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EQUITABLE EDGE DOMINATION IN GRAPHS

Anwar Alwardi and N. D. Soner

ABSTRACT. A subset D of V(@) is called an equitable dominating set of a
graph G if for every v € (V — D), there exists a vertex u € D such that
wv € E(G) and |deg(u) — deg(v)| < 1. The minimum cardinality of such a
dominating set is denoted by ~.(G) and is called equitable domination number
of G. In this paper we introduce the equitable edge domination and equitable
edge domatic number in a graph, exact value for the some standard graphs
bounds and some interesting results are obtained.

1. Introduction

All the graphs considered here are finite and undirected with no loops and
multiple edges. As usual p = |V| and ¢ = |F| denote the number of vertices and
edges of a graph G, respectively. In general, we use (X) to denote the subgraph
induced by the set of vertices X. N(v) and N[v] denote the open and closed
neighbourhood of a vertex v, respectively. A set D of vertices in a graph G is a
dominating set if every vertex in V — D is adjacent to some vertex in D. The
domination number y(G) is the minimum cardinality of a dominating set of G. A
set S C V is a neighbourhood set of G, if G = U,es(N[v]), where (N[v]) is the
subgraph of G induced by v and all vertices adjacent to v. The neighbourhood
number 7n(G) of G is the minimum cardinality of a neighbourhood set of a graph
G. A neighbourhood set S C V is a minimal neighbourhood set, if S — v for all
v € S, is not a neighbourhood set of G. A graph G = (V, E) is called bi regular
graph with regularity [, m if the degree of any vertex in V is either [ or m.

For terminology and notations not specifically defined here we refer reader to
[4]. For more details about domination number and its related parameters, we refer
to [5], [10], and [11].
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A subset D of V(G) is called an equitable dominating set of a graph G if
for every v € (V — D), there exists a vertex u € D such that uv € E(G) and
|deg(u)—deg(v)| < 1. The minimum cardinality of such a dominating set is denoted
by 7.(G) and is called an equitable domination number of G. D is minimal if for
any vertex u € D, D—{u} is not an equitable dominating set of G. If a vertex u € V
be such that |d(u) — d(v)| > 2 for all v € N(u) then w is in equitable dominating
set. Such points are called equitable isolates. The equitable neighbourhood of u
denoted by N.(u) is defined as N.(u) = {v € N(u),|deg(u) — deg(v)| < 1}. The
cardinality of N,(u) is denoted by deg.(u). The maximum and minimum equitable
degree of a vertex in G are denoted respectively by A.(G) and §.(G). That is
Ae(G) = maquV(G)|Ne(u)|7 5€(G) = minuGV(G)lNe(uH'

A subset S of V is called an equitable independent set, if for any u € S, v ¢ N(u),
for all v € S — {u}.

In this paper we introduce the equitable edge domination in a graph, exact
value for the some standard graphs and bounds for equitable edge domination
number are obtained.

2. Equitable Edge Domination Number

Let G = (V,E) be a graph. for any edge f € E The degree of f = uv in G

is defined by deg(f) = deg(u) + deg(v) — 2. A set S C E of edges is equitable
edge dominating set of G if every edge f not in S is adjacent to at least one edge
f" € S such that |deg(f)—deg(f )| < 1. The minimum cardinality of such equitable
edge dominating set is denoted by fy;(G) and is called equitable edge domination
number of G. S is minimal if for any edge f € S, S — {f} is not an equitable edge
dominating set of G. A subset S of E is called an equitable edge independent set,
if for any f € S, f ¢ N.(g), for all g € S — {f}. If an edge f € E be such that
|deg(f) — deg(g)| = 2 for all g € N(f) then f is in any equitable dominating set.
Such edges are called equitable isolates. The equitable neighbourhood of f denoted
by N(f) is defined as N.(f) = {g € N(f), |deg(f) — deg(g)| < 1}. The cardinality
of N.(f) is called the equitable degree of f and denoted by deg.(f). The maximum
and minimum equitable degree of edge in G are denoted respectively by A;(G) and
3,(G). That is AL(G) = maz e p(c)|Ne(f)], 8.(G) = min e mcy|Ne(f)|. The equi-
table degree of an edge f in a graph G denoted by deg.(f) is equal to the number of
edges which is equitable adjacent with f. the minimum equitable edge dominating
set is denoted by ’yé—set. In this paper if f and g any two edges in E(G) we say that
f and g are equitable adjacent if f and g are adjacent and |deg(f) — deg(g)| < 1
where deg(f),deg(g) is the degree of the edges f and g respectively. The degree of
the edge f = uv, deg(f) = deg(v) + deg(u) — 2.
An edge dominating set X is called an equitable independent edge dominating set if
no two edges in X are equitable adjacent. The equitable independent edge domina-
tion number 'y;i(G) is the minimum cardinality taken over all equitable independent
edge dominating sets of G. The edge independence number ﬁ; (G) is defined to be
the number of edges in a maximum equitable independent set of edges of G.
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For a real number z; |x] denotes the greatest integer less than or equal to  and
[x] denotes the smallest integer greater than or equal to x.

THEOREM 2.1. An equitable edge dominating set F is minimal if and only if
for each edge f € F one of the following conditions holds
(i) Ne(f)N F = ¢
(i) there exist an edge g € E — F such that N.(g) N F = {f}.

PROOF. Suppose that F' is a minimal equitable edge dominating set. Assume
that (i) and (ii) do not hold. Then for some f € F there exist an edge g € N.(f)NF
and for every edge h € E— F, N.(h)NF # {f}. Therefore F — {f} is an equitable
edge dominating set contradiction to the minimality of F'. Therefor (i) or (ii) holds.
Conversely, suppose for every f € F one of the conditions holds. Suppose F' is not
minimal. Then there exist f € F such that F—{f} is an equitable edge dominating
set. Therefore there exist an edge g € F' — {f} such that g € N.(f). Hence f does
not satisfy (i). Then f must satisfy (ii). Then there exist an edge g € E — F
such that N.(g) N F' = {f}. Since F' — {f} is an equitable edge dominating set
there exist an edge f/ € F —{f} such that f/ is equitable adjacent to g. Therefore
f € N.(9)NF and f # f, a contradiction to N,(¢)NF = {f}. Hence F is minimal
equitable edge dominating set. O

In the following proposition we determine the equitable edge domination num-
ber for some standard graphs

PROPOSITION 2.1. (i) For the path P, on p vertices

(i) For the cycle C, on p > 4 vertices, ~,(C,) = [£].
(Z’Z’Z-)’Y;(Km,n) = min{mv n}'
()7 (GU H) = 7.(G) +7.(H).

It is clear for any graph G any equitable edge dominating set is edge dominating
set then the following proposition follows

PROPOSITION 2.2. For any graph G, ~,(G) =~ (G).

PROPOSITION 2.3. For any graph G without any equitable isolated edges, if F
is minimal equitable edge dominating set then E — F is equitable edge dominating
set.

PROOF. Let F' be minimal equitable edge dominating set of G. Suppose E — F
is not an equitable edge dominating set. Then there exist an edge f such that
f € F is not equitable adjacent to any edge in F — F'. Since G has no equitable
isolated edges then f is equitable dominated by at least one edge in F'— {f}. Thus
F — {f} is equitable edge dominating set a contradiction to the minimality of F.
Therefore £ — F is is equitable edge dominating set. U
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PROPOSITION 2.4. An equitable independent set F is mazximal equitable in-
dependent set if and only if it is equitable edge independent and equitable edge
dominating set of G.

PROOF. Suppose an equitable independent set F' is maximal. Then for every
edge f € E—F, the set FU{f} is not equitable independent, that is for every edge
f € E—F, there is an edge g € F such that f is equitable adjacent to g. Thus F
is equitable edge dominating set. Hence F' is both equitable edge independent and
equitable edge dominating set of G.

Conversely, suppose F' is both equitable edge independent and equitable edge dom-
inating set of G. Suppose F' is not maximal equitable edge independent set. Then
there exist an edge f € F— F such that FU{f} is equitable independent, then there
is no edge in F' equitable adjacent to f. Hence F' is not equitable edge dominating
set which is a contradiction. Hence F' is maximal equitable independent set. O

THEOREM 2.2. For any graph G, ~.(G) < g — AL(G).
(

PROOF. Let f be an edge in G of equitable degree A, (G). Then clearly E(G)—

’

N,(f) is an equitable edge dominating set. Hence ,(G) < ¢ — AL(Q). O

THEOREM 2.3. For any ~y,-set F of a graph G = (V, E), |[E—F| < > fer dege(f)l
and the equality holds if and only if
(i) F is equitable independent
(i) for every edge f € E—F, there exists only one edge g € F such that No(f)NF =

{g}-

PROOF. Since each edge in E — F' is equitable adjacent to at least one edge
of F. Therefore each edge in ¥ — F' contributes at least one to the sum of the
equitable degrees of the edges of F. Hence

E-F| < deg.(f).

fer

Let |[E-F|=>_ feF de(f) and suppose that F' is not equitable independent. Clearly
each edge in £/ — F' is counted in the sum . dege(f). Hence if fi and f> are
equitable adjacent, then f; is counted in deg.(f1) and vice versa. Then the sum
exceeds |E — F| by at least two, contrary to the hypothesis. Hence F must be
equitable independent.

Now suppose (ii) is not true. Then N (f) N F > 2 for some edge f € E — F. Let
f1 and f2 belong to N.(f) N F, hence ZfeF dege(f) exceeds E — F by at least
one since f; counted twice once in deg.(f1) and the once in dege(f2). Hence if
the equality holds then the condition (i) and (ii) must be true. The converse is
obvious. (]

THEOREM 2.4. If G = (V, E) is with out equitable isolated edges, then for every

minimal equitable edge dominating set F', E — F 1is also equitable edge dominating
set of G.
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PROOF. Let F' be minimal equitable edge dominating set of G. Suppose that
E — F is not equitable edge dominating set of G. Then there exists an edge h
such that h is not equitable adjacent by any edge in £ — F. We have G has
no equitable isolated edges, then h is equitable adjacent by at least one edge in
F —{h}. Therefore F'— {h} is equitable edge dominating set which contradicts the
minimality of F. Hence E — F' is equitable edge dominating set of G. O

THEOREM 2.5. For any (p,q) graph G, (ml < 'y(;(G) < q—B;—I—qo, where
qo s the number of equitable isolated edges. ‘

’

e

PRrROOF. From the previous proposition [E — F| < }_ ;e p dege(f) < 7, (G)A
Hence

’ ’

4 —7.(G) < 1.(G)A,

Therefore
(2.1) a

NEE

Let G = (E(G) — I.(G)) where I.(G) is the set of equitable isolated edges of G.
Let S be the maximal equitable independent set of edges of G'. Hence S is also
equitable edge dominating set of G'. Since G does not have equitable isolated
edges E(G') — S is also equitable edge dominating set of G'. Therefore ~,(G') <

|E(G:) - S\/ = q(G) = BL(G). But 7,(G") = 7,(G) — qo and ¢(G) = ¢(G) — qo and
B.(G) = B.(G) — qo- Hence

Ye(G) — 90 < q(G) — qo — (B.(G) — qo)-

1<7(6).

Therefore
(2.2) 7(G) < g =B+ qo
From 2.1 and 2.2 we have
q ’ ’
1< (G < g — .
[A;(G)+11 75( ) q 6e+q0

3. Equitable Edge Domatic Number

DEFINITION 3.1. The maximal order of partition of the edges F(G) into eq-
uitable edge dominating sets is called equitable edge domatic number of G and
denoted by d,(G).

PROPOSITION 3.1. For any graph G, d,(G) < d (G).

PRrOOF. Let G = (V, E) be a graph. It is clear that any partition of E(G) into
equitable edge domination set is also partition of F(G) into edge dominating set.
Hence d,(G) < d (G) O
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PROPOSITION 3.2. (i) For any cycle C, with p vertices

/ [ 3, ifp=0(mod3);
de(Cp) = { 2, otherwise.

(i1) For any path P, with p > 3,
d,e(Pp) =2.
(i11) For any complete bipartite graph K, n,
d;(Kmm) = maz{m,n}.

() For any regular graph or bi regular with bi regqularity (k,k+1), d_(G) = d(G).
(v) d.(G) =1 if and only if G has at least one equitable isolated edge.

PROPOSITION 3.3. Let G be a complete graph K, with p > 2 vertices. Then

/ | p—1, ifn is even;
de(G) = { D, if n is odd.

Proor. If p is even, then K, can be decomposed into p — 1 pairwise edge-
disjoint linear factors. The edge set of each these factors is an edge dominating set
in K. Since all the edge in the complete graph K, has the same degree 2(p — 2),
then any edge dominating set is also equitable edge dominating set in K. Hence

d;(Kp) > p— 1. Now if we consider ¢ is an equitable edge domatic partition of
K, with p classes the mean value of the orders of these classes has at most prl.
This implies that at least one of the classes has at most [%] = & — 1 edges. Since
the classes, say C, covers at most p — 2 vertices, there are such two vertices u, w
satisfying that uw ¢ C and there is no edge in C equitable adjacent to uw. Hence
there is no edge in ¢ equitable adjacent to the edge joining these vertices. Therefore
d,(K,) =p—1if pis even.

Now let p is odd. By labeling the vertices of K, by z1,%2,...,2,. We can make
the following domatic partition of the vertices Ei1,...Ey, where E; = x4 ;Ti—j11,

1

where j = 1,..., 5= and the scripts will be taken modulo p. Hence d;(Kp) > p.

If we suppose that d;(Kp) > p+ 1, then in the same way of the first case we can
prove that there exist an equitable edge domatic partition one of whose classes has
at most 1’2;3 edges this set cover at most p — 3 vertices and it is not an equitable

edge dominating set a contradiction. Hence d;(Kp) =p if p is odd. t

THEOREM 3.1. For any graph G with p vertices, d,e(G) > #’(G)'

PROOF. Assume that d,(G) = d and {Dy, Ds, ..., D4} is a partition of E(G)
into d equitable edge dominating sets, clearly |D;| > ’y; (G) fori=1,2,...,d and we
have ¢ = Y0 |D;| > do.(G).

Hence d_(G) > O

q
O
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