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ABSTRACT: In the present paper we establish a common fixed point theorem for non contractive mapping
in rational expression in Banach space. Our result is motivated by many authors.
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. INTRODUCTION AND PRELIMINARIES

It is well known that a Banach space is a linear space
which is also in a special way a complete metric space.
The combination of algebraic and metric structures
opens up the possibility of studying linear
transformation of one Banach space into another which
has the additional property of being continuous. A
normed linear space isalinear space N in which to each
vector z, there corresponds a real number denoted by

[l and called the norm of x in such a manner that

MOxll =z0and |x]| =0 e x =0
Giy lIx + ¥l = =l + Nl

(i Nex|l= lelllxl

IF(x)— FCAONl <

The non negative real number Il is to be thought of

as the length of vector x. If we regard ||x|| as a real

function defined on N. It is easy to verify that the
normed function is called norm on N. It is easy to verify
that the normed linear space N is a metric space w.r.to

the metric d defined by d(x, y) = [|x — ¥||. A Banach
space is a complete normed linear space.

I1. MAIN RESULT
Theorem 1: Let K be the closed and convex subset of a

Banach space X. Let F, G, H and J be the four mapping
of K into itself such that

FG = GF, GH = HG, HJ= JH AND JF = FJ ..(0)
FP=1,G*=1,H>=1,F=1 (where| denotes the
identity mapping) ...(2)

IGH] x. — Flx)IIIGH} ) — Fivill + IGH!(x: — F(y)IIGEN ] — Fix)ll

“Temp(x) — F) [+ ot} — 7G0ll+ [6HI(x) — FOOI+ 68730 — FR |

+ F

IG5 (x; — Flx)lIGH](x) — F(yill + |GH}(y) — F(xllGH}(y) — Fiyl

+ y IGH](x) — GEI(MI

lGH](x)— F(x)ll+ |6HIx) — F(¥ill + |GHI(v) — F(x)ll + |GHI(¥)— F(vl

..(3)
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Foreveryx,y€ Kand0<0, 3, ¥ suchthat 7a + 4B+ 4 ¥ <8 o (4)
Then there exists at least one fixed point x, of F, G, H, and J.

Furtherifa+2 ¥ <2

Then Xq isthe common fixed point of F, G, H and J.

PROOF: From equation 1 and 2 it follows that (FGHJ)? = I, (where | is the identity mapping).
We have

IFGHI(x) — FGHI(¥)Il <

ccen?etz)-Ferye || (e 6y I-Fers 6 (|| H|(eH® clx)-Feric G| (et P e (v)-Feiie (x|
leH 26 (=)-FeH G ()| HIGH Y 6y )-FGH G (=HIGHI? clx)-FeH G Uy I+HIIEH 2 6 (3)-FeHIG (2]

2 ccen?ex)-Ferye || (e cix)-Ferge (| Hl (e cix)-Ferje (||Cck 2 60x)- Forye (=)
CeH 26 (=)-FeHIG ()l HIGH ) 6 e)-FeH e (IIHIEH 26 (=)-FeHIG (¥IIHIGH D 6 (y)-FeH G (=)

+ ¥ ICGHN*G(x) — (GHD*G(¥

cw 16 (x) — FGHIG()IG (v, — FGHIG(x) |l + 116(x) — FGHIG(3)I 16 (¥) — FGEJG(x)l
~lI6(x) — FGHGIx)N + 16(y, — FGHIG(x) Il + 16 (x) — FGHIG(y)II + lIG(y) — FGHG(x)

lc(x)  rerje(x)llc(x) FeHiG(xl 0 lle(x) FeHIG(IIG(x) FGHIG(LI
I6(x) — FGHIG )| + 16(x) — FCHIG(y] Il + 16(x) — FGHIG(v) Il + lI6(y) — FGHIG(x)|

+ f

+ rlG(x)— A
Now if G(x) = V and G(y) = W then,

- ¥ — FeHV| W — FGHJW || + |V — FGHIW||lwW — FGEV||
cC
= |l —FeHIV| + ||lW —F6H!V | + |V — FGHWI|| + |W — FGEFV ||

v p IV — FeRIVIIIIV — FEHIW | + ||V — FGHIW||[W — FaHFV||
IV — FeHJV|| + ||V — FEHJW | + IV — FGHIW || - |l — FGHV||

+ rliv— Wi

Where (FGHJ)?=land 7o + 4B + 4 ¥ < 8

Now to show that F, G, H, Jhas afixed point X, in K.
Therefore et x be a point in the Banach space X, then taking
Y =% (S+1)x

Andt=S(y)

U=2y-t

lt —ull < [t —xll + l|lx —ll

Now [t —ull = [IS{x) — 2y + ¢l = IS(x) — 2y + (il = 125Cy) — 2yl

le =l =21y — S -+(5)
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Again

e —xll = IS(y) — S
It —xll = lISCy) —sS(

—xl < a ly — SIS (23 — S2Cil+ 11ISCx) — sl — S ||
Ty = SOON+ 15 (2} — 52N+ 15(=)— SO+ lly — s
+ B ly —s()lily — s + 1s(x) — sG s (=) — S2 ()
Iy — s+ 1y — S2) + I15(x) — SO+ IIS(x) — SZ()l

+¥ lly — sl

It —xl| < lly — SGANNS(x) — xll + I1S(x) — SOy — =l
Ty =SGII+ISC) =l + I1SCx) — SO+ lly — =)l

+p ly — Sy — x|l + ISCx) — SIS (=) — Il
ly — SOl + Iy —xIl + 15Cx) — SGII+ 1S (=) — I

+ylly— sl

Iy = SGANIS )= 31l + 1SG) — 3+ 7 = SGAN |3(5 + D — x
I =S+ Ty — 201 + 15Gx) = SGAN+ 15y =l

It — x|l < &

p =Sy =zl + Is@—yty=sllisce ==l o
Iy =S [+ 1SCx) — Sl + Ik — w0l + IS(xy— =l 1

ly — SCANIS Ce) — xI + % llx — SCONIS)— ¥l + Iy — SGAI]

le ==l < o« T Iy = o+ 1569 = S+ ISGI =l

ly = SGAN |3 65 + 1z = x| + [ISCx) —wll+ Iy — SIS =
Iy = SGAT + IS0 = SGII+ 1y — =l + 1STx) — Il
1 ;
+ ¥ ||§l:S + Ix— x— 5'(:1:)”

ly = SGAMllx = GOl + 5 Il = GOl [F s = SGI+ Il = SGAI]
ly=SGI+ Iy = Dl + 15G) =)l

It — x|l < «
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1 . 1 )
Iy = sCOI= Ny — 2+ ISCa— all

1
+ ¥ - llx—sx)l
&

tF

ly = SC3 llx = Gl + F lle = 3Gl [5 s = sEll+ ly — 57371
21x —5C) |

lt —xIl < e

Iy = SN s = SEN+ [Fllx = SCON+ Iy = SGANle — S
21x = SCII

+ 8

+ 72l sl
1 1
le—xIl < %lly—smu + Ik =SCI+ Iy = S|
1 1
+ £y =5+ [le = sl +ly = SOOI + ¥ 51 x—sCol

3
It — x|l = IIx—S(x]II+EII}’—5C}’]II

po | R
= | =

1 1
+L [ x = sCN+ 2y = S + 7 7 1 x — G
et 3
e —xll < % le =Sl + 2y — S

+E [I = 5C0ll = 2y = sG] + 7 S1x= G0

a [ ¥ _, . .
le=all < S+ S+ Dl =5l + Graat3/48)lly - SGA

...(6)
Again
e —xll = 2y —t — x|l = I{S + Dx— S0 — x|l

llre —xIl = ISCx)— S
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. llx — SCxONy — SCw)ll = llx — SCv) Hly — Six) I

x =S+ Iy =Sl = Ix =5+ |y —sCOll
oy lx — SCOMllx — Sl + lly — S{x) llly — S

llc — s(x)l+ llx =S+ lly — s(x)ll + Iy — sl

[e — x|l <

+ ¥llx — ¥l

lx — SCOIlly —S73)1 + [llx —wll + 13— SC3]ly — S(x) |
lx = 3G+ llx = pll + 13— s(x)

e —xI| £ e

llix — S [|x = ¥l + lly =GN+ Iy = SOy — sl
llx — SN + Ix — Il + 117 — S

1,
x——.5+Dx
&

tr

+¥

Il — SC Ny — SOOI+ 5 ke — sy — SOOI llz — SCO

e — x|l = e

2llx — SOl
e — SEONIE Il —SCON+ Iy = SEDI + 5 llx — SE Iy — S
B 2 — 5@l
Yoo e
=+ EIIK — _,(;;-)”
e —xll <
or 1 1
?[Ily =S+ k=Sl +5 Iy = SO ]
£l 1 ¥
=S5 =SGll + lly = Gl + 5 s — S ] # 1 lx = GO
=l = %+ B T —sGoll+ raa+ 374 B)lly— SO
Now

It —ull < llt —xIl + [lx — 2l

e —ul < [% + ’§+ "—) lx — 5G| + (3/% a+ 374 2)lly — S

. (:% = ﬁ? 9" — SN+ (34 a+3/48 iy — S

lt —ull < [% + %+ ¥lllx = SO+ (3/2 a+3/2 f)lly— S @

(7
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Thusfrom 5, 6, 7 and 8 we have
8

2
2y =S < (5 + 4 ) e = G0l + G"‘ +26) Iy = SO

lly — SCIl < g llx — S(x)I ..9)

Where

Since 7a+4B +4 ¥ <8

Now let FGHJ = ¥%(S+l) x, then for every x € X
1 1
ICF6HRx — F6H] (Ol = IFGHI(3) = 71l = |5 (5 + Dy = 3|| = 5 Iy = G

I(FGHF)x — FGHJ (x)I| < %llx — sl

From 9 and by definition of g we claim that { (FGHN)"(x)} is a Cauchy’s sequence in X. By completeness {(FGHN)
"(x)} convergesto some element Xqin X.

i.e. lim, L (FGH)"(X) = x,
FGHJ (%) = %3

Therefore X, is afixed point of FGHJ.

FGHJ(X()) = Xo

So, GHJ (FGHJ)( x) = GHJ (xo)

Also JFGHJ (Xg) = J (Xo)

Or FGH (xg) = J(Xo)

Now by using above results and equations 1, 2, 3, 4 we have,

”][guj - Xu" = "FGHICXU:I - F FZI:‘;':“:I”
17Cxe) — %ol <

65 16 H (r, -F GH x| 6HJ F2 (x, )-FF2 ()| H| 6H 6 H (ry )-FF2(x, )| | 657 F2 (x, -F GHix, ||
@ NGH G H (5, )-F CHCx, NHIGH] 72 (5, )-FF2 (5, M HIGHIGH (5, )-FF2(x, I HIGH f 52 (x, )-FGH(x, )
I 6516 H (r, 1-F GH(x, || GHAGH (xy )-FF2(x, )| H| 65 F2ix, )-F ¢Hx, )| [| 657 F2(x, I-FF2(x, ||
NGH G H (%, )-F CHCx, NHIGH] GH (xy )-FF2(x, MHIGH ] F2 (%, )-F CH{x, MHIGH] 72 (%, )-FF2 (x,)ll
YIGHIGH (x,) — GHIF(x,)
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WJ(z=o) — Iz =g — x5l - l17(xq) — (=) I(xg) — Txp )l
o) — Tl + 124 — %5l = F(xe) — o)l + Mxq, — 1)l
+ 7 17 (=0 — Cd N7 Cxtg) — (g ) Il + 10 ) — T ) 11 (x50 — ()N

7 Geg) — 100l + 7 Cep) — Cepdl + I1Cxgd — TCsp )l + 1) — ()

+ vll7 () — Gzl

17 (o) — 20l <

17 Cg) — x,ll < ; + ¥l (xg) — ()

Since o + 2 ¥ < 2it follows that J(Xo) = Xo

This shows xg is afixed point of J.

F(Xo) = FGHJ(Xo)

F(Xo) = GH (Xo)

Again

IF(zq) — xpll = IF(xs) — FF(zI

£ () — =l
IGH(z,) — Fuxg) Il GHF (x,) — F2(x )l + IGH(z,) — FE(z  JIIGHF(z,) — F(z,)

A

= IGH(z,) — Fxll + | GHF(x,) — F2(z )l + IGH (3,) — FF(z Il + I6HF (24) — F(z)1
+3 I6H(x,) — Fixg) Il GH(x4) — F2(zy) | + IGHF (24) — F(x ) INGHF(xy) — F3 (s )|

lGH(xz,) — Fax)ll + IGE (%5) — F2(z,) | + IGHF (2,) — Fx )l + IGHF(xy) — FF(x,)|
+ vllFH (%) — GHF(x,]l

IF (z5) — =4l

e IF(xq) — Flzo N (x4) — Gey)ll + I1F (4) — (o1l (x50 — F(x4)l

— O IFCxg) — Flxodll + 1 Gxo) — Ceod Il + IF Crg) — Gl + =) — )l
| F(zs) — Fxo)lllF (o) — (xolll + (xs) — Flxg)lllI{xs1 — (o)l
| F (o) — FlxolllF(xq) — Geodll + 1Cg) — FlzgdlI (ol — Czo)l

+ ¥lIF(2,) — (o)l

IFGro) = xoll = (5 +7) IFGr) — G

Which is a contradiction since a +2 ¥ <2

Hence it follows that F(Xg) = Xo
But  F(xo) = GH(xy)
(Xo) = GH(xo)
F(X0) =F GH(Xo)
F(Xo) = J(Xo)
F(Xo) = (Xo)
Hence F(xo) = (Xo) = J(Xo)
Also  F(Xg) = G(Xg) and G(Xo) = H(Xp)
Therefore xqois a common fixed point of FGHJ.
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Now to show the uniqueness of x,, we let yq be any other common fixed point of FGHJ then by using

llx, — woll = ||FGHI( 2, - FGHI(3)||

llxg — 3gll
; 65 1(x0 ) — FGH] (2o )IIGHF(¥y) — FOEJ(xo)ll+ 6H] %, )~ FGH](3p)IGHI () — FGEF((x5)l

= U I6H () — FeHI(x ) IGHF(re) — FEHI(, )+ I6H %, )~ FCH[ (v lIGEH I (3) — FEHF (o)

+8 I6E (2o ) — FGH] (2o JGEJ(xy) — FGHJ (2o )l + IGEF(vo)- FGH](x)IIGHI(vy) — FGEJ((y5)l
IGE J(xp ) — FGH] (x5 )l + I6EF(xo) — FGEF (%o )| + I6HF (o )- FGH](x) | + I6EHF(35) — FGHF((y, )l

+y||6HI(xg)- 6HIC)||

llxy — (g )Mz — F (2o )+ Nlze- TOp) vy — PGy )N
= g = FGrg)ll + 13 — Flrg )+ g FO) I = I3 — F(Cx)l

g — Foxgdlllxg — FOrdll + llyrg- Fixp)lll 3 — Fizg )l
=y, — FOI+ lxy— FOOI+ llyy- Flxll+ Iy, — F(=,)

+ v llxg — wll

Since F(x,) = GHJ(x,) and also llx,— F(x,)ll=0and ||y, — F(¥,)ll =0

= o MHe— FOlllyy = F(Gro )l
llxo = Fyo)ll + llyy — F((x, )l

+ ¥ "—’Ir_} - qu"

24
= lxg— wsll +¥llxg— w5l

= (/2 + 1¥)llx — 3l

Therefore [lxg — pll = (a/2 + ) lxg — gl

(1-2—7)lx— mll <0

Since o+2y<2

Ixg — wll =0 = x5 = ¥

Hence X, isthe unique fixed point of F, G, H, and J.

This completes the proof of the theorem.
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