. A. PM-space) if F is a map-
ping from X ×X to L satisfying the following conditions for all x, y, z ∈ X:

(PM-1): Fx,y(t) = 1 for every t > 0 if and only if x = y,

2010 Mathematics Subject Classification. 47H10; 54H25.
Key words and phrases. Non-Archimedean Menger probabilistic metric spaces, Compatible

mappings, Compatible mappings of type (A), Common fixed points.
Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt,

e-mail: rr−rashwan54@yahoo.com
Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt,

e-mail: shimaa13620011@yahoo.com
141



142 R. A. RASHWAN AND SHIMAA I. MOUSTAFA

(PM-2): Fx,y(0) = 0,
(PM-3): Fx,y = Fy,x,
(PM-4): if Fx,y(t1) = 1 and Fy,z(t2) = 1, then Fx,z(t1 + t2) = 1.

Definition 1.2. [8] A T-norm is a function t : [0, 1] × [0, 1] → [0, 1] which
satisfies:

(T1): t(a, 1) = a and t(0, 0) = 0,
(T2): t(a, b) = t(b, a), (commutativity)
(T3): t(c, d) > t(a, b), c > a, d > b, (nondecreasing in each coordinate)
(T4): t(t(a, b), c) = t(a, t(b, c)). (associativity)

Definition 1.3. [7] A non-Archimedean Menger PM-space is an ordered triplet
(X,F, t), where t is a t-norm and (X,F) is a N. A. PM-space satisfying the following
condition:

Fx,z(max{t1, t2}) > t(Fx,y(t1), Fy,z(t2)) for all x, y, z ∈ X and t1, t2 > 0.

Definition 1.4. [2] A N. A. Menger PM-space (X,F, t) is said to be of type
(C)g if there exists a g ∈ Ω such that g(Fx,z(t)) 6 g(Fx,y(t)) + g(Fy,z(t)) for all
x, y, z ∈ X, t > 0, where

Ω =

{g|g : [0, 1] → [0,∞), is continuous, strictly decreasing withg(1) = 0andg(0) < ∞}.

Definition 1.5. [2] A N. A. Menger PM-space (X,F, t) is said to be of type
(D)g if there exists a g ∈ Ω such that g(t(t1, t2)) 6 g(t1)+g(t2) for all t1, t2 ∈ [0, 1].

Remark 1.1. [2]

(i): If the N. A. Menger PM-space (X,F, t) is of type (D)g then it is of type
(C)g,

(ii): If (X,F, t) is N. A. Menger PM-space and t(r, s) > tmax(r, s) = max{r+
s − 1, 1}, for all r, s ∈ [0, 1], then (X,F, t) is of type (D)g for g ∈ Ω and
g(t) = 1− t.

Throughout this paper (X,F, t) is a complete N. A. Menger PM-space with a con-
tinuous strictly increasing t-norm. Let ϕ : [0,∞) → [0,∞) be a function satisfying
the condition
ϕ is upper semi-continuous from the right and ϕ(t) < t for t > 0. (Φ)

Definition 1.6. [2] A sequence {xn} in the N. A. Menger PM-space (X,F, t)
converges to a point x in X if and only if for each ϵ > 0, λ > 0 there exists M(ϵ, λ)
such that g(Fxn,x(ϵ)) < g(1− λ) for all n > M .

Definition 1.7. [2] A sequence {xn} in the N. A. Menger PM-space is a
Cauchy sequence if and only if for each ϵ > 0, λ > 0 there exists M(ϵ, λ) such that
g(Fxn,xm

(ϵ)) < g(1− λ) for all m > n > M .

Example 1.1. [11] Let X be any set with at least two elements. If we define
Fx,x(t) = 1 for all x ∈ X, t > 0 and Fx,y(t) = {0ift 6 1and1ift > 1}, where x, y ∈ X,
x ̸= y, then (X,F, t) is the N. A. Menger PM-space with t(a, b) = min{a, b}or (a.b).
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Lemma 1.1. [1] If a function ϕ : [0,∞) → [0,∞) satisfies the condition (Φ),
then we get

(i): for all t > 0, limn→∞ ϕn(t) = 0, where ϕn(t) is the n-th iteration of
ϕ(t),

(ii): if tn is a non-decreasing sequence of real numbers and tn+1 6 ϕ(tn),
n = 1, 2, . . ., then limn→∞ tn = 0. In particular, if t 6 ϕ(t), for each
t > 0, then t = 0.

Lemma 1.2. [2] Let {yn} be a sequence in X such that limn→∞ Fyn,yn+1(t) = 1
for each t > 0. If {yn} is not a Cauchy sequence in X, then there exist ϵ0 > 0,
t0 > 0 and two sequences {mi} and {ni} of positive integers such that

(i): mi > ni + 1 and ni → ∞ as i → ∞,
(ii): Fymi

,yni
(t0) < 1− ϵ0 and Fymi−1

,yni
(t0) > 1− ϵ0, i = 1, 2, . . . .

Definition 1.8. [3] Let A,S : X → X be mappings. A and S are said to be
compatible if

lim
n→∞

g(FASxn,SAxn(t)) = 0

for all t > 0, when {xn} is a sequence inX such that limn→∞ Axn = limn→∞ Sxn =
z for some z ∈ X.

Note that commuting and weakly commuting mappings are compatible but the
converse is not true (see, [4]).

Definition 1.9. [2] Let A,S : X → X be mappings. A and S are said to be
compatible of type (A) if

lim
n→∞

g(FASxn,SSxn(t)) = 0 and lim
n→∞

g(FSAxn,AAxn(t)) = 0

for all t > 0, when {xn} is a sequence inX such that limn→∞ Axn = limn→∞ Sxn =
z for some z ∈ X.

Now, we give some relations between compatible mappings and compatible
mappings of type (A) in non-Archimedean Menger PM-spaces which appears in
[2].

Proposition 1.1. Let A,S : X → X be continuous mappings. If A and S are
compatible , then they are compatible of type (A).

Proposition 1.2. Let A,S : X → X be compatible mappings of type (A). If
one of A and S is continuous, then they are compatible.

Proposition 1.3. Let A,S : X → X be continuous mappings. A and S are
compatible if and only if they are compatible of type (A).

Proposition 1.4. Let A,S : X → X be mappings. If A and S are compatible
of type (A) and Az = Sz for some z ∈ X, then SAz = AAz = ASz = SSz.

Proposition 1.5. Let A,S : X → X be compatible mappings of type (A) and
let {xn} be a sequence in X such that limn→∞ Axn = limn→∞ Sxn = z for some
z ∈ X. Then we have the following:
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(1): limn→∞ ASxn = Sz if S is continuous at z,
(2): SAz = ASz and Sz = Az if A and S are continuous at z.

2. Main Results

In this section, we prove a common fixed point theorem for six self mappings
in N. A. Menger PM-space.

Let A, B, S, T , L and M be six self mappings on a N. A. Menger PM-space
(X,F, t) with,

(2.1) L(X) ⊆ ST (X) and M(X) ⊆ AB(X).

Also, there exists g ∈ Ω such that:

g(F 2
Lx,My(t) 6ϕ(max{g(FABx,Lx(t))g(FSTy,My(t)),

1

2
g(FABx,My(t))g(FSTy,Lx(t)),

1

2
g(FABx,Lx(t))g(FABx,My(t)), g(FSTy,Lx(t))g(FSTy,My(t)),

g(FABx,Lx(t))g(FSTy,Lx(t)),
1

2
g(FABx,My(t))g(FSTy,My(t)),

g(F 2
ABx,Lx(t)), g(F

2
STy,My(t)), g(F

2
ABx,STy(t))}),

(2.2)

for every x, y ∈ X and t > 0, where ϕ satisfies the condition Φ. Then by (2.1),
since L(X) ⊆ ST (X), for any x0 ∈ X, there exists a point x1 ∈ X such that
Lx0 = STx1. As M(X) ⊆ AB(X), for this point x1, we can find x2 ∈ X such that
Mx1 = ABx2 and so on. Inductively, we can define a sequence {yn} in X such
that

y2n = Lx2n = STx2n+1

y2n+1 = Mx2n+1 = ABx2n+2, n = 0, 1, 2, ....
(2.3)

Before proving our main theorem, we need to prove the following lemma:

Lemma 2.1. Let A, B, S, T , L and M : X → X be mappings satisfying the
conditions (2.1) and (2.2), then the sequence {yn}, defined by (2.3), such that

lim
n→∞

g(Fyn,yn+1(t)) = 0 for all t > 0

is a Cauchy sequence in X.

Proof. Since g is continuous and g(1) = 0, then limn→∞ g(Fyn,yn+1(t)) = 0
implies
limn→∞ Fyn,yn+1(t) = 1 for all t > 0.
By Lemma 1.2, if {yn} is not Cauchy sequence in X, there exists ϵ0 > 0, t0 > 0
and two sequences {mi}, {ni} of positive integers such that

(A): mi > ni + 1 and ni → ∞ as i → ∞;
(B): g(Fymi

,yni
(t0)) > g(1− ϵ0) and g(Fymi−1,yni

) 6 g(1− ϵ0), i = 1, 2, ... .
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If we define g(t) = 1− t for all t ∈ [0, 1], then (X,F, t) is a N. A. Menger PM-space
of type (D)g for any t > tmax.

g(1− ϵ0) < g(Fymi
,yni

(t0))

6 g(Fymi
,ymi−1(t0)) + g(Fymi−1,yni

(t0))

6 g(Fymi
,ymi−1

(t0)) + g(1− ϵ0).

(2.4)

Letting i → ∞ in (2.4), we have:

lim
n→∞

g(Fymi
,yni

(t0)) = g(1− ϵ0).(2.5)

On the other hand, we have:

g(1− ϵ0) < g(Fymi
,yni

(t0))

6 g(Fyni
,yni+1(t0)) + g(Fyni+1,ymi

(t0)).
(2.6)

Now, we consider g(Fyni+1,ymi
(t0)) in (2.6), without loss of generality, assume that

both ni and mi are even.
Using (2.2) at x = xmi and y = xni+1, gets:

g(F 2
Lxmi

,Mxni+1
(t0)) 6 ϕ(max{g(FABxmi

,Lxmi
(t0))g(FSTxni+1,Mxni+1(t0)),

1
2g(FABxmi

,Mxni+1(t0))g(FSTxni+1,Lxmi
(t0)),

1
2g(FABxmi

,Lxmi
(t0))g(FABxmi

,Mxni+1
(t0)),

g(FSTxni+1,Lxmi
(t0))g(FSTxni+1,Mxni+1(t0)),

g(FABxmi
,Lxmi

(t0))g(FSTxni+1,Lxmi
(t0)),

1
2g(FABxmi

,Mxni+1(t0))g(FSTxni+1,Mxni+1(t0)), g(F
2
ABxmi

,Lxmi
(t0)),

g(F 2
STxni+1,Mxni+1

(t0)), g(F
2
ABxmi

,STxni+1
(t0))}),

g(F 2
ymi

,yni+1
(t0)) 6 ϕ(max{g(Fymi−1,ymi

(t0))g(Fyni
,yni+1(t0)),

1
2g(Fymi−1,yni+1(t0))g(Fyni

,ymi
(t0)),

1
2g(Fymi−1,ymi

(t0))g(Fymi−1,yni+1(t0)),

g(Fyni
,ymi

(t0))g(Fyni
,yni+1(t0)), g(Fymi−1,ymi

(t0))g(Fyni
,ymi

(t0)),
1
2g(Fymi−1,yni+1(t0))g(Fyni

,yni+1(t0)),

g(F 2
ymi−1,ymi

(t0)), g(F
2
yni

,yni+1
(t0)), g(F

2
ymi−1,yni

(t0))}),

Letting i → ∞, we have:

lim
i→∞

g(F 2
ymi

,yni+1
(t0)) 6 ϕ(max{0, 1

2
g(1− ϵ0)g(1− ϵ0), 0, 0, 0, 0, 0, 0, g(1− ϵ0)

2}),

6 ϕ(g(1− ϵ0)
2),

< g((1− ϵ0)
2).

(2.7)

Since g ∈ Ω, by (2.7) we have

lim
i→∞

F 2
ymi

,yni+1
(t0) > (1− ϵ0)

2,

lim
i→∞

Fymi
,yni+1(t0) > 1− ϵ0,

g( lim
i→∞

Fymi
,yni+1(t0)) < g(1− ϵ0).
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Thus,

lim
i→∞

g(Fymi
,yni+1(t0)) < g(1− ϵ0).(2.8)

Letting i → ∞ in (2.6), substituting by (2.8) gives:

g(1− ϵ0) < lim
i→∞

g(Fyni
,yni+1(t0)) + lim

i→∞
g(Fyni+1,ymi

(t0)),

< 0 + g(1− ϵ0),

which is a contradiction. Therefore {yn} is a Cauchy sequence in X. �
Theorem 2.1. Let (X,F, t) be a complete non-Archimedean Menger PM-space

and A, B, S, T , L and M be mappings from X into itself satisfying the conditions
(2.1), (2.2) and the following:

(i): AB = BA, ST = TS, LB = BL and MT = TM ;
(ii): one of the mappings ST , L, AB and M is continuous;
(iii): the pairs {L,AB} and {M,ST} are compatible of type (A).

Then A, B, S, T , L and M have a unique common fixed point in X.

Proof. Step 1. We show that limn→∞ g(Fyn,yn+1(t)) = 0 forall t > 0.
In fact, by (2.2) and (2.3), we have:
g(F 2

Lx2n,Mx2n+1
(t)) 6 ϕ(max{g(FABx2n,Lx2n(t))g(FSTx2n+1,Mx2n+1(t)),

1
2g(FABx2n,Mx2n+1(t))g(FSTx2n+1,Lx2n(t)),
1
2g(FABx2n,Lx2n

(t))g(FABx2n,Mx2n+1
(t)),

g(FSTx2n+1,Lx2n(t))g(FSTx2n+1,Mx2n+1(t)),

g(FABx2n,Lx2n(t))g(FSTx2n+1,Lx2n(t)),
1
2g(FABx2n,Mx2n+1(t))g(FSTx2n+1,Mx2n+1(t)),

g(F 2
ABx2n,Lx2n

(t)), g(F 2
STx2n+1,Mx2n+1

(t)), g(F 2
ABx2n,STx2n+1

(t))}).

g(F 2
y2n,y2n+1

(t)) 6 ϕ(max{g(Fy2n−1,y2n(t))g(Fy2n,y2n+1(t)),
1
2g(Fy2n−1,y2n+1(t))g(Fy2n,y2n(t)),
1
2g(Fy2n−1,y2n

(t))g(Fy2n−1,y2n+1
(t)), g(Fy2n,y2n

(t))g(Fy2n,y2n+1
(t)),

g(Fy2n−1,y2n(t))g(Fy2n,y2n(t)),
1
2g(Fy2n−1,y2n+1(t))g(Fy2n,y2n+1(t)),

g(F 2
y2n−1,y2n

(t)), g(F 2
y2n,y2n+1

(t)), g(F 2
y2n−1,y2n

(t))}),

6 ϕ(max{g(Fy2n−1,y2n(t))g(Fy2n,y2n+1(t)), 0,
1
2g(Fy2n−1,y2n(t))[g(Fy2n−1,y2n(t)) + g(Fy2n,y2n+1(t))], 0, 0,
1
2 [g(Fy2n−1,y2n(t)) + g(Fy2n,y2n+1(t))]g(Fy2n,y2n+1(t)),

g(F 2
y2n−1,y2n

(t)), g(F 2
y2n,y2n+1

(t)), g(F 2
y2n−1,y2n

(t))}).

If g(Fy2n−1,y2n(t)) 6 g(Fy2n,y2n+1(t)) for all n ∈ N and t > 0. Thus,

g(F 2
y2n,y2n+1

(t)) 6 ϕ(max{g2(Fy2n,y2n+1(t)), g(Fy2n,y2n+1(t)), g(F
2
y2n,y2n+1

(t))}).
Since g(t) 6 1 for all t ∈ [0, 1], then

g2(Fy2n,y2n+1(t)) 6 g(Fy2n,y2n+1(t)) 6 g(F 2
y2n,y2n+1

(t)).
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Therefore, g(F 2
y2n,y2n+1

(t)) 6 ϕ(g(F 2
y2n,y2n+1

(t))). If we consider a decreasing se-

quence M2n = g(F 2
y2n,y2n+1

(t)), we have M2n−1 6 M2n 6 ϕ(M2n). Therefore, by

Lemma (2.1),

lim
n→∞

M2n = lim
n→∞

g(F 2
y2n,y2n+1

(t)) = 0 for all t > 0.

On the other hand, if g(Fy2n−1,y2n(t)) > g(Fy2n,y2n+1(t)), we have:

g(F 2
y2n,y2n+1

(t)) < ϕ(g(F 2
y2n−1,y2n

(t))),

< ϕ(ϕ(g(F 2
y2n−2,y2n−1

(t)))),

...

< ϕ2n(g(F 2
y0,y1

(t))) → 0 as n → ∞.

Thus in all cases, we have:

lim
n→∞

g(F 2
y2n,y2n+1

(t)) = 0 for all t > 0.

Similarly,

lim
n→∞

g(F 2
y2n+1,y2n+2

(t)) = 0 for all t > 0.

Therefore,

lim
n→∞

g(F 2
yn,yn+1

(t)) = 0 for all t > 0.

By Lemma (2.1), {yn} is Cauchy sequence in X. Since X is complete, the sequence
{yn} converges to a point z ∈ X and so the subsequences Lx2n,Mx2n+1, ABx2n

and STx2n+1 of {yn} also converge to the limit z.
Step 2. We show the existence of the common fixed point of the six mappings
under consideration at ST be continuous.
Since M and ST are compatible of type (A), then by proposition (1.5),

MSTx2n+1, STSTx2n+1 → STz.

Using (2.2) at x = x2n and y = STx2n+1, yields

g(F 2
Lx2n,MSTx2n+1

(t)) 6 ϕ(max{g(FABx2n,Lx2n(t))g(FSTSTx2n+1,MSTx2n+1(t)),
1
2g(FABx2n,MSTx2n+1(t))g(FSTSTx2n+1,Lx2n(t)),
1
2g(FABx2n,Lx2n(t))g(FABx2n,MSTx2n+1(t)),

g(FSTSTx2n+1,Lx2n(t))g(FSTSTx2n+1,MSTx2n+1(t)),

g(FABx2n,Lx2n
(t))g(FSTSTx2n+1,Lx2n

(t)),
1
2g(FABx2n,MSTx2n+1(t))g(FSTSTx2n+1,MSTx2n+1(t)),

g(F 2
ABx2n,Lx2n

(t)), g(F 2
STSTx2n+1,MSTx2n+1

(t)), g(F 2
ABx2n,STSTx2n+1

(t))}).

Letting n → ∞, we have:

g(F 2
z,STz(t)) 6 ϕ(max{0, 1

2
g2(Fz,STz(t)), 0, 0, 0, 0, 0, 0, g(F

2
z,STz(t))}),

6 ϕ(g(F 2
z,STz(t))).
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By Lemma (1.1), we have g(F 2
z,STz(t)) = 0 for all t > 0, that is, F 2

z,STz(t) =
1 for all t > 0. Therefore, z = STz.

Again by using (2.2) with x = x2n and y = z, we have:

g(F 2
Lx2n,Mz(t)) 6 ϕ(max{g(FABx2n,Lx2n(t))g(FSTz,Mz(t)),

1

2
g(FABx2n,Mz(t))

g(FSTz,Lx2n(t)),
1

2
g(FABx2n,Lx2n(t))g(FABx2n,Mz(t)),

g(FSTz,Lx2n(t))g(FSTz,Mz(t)), g(FABx2n,Lx2n(t))

g(FSTz,Lx2n(t)),
1

2
g(FABx2n,Mz(t))g(FSTz,Mz(t)),

g(F 2
ABx2n,Lx2n

(t)), g(F 2
STz,Mz(t)), g(F

2
ABx2n,STz(t))}).

Letting n → ∞, we have

g(F 2
z,Mz(t)) 6 ϕ(g(F 2

z,Mz(t))).

Hence, z = Mz. Since M(X) ⊆ AB(X), there exists a point w ∈ X such that
Mz = ABw = z. At x = w and y = z in (2.2), we have:

g(F 2
Lw,Mz(t)) 6 ϕ(max{g(FABw,Lw(t))g(FSTz,Mz(t)),

1

2
g(FABw,Mz(t))g(FSTz,Lw(t)),

1

2
g(FABw,Lw(t))g(FABw,Mz(t)), g(FSTz,Lw(t))g(FSTz,Mz(t)),

g(FABw,Lw(t))g(FSTz,Lw(t)),
1

2
g(FABw,Mz(t))g(FSTz,Mz(t)),

g(F 2
ABw,Lw(t)), g(F

2
STz,Mz(t)), g(F

2
ABw,STz(t))}),

g(F 2
Lw,z(t)) 6 ϕ(max{0, 0, 0, 0, g2(Fz,Lw(t)), 0, g(F

2
z,Lw(t)), 0, 0}),

6 ϕ(g(F 2
z,Lw(t))),

which means that Lw = z. Since L and AB are compatible of type (A) and
Lw = ABw = z, by proposition (1.4), Lz = LABw = ABLw = ABz. Again by
using (2.2), we have Lz = z. Therefore, Lz = ABz = Mz = STz = z, i.e., z is a
common fixed point of the mappings L, AB, M and ST .
Step 3. We show the existence of the common fixed point at L be continuous.
As L is continuous and (L,AB) is compatible of type (A), then L2x2n, ABLx2n →
Lz. Putting x = Lx2n and y = x2n+1 in (2.2), we have:

g(F 2
LLx2n,Mx2n+1

(t)) 6 ϕ(max{g(FABLx2n,LLx2n(t))g(FSTx2n+1,Mx2n+1(t)),
1
2g(FABLx2n,Mx2n+1(t))g(FSTx2n+1,LLx2n(t)),
1
2g(FABLx2n,LLx2n

(t))g(FABLx2n,Mx2n+1
(t)),

g(FSTx2n+1,LLx2n(t))g(FSTx2n+1,Mx2n+1(t)),

g(FABLx2n,LLx2n(t))g(FSTx2n+1,LLx2n(t)),
1
2g(FABLx2n,Mx2n+1(t))g(FSTx2n+1,Mx2n+1(t)),

g(F 2
ABLx2n,LLx2n

(t)), g(F 2
STx2n+1,Mx2n+1

(t)), g(F 2
ABLx2n,STx2n+1

(t))}).
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Letting n → ∞, we get

g(F 2
Lz,z(t)) 6 ϕ(max{0, 1

2
g2(FLz,z(t)), 0, 0, 0, 0, 0, 0, g(F

2
Lz,z(t))}),

6 ϕ(g(F 2
Lz,z(t))).

That is , Lz = z.
Since L(X) ⊆ ST (X), there exists a point w1 ∈ X such that Lz = STw1 = z.

At x = x2n and y = w1 in (2.2), we have:

g(F 2
Lx2n,Mw1

(t)) 6 ϕ(max{g(FABx2n,Lx2n(t))g(FSTw1,Mw1(t)),
1
2g(FABx2n,Mw1(t))g(FSTw1,Lx2n(t)),
1
2g(FABx2n,Lx2n(t))g(FABx2n,Mw1(t)),

g(FSTw1,Lx2n(t))g(FSTw1,Mw1(t)),

g(FABx2n,Lx2n(t))g(FSTw1,Lx2n(t)),
1
2g(FABx2n,Mw1(t))g(FSTw1,Mw1(t)),

g(F 2
ABx2n,Lx2n

(t)), g(F 2
STw1,Mw1

(t)), g(F 2
ABx2n,STw1

(t))}).
Letting n → ∞, we obtain

g(F 2
z,Mw1

(t)) 6 ϕ(max{0, 0, 0, 0, 0, 1
2
g2(Fz,Mw1(t)), g(F

2
z,Mw1

(t)), 0, 0}),

6 ϕ(g(F 2
z,Mw1

(t))).

which means that Mw1 = z. AS M and ST are compatible of type (A) and
Mw1 = STw1 = z, by proposition 2.4, Mz = MSTw1 = STMw1 = STz. As in
step 3 we have Mz = z. Therefore, Lz = Mz = STz = z.
As M(X) ⊆ AB(X), there exists a point w ∈ X such that Mz = ABw = z. At
x = w and y = z in (2.2), we have:

g(F 2
Lw,Mz(t)) 6 ϕ(max{g(FABw,Lw(t))g(FSTz,Mz(t)),

1

2
g(FABw,Mz(t))g(FSTz,Lw(t)),

1

2
g(FABw,Lw(t))g(FABw,Mz(t)), g(FSTz,Lw(t))g(FSTz,Mz(t)),

g(FABw,Lw(t))g(FSTz,Lw(t)),
1

2
g(FABw,Mz(t))g(FSTz,Mz(t)),

g(F 2
ABw,Lw(t)), g(F

2
STz,Mz(t)), g(F

2
ABw,STz(t))}),

g(F 2
Lw,z(t)) 6 ϕ(max{0, 0, 0, 0, g2(Fz,Lw(t)), 0, g(F

2
z,Lw(t)), 0, 0}),

6 ϕ(g(F 2
z,Lw(t))),

which means that Lw = z. Since L and AB are compatible of type (A) and
Lw = ABw = z, by proposition (1.4), z = Lz = LABw = ABLw = ABz.
Therefore, Lz = ABz = Mz = STz = z, i.e., z is a common fixed point of the
mappings L, AB, M and ST .
Step 4. At the continuity of AB.
Since L and AB are compatible of type (A), then by proposition (1.5),

LABx2n, ABABx2n → ABz.
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Using (2.2) at x = ABx2n and y = x2n+1, we have:

g(F 2
LABx2n,Mx2n+1

(t)) 6 ϕ(max{g(FABABx2n,LABx2n
(t))g(FSTx2n+1,Mx2n+1

(t)),
1
2g(FABABx2n,Mx2n+1(t))g(FSTx2n+1,LABx2n(t)),
1
2g(FABABx2n,LABx2n(t))g(FABABx2n,Mx2n+1(t)),

g(FSTx2n+1,LABx2n(t))g(FSTx2n+1,Mx2n+1(t)),

g(FABABx2n,LABx2n(t))g(FSTx2n+1,LABx2n(t)),
1
2g(FABABx2n,Mx2n+1(t))g(FSTx2n+1,Mx2n+1(t)),

g(F 2
ABABx2n,LABx2n

(t)), g(F 2
STx2n+1,Mx2n+1

(t)), g(F 2
ABABx2n,STx2n+1

(t))}).
Letting i → ∞, yields

g(F 2
ABz,z(t)) 6 ϕ(max{0, 1

2
g2(FABz,z(t)), 0, 0, 0, 0, 0, 0, g(F

2
ABz,z(t))}),

6 ϕ(g(F 2
ABz,z(t))).

Then, ABz = z.
Again by using (2.2) with x = z and y = x2n+1, we have:

g(F 2
Lz,Mx2n+1

(t)) 6 ϕ(max{g(FABz,Lz(t))g(FSTx2n+1,Mx2n+1(t)),
1
2g(FABz,Mx2n+1(t))g(FSTx2n+1,Lz(t)),
1
2g(FABz,Lz(t))g(FABz,Mx2n+1(t)), g(FSTx2n+1,Lz(t))g(FSTx2n+1,Mx2n+1(t)),

g(FABz,Lz(t))g(FSTx2n+1,Lz(t)),
1
2g(FABz,Mx2n+1(t))g(FSTx2n+1,Mx2n+1(t)),

g(F 2
ABz,Lz(t)), g(F

2
STx2n+1,Mx2n+1

(t)), g(F 2
ABz,STx2n+1

(t))}).

Letting n → ∞, we have

g(F 2
Lz,z(t)) 6 ϕ(g(F 2

Lz,z(t))).

Hence, Lz = z.
Since L(X) ⊆ ST (X), there exists a point w1 ∈ X such that Lz = STw1 = z.

At x = z and y = w1 in (2.2), we have:

g(F 2
Lz,Mw1

(t)) 6 ϕ(max{g(FABz,Lz(t))g(FSTw1,Mw1
(t)),

1
2g(FABz,Mw1(t))g(FSTw1,Lz(t)),
1
2g(FABz,Lz(t))g(FABz,Mw1(t)), g(FSTw1,Lz(t))g(FSTw1,Mw1(t)),

g(FABz,Lz(t))g(FSTw1,Lz(t)),
1
2g(FABz,Mw1(t))g(FSTw1,Mw1(t)),

g(F 2
ABz,Lz(t)), g(F

2
STw1,Mw1

(t)), g(F 2
ABz,STw1

(t))}).

g(F 2
z,Mw1

(t)) 6 ϕ(max{0, 0, 0, 0, 0, g2(Fz,Mw1(t)), 0, g(F
2
z,Mw1

(t)), 0}),
6 ϕ(g(F 2

z,Mw1
(t))).

which means that Mw1 = z. Since M and ST are compatible of type (A) and
Mw1 = STw1 = z, by proposition 2.4, Mz = MSTw1 = STMw1 = STz. Again
by using (2.2), we have Mz = z. Therefore, Lz = ABz = Mz = STz = z, i.e., z
is a common fixed point of the mappings L, AB, M and ST . By a similar way we
can prove the theorem at M continuous.
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Step 5. Putting x = Bz, y = x2n+1 in (2.2), we get:

g(F 2
LBz,Mx2n+1

(t)) 6
ϕ(max{g(FABBz,LBz(t))g(FSTx2n+1,Mx2n+1(t)),
1
2g(FABBz,Mx2n+1(t))g(FSTx2n+1,LBz(t)),
1
2g(FABBz,LBz(t))g(FABBz,Mx2n+1(t)),

g(FSTx2n+1,LBz(t))g(FSTx2n+1,Mx2n+1(t)),

g(FABBz,LBz(t))g(FSTx2n+1,LBz(t)),
1
2g(FABBz,Mx2n+1(t))g(FSTx2n+1,Mx2n+1(t)),

g(F 2
ABBz,LBz(t)), g(F

2
STx2n+1,Mx2n+1

(t)), g(F 2
ABBz,STx2n+1

(t))}).

As BL = LB and AB = BA, so L(Bz) = B(Lz) = Bz and ABBz =
B(ABz) = Bz. Letting n → ∞ , we have:

g(F 2
Bz,z(t)) 6 ϕ(max{0, 1

2
g2(FBz,z(t)), 0, 0, 0, 0, 0, 0, g(F

2
Bz,z(t))}),

6 ϕ(g(F 2
Bz,z(t))).

Since ABz = z and Bz = z, then Az = z. Thus,

(2.9) z = Lz = Az = Bz.

Step 6. Putting x = x2n and y = Tz in (2.2), we get:

g(F 2
Lx2n,MTz(t)) 6 ϕ(max{g(FABx2n,Lx2n(t))g(FSTTz,MTz(t)),

1
2g(FABx2n,MTz(t))g(FSTTz,Lx2n(t)),
1
2g(FABx2n,Lx2n(t))g(FABx2n,MTz(t)), g(FSTTz,Lx2n(t))g(FSTTz,MTz(t)),

g(FABx2n,Lx2n(t))g(FSTTz,Lx2n(t)),
1
2g(FABx2n,MTz(t))g(FSTTz,MTz(t)),

g(F 2
ABx2n,Lx2n

(t)), g(F 2
STTz,MTz(t)), g(F

2
ABx2n,STTz(t))}).

As MT = TM and ST = TS, so M(Tz) = T (Mz) = Tz and STTz =
T (STz) = Tz. Letting n → ∞, we have:
g(F 2

z,Tz(t)) 6 ϕ(g(F 2
z,Tz(t))). Since STz = z and Tz = z, then Sz = z . Thus,

(2.10) z = Mz = Sz = Tz.

Combining (2.9) and (2.10), we have, Az = Bz = Lz = Mz = Tz = Sz = z.
Hence, the six mappings have a common fixed point in X.
Step 7.(Uniqueness)
Let z1 be another common fixed point of the mappings. Putting x = z and y = z1
in (2.2), yields:

g(F 2
Lz,Mz1

(t)) 6 ϕ(max{g(FABz,Lz(t))g(FSTz1,Mz1(t)),
1
2g(FABz,Mz1(t))g(FSTz1,Lz(t)),
1
2g(FABz,Lz(t))g(FABz,Mz1(t)), g(FSTz1,Lz(t))g(FSTz1,Mz1(t)),

g(FABz,Lz(t))g(FSTz1,Lz(t)),
1
2g(FABz,Mz1(t))g(FSTz1,Mz1(t)),
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g(F 2
ABz,Lz(t)), g(F

2
STz1,Mz1

(t)), g(F 2
ABz,STz1

(t))}).

g(F 2
z,z1(t)) 6 ϕ(max{g(Fz,z(t))g(Fz1,z1(t)),

1
2g(Fz,z1(t))g(Fz1,z(t)),

1
2g(Fz,z(t))g(Fz,z1(t)), g(Fz1,z(t))g(Fz1,z1(t)),

g(Fz,z(t))g(Fz1,z(t)),
1
2g(Fz,z1(t))g(Fz1,z1(t)),

g(F 2
z,z(t)), g(F

2
z1,z1(t)), g(F

2
z,z1(t))}).

g(F 2
z,z1(t)) 6 ϕ(max{0, g2(Fz,z1(t)), 0, 0, 0, 0, 0, 0, g(F

2
z,z1(t))}),

6 ϕ(g(F 2
z,z1(t))).

Thus z = z1 and z is the unique common fixed point of the mappings. �
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