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defines |N, pn| - means of the sequence {Sn }generated by

. INTRODUCTION the sequence of coefﬁcients{pn } The series Zan is said

Let Zan be a given infinite series with sequence of partial  to be summable |N, pn|k ,k>1if

sums {Sn } . Let { P, }be a sequence of positive real constants

k-1
such that i( P, J
=1 pn

t —t "

n n-1

<o 1.3)

E

F’n=§nlpv—>ooasn—>oo(Ri=p,i=0,i21) (1.1)
. For k=1, |N, pn|k - summability is same as |N, pn| -

The sequence- to - sequence transformation summability.
1 o
L :p_nzo Po-.S, 12) For k=1, |N, pn|k - summability is same as |N, pn| -
summability.

e ——
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When p, =1, foralln and k =1, \k - summability is

same as |C,Zq- summability.

Let {an} be any sequence of positive numbers. The series
Zan is said to be summable |N, pn,an|k, k >1,if

< ©

k
‘ (1.4)

Z an l‘tn n—1
Where {tn }is as defined in (1.2).The series Zan is said

to be ‘N, p”'a”;é‘k k>1,6>0 summable if

(1.5)

i al e, —t, [ <o

n=1

For 6 =0, the summability method

‘N, pn,an;é“k ,k>1,6 >0, reduces to the summabilty

method ‘N, P, o, ) k>1.

A sequence {/In }is said to be convex if A2/1n > O for every
positive integer n.

Let f(t) be a periodic function with
period 27 and integrable in the sense of Lebesgue
over (—, 7r) . Without loss of generality we may assume

that the constant term in the Fourier series of f (t) is zero,
so that

(1.6)

~ i(an cosnt +b, sinnt) = i A, (t)
) n=1

It is well known that the convergence of Fourier
series at t = x is a local property of f (t). (i.e., it depends only
on the behavior of f (t) in an arbitrarily small neighbourhood
of x) and hence the summability of the Fourier series at t = X
by any regular linear method is also a local property of f (t).

Il. KNOWN THEOREMS

Dealing with the ‘W, P,

. summability of an infinite series

Bor [1] proved the following theorem:

THEOREM 2.1:

Let k=1
{p, }and {4, } be such that

and let the sequences

ax, =o[ 3] @
n
ixk‘1| il |/1”+1| 2.2)
and
i(xnk +1)|A4,| <0 (2.3)
=
where X, = of the

npn

factored Fourier series ZAn (t)A4, X, at a point can be
n=1
ensured by the local property.

Subsequently Misra et al [2] proved the following
theorem on the local property of |N, pn,05n|k summability
of factored Fourier series:

THEOREM 2.2:

Letk >1. Suppose {/”Ln} be a convex sequence

such that Z n_lln is convergent and {pn } be a sequence

such that
1
AX, :o(_j @21)
n
P
n-r-1 :O pn—r—l Pr (2.2.2)
Pn Pn—l pr
m+1 k-1 p
dle,) = =O(—'j (2.23)
n=r+1 n Pr
el
> X <o (2.2.4)
n-1 n
and
k
i AL
ZX§‘1| o <o (2.2.5)
- n
where X, =—"-  Then  the  summability
np,

|N,pn,an|k,k21 of the factored Fourier series

ZAn(t)ﬂ,an at a point can be ensured by the local

n=1
property, where {an } is a sequence of positive numbers.
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Inwhat follows, in the present paper We then for the sequence of positive numbers {c, } , the series
establish the following theorem on |N, pn,ocn,é'|k
summabilty of a factored Fourier series through its local Zanﬂnxn is summable |N, pn,an,5|k k>1620.
property.

I11. MAIN THEOREM
5. PROOF OF THE LEMMA:

>
Letk >1. Suppose {/”Ln} be a convex sequence such that Let {Tn }denote the |N, pn| _mean of the series

Z n_lin is convergent and {pn } be a sequence such that
z a, A, X, .Then by definition we have

AX, =o(lj @)

n

=— W)
Pn—r—l — O( pn—r—l EJ (3.2) n ; p” VZ
Pn Pn—l pr
m+1 ok+k-1 p o p = _Z(;a sz pn—v
4n-r — - 3.3 n r v=r
n:ZM(an) 3 > 3.3)
=—)>aP AX,

© - |ﬂ‘n|k n ;
DX < (3.4)
n-1 n Hence

and

1 n-1
— AL = = I:)n rarﬂ'rx Pn—r— ar/,’“rX
ZX“' 1 (35) zl P“; '
where X, = i . Then the summability
np, = i(h_—e‘”j X

|N, pn,an,5|k, k >1 of the factored Fourier series =\ P, P tr

ZAn(t)ﬂ,an at a point can be ensured by the local

= 1
' . :PP Z(Pnr n-1 nrln)i

property, where {an } is a sequence of positive numbers . P =

-1
In order to prove the above theorem we require the following 1 {n A 1 X }}Zr:a
r r \4

P
lemma: P P n r n—1 n—r—1 n

n'n1LTr

n-1
|:z pnr n-1 pnrl n’irxrsr

n n -1 Lr=l
V. LEMMA 1l
+Z(Pn -r-] 1Pn1 |:)n -1 ZI:)n)A/1 err
Letk >1. Suppose {ln} be a convex sequence such that =1

n-1
Zn‘lﬂ,n is convergent and {p, } be a sequence such that ) (PP =P P A AX s}
r=l

n -2 n 141
the conditions (3.1)-(3.5) are satisfied. If {Sn} is bounded (By Abel’s transformation)

e ——
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=T AT, +T +T , +T s +T ¢ (say).
In order to complete the proof of the theorem by using
Minokowski’s inequality, it is sufficient to show that

T <o fori=123456.

i(an )5k+k—1

n=1

n,i

Now, we have

mzﬂ(an )6k+k—l Tn’1 k

n=2

m+1 1 n-. l X k
_nzzl Pnpnlrz_llpnr 3 rSr

n=2 n r=1

ey

0O Jaf X B e
r=1

r

-3l x: ¥ (a

n=r+1

—O(l)Z|/1| Xt Pr % as

= 0(1)2 X Kt u
r=1 r

=0() as m-—> o, by(3.4).
Next,

k

1 N
PAX.s

PPnlrz_llpnrl /N ror

n

m+1 okkl 1 (a2 1
S 5 (memr|sr|erj[ zpj
r=l nlr

-0m3 4l X! 3 [pP—J

n=r+1

m+1 sok1 ] n-1 1 n-1 lgm
SZ:(Oln) F(Z_; Pr_r |/1r|k|sr|k erj(F Pn_ r] Z;

= O(l)i|ﬂr|k X K % by (3.3)
r=1

r

m P
zoa)rz_lurr xfl%?as X, =

k
=0 X, @
r=1

=0() as m-— oo, by(3.4).

Further,
m+1 )k k1
Z C{ n 3
m+l Sk+k-1 1 n— X
=> (@ T ZPnranlAﬂ,XS
n=2 n'n-a r=l

. k-1
Se. v j
r=1

;U||—\

St |
n r=1

= 0(1)Z|M | XK Z (T]

n=r+1 n

(Smce LS )< Sian - oa)]
r=1

n r=1

=O(1)Z|Mr| xf% by (3.3)
r=1

r

:O(1)2|Alr|k x,“%%,as X, =

k
= 0(1)2 X K @
r=1

=0() as m— oo, by(3.5).
Now,

k
Skrk-1 1 n-—
P, ,P AAX.S,
Pnpnlrz_; n-r-2

m+l Dk“ 1 10 H
S o Sebalf o | 2r

n=2 nl r=l

1)Z|A/1| Xk z k“[ o 2] , (as above)
n=r+l n-1
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- O(l)i|Alr|k X K % by (3.3)
r=1

r

:O(1)2|Alr|k x,“%%,as X = nF;“

k
= 0(1)2 X K @
r=1

=0() as m-— oo, by(3.5).

Again
m+1 Sk K
(an Tn,S
n=2
m+l Sk+k-1 1 n-1 K
= Z(an) P P ZPH r lP A’I'JrlAX S
n=2 n"n- r=l
m+1 skak1 | D=L P X
-1
- Z(Oln) Z — A’HlAXrSr
n=2 r=1 n
m+1 skek-1 [ N1 p P ¥
=>(a,) DTEE-CA,AXs,| by (32)
n=2 r=1 n-1 r
%( Sk+k-1 ”z: p 1 ;
= («a nr-1 flls— , by (3.1)
n=2 n) r=1 Pn71 pr o r
m+l skek [ n=L p P p X
—r-1
ZZ(an) zg—r_rﬂ“wlsrxr?r , as
n=2 r=1 n-1 r r
P
X, ="
np,

m+l pas) P n-1 “
Sy B ot | iR
n=2 r=1 Pn4 r=1 Th-1

8 () ( pFn)_r_l]

n=r+1 n-1

= 0(1)Z|m

n P
—oWF A Xt B P o x = B
r=1 r r-pr npn

by (3.3)

k
= o(1)z—|ﬂ“;l| X,
r=1

=0() as m-— o, by(3.4).
Finally,
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m+1(an Sk+k-1 Tnle K
n=2
m+1( Skik-1 1 nzl: P P 1 AX k
= Sy
~ an PnPn e, n-r-2 r+1
m+1 skek-1 | N=L P ) k
- Z(an) Z — ﬁ’r+1AX S
n=2 r=1 "n-1
m+1 skrk | N=L p P k
=2 (e) TR A s by (32)
n= r= n-2 r
_ S S Pnor_2 r 1
- nzz(an) ; Pn72 P, X’Hlsr r , by (3.1)
= m+1 skek1 | =1 pn,r 5 P,- l S X pr
_nZ:;(O!n) ; PH D, 11 Pr , as
X, =0
np,
m+l skika | D=L p p k-1
-5i(e) {;;—jm o x5 e
03 X! 3 ()| B
n=r+1 Pn,z
1 Ky k1 Pr P. _ P,
_O(l);MM X! b as X, = - and

By (3.3)

=0(@0) as m-—oo, by(3.4).
This completes the proof of the Lemma.

V. PROOF OF THE THEOREM

Since the behavior of the Fourier series, as far as convergence
is concerned, for a particular value of X depends on the
behavior of the function in the immediate neighborhood of
this point only, thus the truth of the theorem is necessarily the
consequence of the Lemma.

VI. CONCLUSION

The paper provides an analytic idea in the field of
summability theory. In future, the present work can be
extended to establish some theorems on different indexed
summability factors of Fourier series as well as conjugate
series of Fourier series under certain weaker conditions.
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