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ABSTRACT: In the present paper our result isthe g-extension of the known result dueto Galu’e and Kalla
[4]. Which are define for Generalized hypergeometric function s.;Fs(-) in termsof an iterated g-integrals
involving Gauss’s hypergeometric function ,Fi(-). By using the relations between g-contiguous
hyper geometric function ,F4(-), some new & known recurrence relations for the generalized hypergeometric
functions of one variable are deduced in the line of Purohit [6] asa special case.

. INTRODUCTION
The generalized basic hypergeometric series Gasper and Rahman [5] is given by

@y g e e
Dy(aq,..., @,.; by,..., bs; x) :r@S[b._ by by D
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where for real or complex @

1 ; if n=20
@92 4 @)1 -aq) o (1 -ag™) ; F nEN (2
is the g-shifted factorial, r and s are positive integers, and variable x, the numerator parameters a4, ..., &,., and the
denominator parameters by, ..., bs being any complex quantities provided that
b=g™™, m=01---; j=12---,s

If | < 1, the series (1.1) converges absolutely for all x if r << sand for |x|< 1if r = s+ 1. This seriesalso
converges absolutely if g > 1 and |x|<|b,, ... ... b |/ ay, o eva,

Further, in terms of the g-gamma function, (1.2) can be expressed as
_ _ (a+n) (1-g)"
(ﬂ-, Q)n - -rq I:E::I ’ n> O ’ (13)

where the g-gamma function (Gasper and Rahman [5]) is given by

(g:q)m (q:adp.
- - = (14
Fq[q] (g% glg1l-g)™* (1-g)7* (1.4

wherea #0,-1,-2, - - -.
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Gasper and Rahman [5], has given the following relations between g-contigous basic hypergeometric functions

(o8 5: & '5: (1- ﬁ}l:i_ ,5} Gta ,3+-
O x| 8] G ax |2qr xR g [T gk | )
g @+t 'g: 2 ,E: i1—g |x+'_J S+'_:
2@1 ? zr: qjx]-zml[q zr: q"x]: II 1- qv::'zgll[ i}’q.‘_: q’x] (16)
roats B, & 8, (1—g" % (1—¢F) wra F+a,
2@1_q q‘?'q*"-: qrx]'zg'l[q ?;--": qx X ]: q°x Mzml[q qf:“": q’x] (A7)
and
arr Bt x B, [1-gB-o+y a+s B,
o7 Tl e e S50 ex | e
The following results are due to Galu’e and Kalla[4],
@ B, Gy G4 e Gy gy hs—i
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X * _rl ...... (s — 1)times Ef_[j tﬂ”"‘ (1- tHj_]b!-l' Bgpami~ 1

X 2@1[“‘* B taq ...r:rlx]d::s_l ,,,,,,,,, dt,dt,. .. (19)
whereRe(b) >0, forali=0,1,---,s2 , |x| < land |ty ..tytyx]| < 1,
Inview of limit formulae lim_, - I(a) = I'(a) and lim,__, - j j;:—( a), ... (110)

where (a),=a(@+ 1) ... (a +n—1),

Dueto Gasper and Rahman [5], the g-analogue of Euler’s integral representation

- i) _ e,
2'3'1[q qq.v: Q':x] W—ﬂqm x _Ir; et [tq :q],:_b_i b 1@o[q_ . g, tx ] dqt_ .. (1.11)

The generaization of g-analogue of Euler’s integral representation due to Gasper and Rahman [5] is

By » "35 Ey e By Bgig bg :| i —

x| = X |t (tq ; R

@[ by, by o By T ] I, [a3+1,hs— a.sq “rﬂ' (105906 or- 1
Ry @n 2 @& ""E."—‘_:
x r-lﬁsl[b‘_: bzﬂ_ 1‘.‘55.:... bE—‘_: q!tx ] dq t (112)
Purohit [6], has given the iterated g-integral representaion
2% g%, a; ay e ar @z, . i| o [ b._; :|
» » L =i - & F
Sﬂms[ a¥. bz, bs . bsi 4% EE 0 alagyy 5, b — Ay
e _ri _ri .. (s — 1)times X727 psrami=l (t:s19:9)
o Yo =0 Sieq i+1% M by —ag .- 1
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@ B
x zml[q . zv; q’ tj'—l [ t:tlx ] dq tS'—l ......... dq tjdq tl . (1.13)

where Re(bs) >0, foralli=0,1,---,52; |q/<1, lx] <land|t,_; ......tyt x| < L

Bailey [1], Exton [3], Galu'e and Kalla [4], Gasper and Rahman [5] & Slater [8], has given a wide range of
applications of the theory of generalized hypergeometric functions of one and more variables in various fields of
Mathematics, Physics and Engineering Sciences, namely-Number theory, Partition theory, Combinatorial analysis,
Lietheory, Fractional calculus, Integral transforms, Quantum theory etc.

In the present article, Generalized hypergeometric function s.1F's (+) is expressed in terms of an iterated g-integrals

involving the g-Gauss hypergeometric function ,F(-). By using g-contiguous relations for ,F;(-), some recurrence
relations for the generalized hypergeometric functions of one variable are obtained in the line of Purohit [6] as a
special case. Here the mentioned techniqueis a g-version of the technique used by Galu’e and Kalla [4].

[I.MAIN RESULT
If Re(bs)>0,forali=0,1,---,s-2and|g| <1, thentheiterated g-integral representaion of s.;Fs (+) isgiven by
a+r _ b+r h
g .4 s Gg, Gy e Gy Hgig _ g2 e—1i
SﬂFS[ g7, by by e By q’x] B Zi:ﬁ Fq [ﬂs+1—i, hs—l i YR

11 . —2,Gapaoi— 1
X .ru. fu o (8= 1)times BTt T T (B30 5 @b, - gy, -1

a+¥ _b+r,
bt 2F1|:q ' in:'+."l: i, ts—j_ ---tg tlx ] dq ts—l o t:d tl- (20)

where |x| < 1, r>0and [ty oty tyx| < 1.

Proof: Using equation (1.12),the L.H.S. of eguation(2.0) can also be written as

a+¥ _b4+T h
=g ¢ By, Bg e By By — e 1y ag,,-1 .
S+1FS[ gy by By e bei q,x] =1 |:ﬂ:-s+i.l'b3 - ﬂls+1i| X “rﬂ' b1 (t19 'qus' Bg4p =1
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g g™, ag weag
® SFsl[q“-", ba. by e Bos q,tyx ] d,ty ..(21)

repeating the process in the right-hand side of (2.1), we have
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T a+7r
2 y By wellg_gi

a+
q
® MFSZ[ ST, by by o bos q,t,tx } d,tyd ty, ..(2.2)
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again repeating the process in the right-hand side of (2.2), we have
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y By By e b“.

On successive operations (s — 4) timesin the right-hand side of (2.3), we get
a+r _b+r b

g7 g . @y Og e B Ggyy g—i
F |: e : i x] :ES Z r
sHts a="", by Bg . @ =0rala, . b
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which isthe required result.
[Il. RECURRENCE RELATIONS
Using equation (1.5), we get

a+r b+, a+r b+r

2F1|:q ! I??|:'+."I: Qr ts—j_ wew ...tz tj_.'x ]: 2F1|:q ;:E-" ‘— Q'; -1 * .t: tlx]
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On substituting value from relation (3.1) in the right-hand side of the equation (2.0), we have
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Again, on making use of the result (2.0), the above result (3.2) leads to the following recurrence relation:
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whereRe(b__;) >0, forali=0,1,---,s-2and x| <1.
Using equation (1.6), we get

a+r b+,
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On substituting value from equation (3.4) in the right-hand side of the equation (2.0), we have
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Again, on making use of the result (2.0), the above result (3.5) leads to the following recurrence relation:

a+r

] 1 &
F [f:r g, A3 Ay e B 8.y x] - _F [EHH AT 8y 8y B B, x]
st AL S T R a*T, by bg . bgi T

rq_ b+ - Ogal—1
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whereRe(b__;) >0, forali=0,1,---,s-2and [x| <1.

Using equation (1.7), we get
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On substituting value from equation (3.7) in the right-hand side of the equation (2.0), we have
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Again, on making use of the result (2.0), the above result (3.8) leads to the following recurrence relation:
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Where, Re(b__;) >0, forali=0,1,---,s-2and x| < 1.

Using equation (1.8), we get
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On substituting val ue from equation (3.10) in the right-hand side of the equation (2.0), we have
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XZF]_

Again, on making use of the result (2.0), the above result (3.11) leads to the following recurrence relation:

F QE+T‘:QH+FJ 83 84 o By Bgi <o F qﬂ+r+1, qu”'_l, a3 Gy - G5 Bgq .
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cq_ B-o+1 . o -
_ qu+rx 1—q ]23—2 (1-g"=+1-1)
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q . q o g g e e ooty 40
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s+l s[ q"""""‘l, bzl?. 53!?.-----u bsq:q: ( )

whereRe(b__,) >0, forali=0,1,---,s-2and x| < 1.

We conclude with the remark that the results deduced in the present paper appears to be a new contribution to the
theory of generalized hypergeometric series. Secondly, one can easily obtain number of recurrence relations for the
generalized hypergeometric functions by the applications of iterated g-integral representation for ¢.;Fg(+).

Remark: If weput r=0inall the results, we get the results of [6].
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