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ABSTRACT: In this paper, we have studied the analytical solution of one dimensional Dirichlet-Helmholtz
boundary value problem. We found the numerical solution of one dimensional Dirichlet-Helmholtz boundary
value problem by Finite Element M ethod (FEM). And then we compar e the solutions.
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[.INTRODUCTION

The Helmholtz equation, named for Hermann von Helmholtz, is a partial differential equation (— AAu+u = f ,

where A is arbitrary non zero constant and it is called Helmholtz parameter), which often arises in the study of
physical problems involving partial differential equations (PDESs) in both space and time. The Helmholtz equation is
atime-independent form of the original equation.
The FEM is anovel numerica method used to solve ordinary and partial differential equations. The method is based
on the integration of the terms in the equation to be solved, in lieu of point discretization schemes like the finite
difference method. The FEM utilizes the method of weighted residuals and integration by parts (Green-Gauss
Theorem) to reduce second order derivatives to first order terms. The solution domain is discretized into individual
elements, these elements are operated upon individually and then solved globally using matrix solution techniques.
In this work, we present the analytical solution of one dimensiona Dirichlet-Helmholtz boundary value
problem. We describe the finite element method. And then we find the numerical solution of one dimensional
Dirichlet-Helmholtz boundary value problem by finite element method. Also we next show that the numerical
solution by finite element method converges with the analytical solution when we take alarge number of grid points.

[I.DIRICHLET-HELMHOLTZ BVP AND ITSANALYTICAL SOLUTION

A. Dirichlet-Helmholtz BVP

Fr XxOQ OR",u:Q - R with UDCZ(Q),
the Dirichlet-Helmholtz BVP reads as
-AAu+u="finQ, fOC((Q) (Helmholtz equation)

u=g ondQ, glC(0Q) (Dirichlet boundary condition)

Here f is the force function and A is any arbitrary non zero constant. The constant A determines the role of
convection term in the Helmholtz equation.

The one dimensiona form of Dirichlet-Helmholtz BVP is
—Au"(x)+u(x) = f(x), xO(0Y Q)
u®=u@=0
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Here the domainQ = (0,1) . For simplicity, we will find the analytical solution of Dirichlet-Helmholtz BVP for
f(x) =sinx.

B. Analytical solution of Dirichlet-Helmholtz BVP when f (X) = sin(X)

If f(X) =sin X, then equation (1) reduces as,

- Au"(X) +u(x) =sinx,

u=u@=0

0 u'(x) —%u(x) =-
u(0)=u(@ =0 2

sin X
A

The above equation is alinear differential equation of second order.
The Auxiliary Equation of (2) is,

Dz—lzo [HereDEi]
A dx

bt

The Complementary Function is,

1]
o

CF.=Ce’* +C,e V*

And the Particular Integral is,
P.l.= gsnxp__ 1 (sinx)
D2 _ 10 A2 C 1-iD?
A
_sinx o 1 . 1 L
"1-2(-)) )" T ) E
_sinx
1+

Hence, the Complete Solutionis,
u(x) =C.F.+P.l.
\/* \/* sin X
< U(X ev" +c.e +— 3
(X)=¢, 1+ 4 ©)
Now, applyingu(0) = 0 in (3), we have,
¢ +c, =0
¢ =-C 4
Again applyingu(1) = 0 in (3), we have,
1 1 .
" "7, Snl _
et +c,e VP +—==
ce’’ +c, Y
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1 1

e i 4 SN1_
eVt —ce V' + =0
“ & 1+4
- = sinl
Vi _a iy =_
e e =
Gl ) 1+ 2
_ sinl
C,=- 1 1

L+ 2)(e ~e V)

sinl
1 -1
W+ A -e )
Hence the required analytical solution of (2.2) is:

Putting the value of C, in (4) wehave , C, =

o u(X)=- s?l : eﬁ+ 9211 : e-ﬁ+smx
ERY RS 1+ 1
(L+A)(e* —e V%) L+ A)(e* —e V%)

= u(x) = + . heref(x) = sin(x), x Q=(0,1)

C. Complexity of Analytical Solution

It is not easy to obtain the analytical solution of equation (5) for every value of f(X). The biggest disadvantage of the
analytical method is that formulations can become very complicated. The more complicated a system is more
difficult it will be to analytically formulate an expression for the system's reliability. The disadvantage of the
analytical solution liesin the oversimplifications needed in the derivations. When f(x) is a complicated function of X,
we need more difficult calculations to obtain analytical solution of the one dimensional Dirichlet-Helmholt BVP.

For example: It is very difficult to obtain the analytical solution of equation (1) when f(X) = xe*sinx.

Moreover, we need different calculations to obtain analytical solution of Dirichlet-Helmholt BVP for different
values of f(x).

Way out: To avoid the above complexities of obtaining the Analytical solution of Dirichlet-Helmholtz BVP, we
need to find the Numerical solution of (1).

[11. NUMERICAL SOLUTION OF DIRICHLET-HELMHOLTZ BVP

The weak form is often an integral form and requires a weaker continuity on the field variables. Due to the weaker
requirement on the field variables, and the integral operation, a formulation based on a weak form usually produces
a set of system eguations that give much more accurate result.

So to find the numerical solution of one dimensional Dirichlet-Helmholtz BV P, we first find the weak formulation
of equation (2.1).

A. Weak Formulation of Dirichlet-Helmholtz BVP
Multiplying equation (2.1) with the test function v [] Com (Q) and then integrating by partsin Q we obtain

- i}u"(x)v(x)dx +Jl’u(x)v(x)dx = } f (X)v(x)dx
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[- auv],t + ﬂ}u'(x)v’(x)dx +}u(x)v(x)dx =j’ f (X)v(x)dx

= ﬂ}u'(x)v’(x)dx +Jl’u(x)v(x)dx :Jl' f (X)v(x)dx

Therefore the weak formulation of simplified Dirichlet-Helmholt BVP is
Find u 0 H,*(Q) sothat

1 1 1

A[U (W (dx + [uGIV(x)dx = [ £ (xv()dx; Dul H,'(Q)
0 0 0

Here Hol(Q) is the Hilbert space.

B. Numerical Solution by Finite Element M ethod

The discrete abstract formulation of equation (4.1) is:

Find uy OV sothat a(uN'vN)=I(vN); Uvy OV

Where, a(uy vy )= i}u'(x)v’(x)dx +J1’u(x)v(x)dx

1(v,) :Jl' f (X)V(X)dx

V,, is afinite dimensional subspace of V so that

Uy :zai

b, (X) denote the basis function of the finite dimensional space.

Then

alb,b; Je; =1(b;); 00, ) =12 N-1
0 &) ha =1 O, j =12 N-1
O La =
WhereLZ(ajj):lj_:ll; a=ca; 1=1;00,] =12 N
For N equidistant grid, the basis function is
EI:L(x—xi)+1 ;o Xy SXSX
b,(x)::%(xi —x)+1 ;X S XS Xy for i =12,..ccenee.

130

()

b (X) ;

(6)
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0=X, X S X X X X Xx=1
Fig. 3.1: Discretization of basis function.
Now @ =1 f: b, ('} (x) dx + J':bi ()b, (X) dx

| :J':f(x)bj (x) dx

S % ;X SXSX

O b,(x)zé—% X S X< Xy
E 0 ese
E

Now, @ =A .[; b’ ()b’ (x) dx + I:b, (x)b, (x) dx
Leta; =1, +1, (7)
where, 1, = A Jj b, ()b, (x) dx

=1 I: b’ ()b, (X) dx + A I‘ b’ ()b, (x) dx

=2 ‘7 %%dx+/1 “H LM 1H

X, x2[] hg hQ
_ 4 A _A A _2A
_F[Xi _Xi—l]+F[Xi+1_xi] _F"'F _T
Andl, :/’LJ’:Q(x)bi (x) dx
P R & (N P A
—IXH%(X xi)+1% dx+L %(xi x)+1E dx
Let I, =1",+1", )

Where, |'2=J;T1551(X_Xi)+1§ dx
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Let %(x—xi)+1:t

DI'ZZhEtZdt =2

And |7 = J'I% X — x)+1%2dx

Dl;':hftzdt:—
0 3
From eguation (8) we have
_poe _h h_2h
L, =14, = —+—

3 3

Putting the valuesof |, and |,in (7), we have,

a —2+2—; Oi=12,.......... ,N-1

ii h
iffi—j[=1
= 2, ()b, (A A+ [ (0B, (X) dx
Let
a, =l;+1,
where, |, /1J'1 b ()b, (X) dx

=of B

-1 -A
:F(Xiﬂ_xi) :h_

na 1 = [ 000,100tk = [ EL(x =)+ 1E (- x.,) + 1t

Let %(x—xi+l)+1=t

O %(xi - x)+1=1-t

01, =hfta-ta :g

Putting the valuesof |5 and |, in (9), we have,
A

a; =——+D ; when|i—j|:1
h 6

(9)
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0 a; =a; :—%+% ; foral i, satisfying |i—j|:1
O 24  2h S
B

8 4 _h e

Hence &j — U _F+E ' ‘I_J‘_l
[ 0 . e
0 ; se
B

Therefore, the stiffness matrix is

R4, 2h _i+ﬁ
EF 3 h 6
0 h 6 h 3
D 0 _i.{-h
D h 6
0

L=0

0

0

0o 0
0

0o 0
0

0

50 0

Now, |, = f f ()b, (X) dx

0 0
_i+b 0
h 6
2, 2
h 3 0
o 2,
h 3
0 —£+D
h 6
0 0

2,
h
2,
h
2,
h

h
6
2h

)
h
6

:T|§:TI>)

= ffb(x)dx = fI, % X=X +1Ddx+fJ' %(x - X )+1Ddx

Letl; =15 +1

Where, | —fI @%x x)+1Ddx

Let %(x—xi)+1:t

—ffhtdt = E—,%é[

o

+

+

(10)

M arararararararir
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Similarly, we have | =% fh

O =1+l = e th=1h
2

ofthQO
0
Sis
i€, | = OO
a: 0
0 O
Bhg.
From equation (4.2) we have, La =1
0 a=L"Y
(24 2h 4D 0 0 o oo
g+ -+ 0 0 0
Dh 3 h 6 - th
A h 24 2h A h N
O-—+— —+— =+ 0 0 0 O O
Oh 6 h 3 h 6 o ong
0 _A,h 21, 2h il
0 —t- =t 0 0 0 -
N h'e h 3 00 g
= 0 0: [
O a=010 ] 0. 0O
] . . L] DI 0
O 21  2h A h U 00
0 " Y WS Thte Do
2 A.h 2.2 _a h HO0
0 o 0 0 e — e+ — Z+= Z+_ 000
0 h 6 h 3 h 6 00O
U 0 _&+D %+2_hD D: 0
g 0 0 0 h 6 h 3B OhO

which is our required numerical solution of one dimensional Dirchlet-Helmholtz boundary value problem by finite
element method.

C. Error Estimation of the Numerical solution
We compute the Relative error in L; norm defined by

_lu.-ul, w

for al time, where U, is the exact solution and U, is the numerical solution computed by the finite element
method.
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If f (X) =sinX, then the relative errors of the numerical solution with respect to analytical solution of (1) for
different values of 7. and for different number of grid point are given below:

Table 1: Relativeerrorsin L, norm of Numerical solution with respect to Analytical solution (N is the number
of grid points).

N=25 | N=50 | N=100 | N=200 | N=400 | N=800 | N=1600 | N=3200

A=1 .0685 | .0351 0177 .0089 .0043 .0021 .0010 .0006
A=1 .0386 | .0197 .0098 .0048 .0023 .0011 .0005 .0003
A=.01 .0109 | .0047 .0023 .0010 .0005 .0003 . 0002 . 0001
I—.— A =I A
0.08 =1
A =.01
oos E
S
_Er' 0.04 4
% 0.05 B
E
re
E o0z .
o.01 .
[ E— e —— u
a |00 1000 1500 2000 2800 =000

Mumber of grid points

Fig. 1: Relative error decreases as the number of grid points increases.

Table.l and the figure.1 shows the relative error of numerical solution of Dirichlet-Helmholtz BVP. Figure 1
presents that the error is decreasing with respect to increasing of number of grid points. This shows the convergence
of the numerical solution. As number of grid point increases our calculation steps are a so increasing. Therefore we
have to calculate every small part of our domain. So as we increase the number of grid points the error will be
decreased proportionally.

Also we see from Table 3.1 and the figure 1 that, the relative error decreases as we decrease €. When we decrease é
the role of second order derivative in convection term “— Au''(X) ** of Helmholtz equation is also decreases. And

for this reason the relative error is also decreases.
D. Comparison of Numerical Solution with Analytical Solution

We will seein the following figures that as the number of grid point increases the numerical solution converge to
analytical solution.
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Fig. 2: Comparison of Numerical solution with Analytical solution.[ f(x) = sin(x), N=25 and A=1].
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Fig. 3: Comparison of Numerical solution with Analytical solution.
[ f(x)=sin(x), N=100 and A=1].
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Fig. 4: Comparison of Numerical solution with Analytical solution.
[ f(x) = sin(x), N=1600 and A=1].
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In figure 4 the number of grid pointsis 1600. We see that the both solution are coincide each other. This shows
numerical solution converges with the analytical solution when we use large number of grid points.

[V.CONCLUSION

In this paper, we have presented analytical solution of one dimensional Dirichlet-Helmholtz boundary value problem
and we find numerica solution of this simplified boundary value problem by finite element method. On
implementing the numerical solution in MATLAB we have found the relative errors, which show a good rate of
convergence of the solutions.
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