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THE TOTAL HUB NUMBER OF GRAPHS

Veena Mathad, Ali Mohammed Sahal, and Kiran S

ABSTRACT. Let G be a graph. A total hub set S of G is a subset of V(G)
such that every pair of vertices (whether adjacent or nonadjacent) of V — S
are connected by a path, whose all intermediate vertices are in S. The total
hub number h¢(G) is then defined to be the minimum cardinality of a total
hub set of G. In this paper, the total hub number for several classes of graphs
is computed, bounds in terms of other graph parameters are also determined.

1. Introduction

In this paper we are concerned with simple graphs, that have no loops and no
multiple or directed edges. Let G be such a graph, and let p and ¢ be the number
of its vertices and edges, respectively. Then we say that G is an (p, ¢)-graph.

Consider the graphs that represent transportation networks, that is the vertices
can be taken to be locations or destinations, and an edge exists between two vertices
precisely when there is an “easy passage” between the corresponding locations. For
example, a city’s network of streets, with vertices representing intersections or other
points of intersect, and edges road segments. We are connected with a certain kind
of connectivity, specifically we want a set S such that any traffic between disparate
points in our network passes solely through vertices in this set.

Suppose that S C V(G) and let z,y € V(G). An S-path between x and y is
a path where all intermediate vertices are from S. (This includes the degenerate
cases where the path consists of the single edge zy or a single vertex x if z = y,
call such an S-path trivial.) A set S C V(G) is a hub set of G if it has the property
that, for any z,y € V(G) — S, there is an S-path in G between = and y. The
smallest size of a hub set in G is called a hub number of G, and is denoted by h(G)
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A subset S of a graph G is called a dominating set if each vertex of V — S is
adjacent to at least one vertex of S. The domination number of a graph G denoted
as (@) is the minimum cardinality of a dominating set in G. A dominating set S of
a connected graph G is called a connected dominating set if the induced subgraph
(S) is connected. The minimum cardinality of a connected dominating set of G is
called the connected domination number of G and is denoted by ~.(G) [2].

A double star is the tree obtained from two disjoint stars K, , and K., by
connecting their centers. We need the following to prove main results.

Theorem 1.1 ([8]). For any connected graph G, h(G) < 7.(G) < h(G) + 1.
Theorem 1.2 ([3]). For any connected graph G, 7.(G) < p — A(G).

Theorem 1.3 ([7]). For any graph G, fﬁ] < (@), where [z] is a least
integer not less than x.

Theorem 1.4 ([6]). For any connected graph G, 7.(G) < 2q — p.
Theorem 1.5 ([7]). For any (p, q) graph G,

(1) p—q<v(G).
(2) [T < (G).

2. The Total Hub Number of Graphs

Definition. Let G be a graph. A total hub set S of G is a subset of V(G) such
that every pair of vertices (whether adjacent or nonadjacent) of V' — S are connected
by a path, whose all intermediate vertices are in S. The total hub number h:(G)
is then defined to be the minimum cardinality of a total hub set of G.

It is clear that h:(G) is well-defined for any G, since V(G) is a total hub set. In
all situations of interest, we will assume G to be connected, if G is a disconnected
graph then any total hub set must contain union of the set of vertices from all but
one largest component, and the total hub set of the largest component.

It is obvious that any total hub set in a graph G is also a hub set, and thus we
obtain the obvious bound h(G) < h(G).

We now proceed to compute h:(G) for some standard graphs. It can be easily
verified that

(1) For any path P, with p > 3, hy(P,) =p — 2.
(2) For any cycle Cp,

_Jp—=2ifp<5;
ht(cp)_{ p—3,ifp>6.

(3) For any tree T of order p > 3, hi(T) = p — s, where s is the number of
pendant vertices.
(4) For any complete graph K,

0,ifp=1;
ht(Kp):{ 1, ifp=>2.

(5) For the double star Sy, m, n,m = 1, h(Spm) = 2.



THE TOTAL HUB NUMBER OF GRAPHS 63

(6) For the complete bipartite graph G = K, ,,

1, ifnorm=1;

ht(K"”"):{ 2, ifn,m>2.

(7) For the wheel W, denotes on p vertices, hy(W)) = 1.

PROPOSITION 2.1. For any connected graph G, h(G) < h(G) < 7.(G) <
h(G) + 1.

PROOF. Since h(G) < hy(G) and every connected dominating set of G is a total
hub set, we have h(G) < h(G) < 7.(G). Also by Theorem 1.1, 7.(G) < h(G) + 1.
Hence h(G) < h(G) < 7.(G) < h(G) +1. O

A hub set of G need not be a total hub set of G. For example, in C5 =
{v1,v2, ..., 05,01}, {v1,v2} is a hub set but not a total hub set. Also a total hub set
need not be a connected dominating set. For example, in Cg = {v1,va, ..., v, V1 },
{v1,v3,v5} is a total hub set but not a connected dominating set.

PROPOSITION 2.2. For any connected graph G, v(G) < h(G).

PROOF. Since every total hub set of G is a dominating set, we have v(G) <
hi(G). O

A dominating set of G need not be a total hub set of G. For example, in
Cs = {v1,va, ..., 05,01}, {v1,v3} is a dominating set but not a total hub set.

For any disconnected graph G having k components G1,Ga, ..., Gy of orders
D1, P2, ---, Pk respectively, such that p; < po < ... < pg. We have
hi(G) < p1 +p2 + ... + he(Gy).

THEOREM 2.1. For any connected (p,q) graph G withp > 2, A(G) =p—1, if
and only if he(G) = 1.

PROOF. Let G be a connected graph such that A(G) = p — 1. Suppose v is a
vertex of G with deg(u) = p—1, then every pair of vertices of V —{u} are connected
by a path whose internal vertex is u. Therefore h:(G) = 1.

Conversely, suppose h(G) =1 and S = {u} be a minimum total hub set of G.
Since a total hub set is a dominating set, it follows that u is dominates all other
vertices. Hence A(G) =p — 1. O

THEOREM 2.2. For any connected graph G, hi(G) < p — A(G).

PROOF. Proof follows by Proposition 2.1 and Theorem 1.2.
The bound is sharp for Ps. O

COROLLARY 2.1. For any connected graph G with p > 3, hi(G) < p — 2.
PROOF. Proof follows by Theorem 2.4. (|

THEOREM 2.3. For any connected graph G with p > 3
[xrr] < (G) <2¢—p.
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PRrROOF. The lower bound follows by Theorem 1.3 and Proposition 2.2. The
upper bound follows by Theorem 1.4 and Proposition 2.1. O

The lower bound is attained if A(G) =p — 1 and the upper bound is attained
for P,, n >3

THEOREM 2.4. For any (p,q) graph G with both G and G connected, hi(G) +
he(G) < p(p = 3).
PrOOF. By Theorem 2.6, ht(G) < 2¢ — p and hi(G) < 2G — p, where g is the
number of edges in G. Therefore
h(G) +hi(G) < 2(g+7) —2p
= p(p—3)
The bound is sharp for Pj. O

_THEOREM 2.5. For any (p,q) graph G with both G and G connected, hi(G) +
hi(G) <p+1.

PROOF. Form Theorem 2.4, h(G) < p — A(G) and h(G) < p — A(G).
We have,
hi(G) +he(G) < 2p— (A(G) + A(G))
= - (AG) +p—1-4(G))
= p+ 1—(A(G) - 4(G)).
Since A(G) — 6(G) = 0, we have hy(G) + h(G) < p+ 1.
The bound is sharp for Cs. O
THEOREM 2.6. For any (p,q) graph G with both G and G connected,
(1) h(G) + h(@) < 2(p - 2).
(2) he(G)he(G) < (p—2)°.
PrROOF. Proof follows by Corollary 2.5.
The bound is sharp for Pj. O
THEOREM 2.7. For any (p,q) graph G,
(1) p—q < h(G).
(2) [T < k(@)
PrROOF. Proof follows by Theorem 2.2 and Theorem 1.4. t

THEOREM 2.8. For any connected (p,q) graph G
¢ < 5(p— (@) (0 + hi(G) = 1).

PROOF. Let G be a connected graph. If h; = 0 then G = K; and we have
g = 0 in the case. Now we prove by induction on p. If p = 2, K5 is the only
connected graph and we have ¢ = 1 in this case. Thus the basis holds.

Assume that every graph G with vertices less than p and h,(G) > 1 satisfies the
inequality. Let G be a connected graph with p vertices. Suppose hi(G) > 2. Let v
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be a vertex of maximum degree A(G). By Theorem 2.4, N(v) = A(G) < p—h(G).
Therefore A(G) =p — hy(G) —r, where 0 < 7 < p — h(G).

Let S = V — NJv], then |S| = h(G) +r — 1. If u € N(v), then the set
(S — N(u))U{u,v} is a total hub set of G. Therefore ht(G) < |S — N(u)| + 2.
Thus

hi(G) < |S]|—=|SNN(u)|+2
= h(G)+r—1—|SNN(u)|+2.
Hence |S N N(u)| < r+ 1 for each vertex u € N(v). Thus the number of edges
between N (v) and S, say mq, is my < A(G)(r + 1).

Furthermore, since G is connected, there exist two vertices z € S and y € N(v)
such that z and y are adjacent, then there is a total hub path between v and .
Therefore, if H be a total hub set of the induced subgraph (S), then HU N(v) is a
total hub set of G. Hence h(G) < |HUN (v)|, it implies that, h:({S)) > h(G) — 3.
By the induction hypothesis, the number of edges in the induced subgraph (S), say
Mg, is

my < %(|S|—ht(<5>))(|5|+ht(<5>)—1)
< G+ DER(G) +7-5)
_ %(T+2)(2p—2A(G)—T—5).

Let ms = |E((N[v]))|. Now vertex v is adjacent to A(G) edges and each vertex
u € N(v) has degree at most A(G). The edges between S and N(v) account for at
most r + 1 edges incident to each u € N(v). Thus,

q = mi+ma+mg

<A@+ + 5 +2)(2 1 —2A(C) ~5) + AG) + SAG)AG) 7 ~2)

= AG)p—h(G) ~ AG) +1) + 5(p — (G) — AG) +2)(p+ () — AG) - 5)

+ 2A(G) + %A(G)(QA(G) —p+he(G) —2)

= =BG+ h(C) 1)~ (p— 3(G) + 5+ SAG) D+ u(G) ~ AG) ~5)
< S @)+ h(G) - 1),

Hence ¢ < 5(p — he(G))(p + Iu(G) — 1).
Hence result holds for graphs having h:(G) > 2.
Suppose graph G is having h:(G) > 1. Add an isolated vertex to G. Thus G is a
graph with p+ 1 vertices, g edges and the maximum degree A(G). Thus the result
also holds for graphs having h:(G) > 1.

The equality holds for a complete graph. O
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COROLLARY 2.2. For any connected (p,q) graph G, h:(G) < \/m
PrOOF. By Theorem 2.11, we have
2¢ < (p—h(@))(p+he(G) — 1)
= P’ —p—hi(G) + h(G).
Since p — hi(G) > 1, we have 2q < p®> — h?(G). Hence hi(G) < \/p* — 2q. O

_COROLLARY 2.3. For any (p,q) graph G with both G and G connected, hi(G)+
hi(G) < plp+1).

Proor. By Corollary 2.12, h7(G) < p* — 2¢ and hi(G) < p® — 2q, where 7 is
the number of edges in G.

Thus,
h(G)+hi(G) < 2p°—2(¢+7)
= 2> —p(p—1)
= p’+p
= pp+1).

O
THEOREM 2.9. For any connected (p,q) graph G, ¢ < 3(p+h(G))(p+h(G) —

PRrOOF. Since (p—h(G)) < (p+hi(G)), the result follows by Theorem 2.11.

COROLLARY 2.4. For any connected (p,q) graph G, v/2q —p < h(G).
Proor. By Theorem 2.14, we have

2g < (p+ht(G))(p+ht(G)—l)
= p? + B} (G) + 20 (G)p — (p + he(G)).

Since (p + ht(G)) > 1, we have 2q < (p + h(G))%.
Hence v/2q — p < h(G). O
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