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ABSTRACT: Fuzzy metric space have introduced in many ways. We find some fixed point theorem in
complete fuzzy 3-metric space through rational expression .Our paper is generalization form of Binayak
Choudhary and Krishnapada Das[1] for Fuzzy 3-metric space motivated by Sushil Sharma [10].

[.INTRODUCTION

Fuzzy metric space have been introduced in many
ways amongst specialy to mention, fuzzy metric
spaces were introduced by Kramosil and Michalek
[7]. Inthis paper we use the concept of fuzzy metric
space introduced by Kramosil and Michalek [7] and
modified by George and Veeramani [5] to obtain
Hausdorff topology for this kind of fuzzy metric
space. Recently, Gregori and Sepena (2002) [6]
extended Banach fixed point theorem to Fuzzy
contraction mappings on complete fuzzy metric space
in the sense of George and Veermani [5]. It is
remarkable that Sharma, Sharma and Iseki [9] studied
for the first time contraction type mappings in 2-
metric space. Wenzhi [12] and many others initiated
the study of Probabilistic 2-metric spaces. As we
know that 2-metric space is a real valued function of
a point triples on a set X, whose abstract properties
were suggested by the area of function in Euclidean
spaces.

Our work demonstrates the fact that other types of
contractions are possible in Fuzzy metric space.

. PRELIMINARIES

Definition 2.1 : (Kramosil and Michalek 1975) A
binary operation O: [0,1] x [0,1] — [0,1] isat-norm
if it satisfies the following conditions :

() d1,8=a,d00)=0

(ii) (a b) =Mb,a)

(iii) dc,d) =2 da b) wheneverczaanddz=b

(iv) @& b), c) = Oa b, c)) where a b, c,

dd[0,1]

Definition 2.2 : (Kramosil and Michalek 1975) The
3-tuple (X,M, ) issaid to be a fuzzy metric space if
X is an arbitrary set O is a continuous t-norm and M

is a fuzzy set on X? x [0,00) satisfying the following
conditions:
(i) M(x,y,0)=0
(i) M(x,y,t) =1forallt>0iffx =y,
()M y, ) = M(y, %, 1),
(iv) M(x,y,t) OM(y, z,5) <M(x,z, t+s),
(V) M(x, y) : [0,0] »[0,1] is left-continuous,
wherex,y,z€ X andt, s> 0.

In order to introduced a Hausdroff topology on the
fuzzy metric space, in (Kramosil and Michalek 1975)
the following definition was introduced.

Definition 2.3 : (George and Veermani 1994) The 3-
tuple (X,M, * ) is said to be a fuzzy metric space if X
isan arbitrary set, * isacontinuoust-normand M isa
fuzzy set on X? x] 0,00 [ satisfying the following
conditions :

i M(x,y,t)>0

(i) M(x,y,t)=1 iff x=y,

(i) M(x, y, ) =M(y, x, 1) ,

(iv) M(x,y,t) OM(y, z,5) < M(X, z, t + ),

(v) M(x,y,.):]0,00[ »[0,1] is continuous,
wherex,y,zO X andt, s> 0.

Definition 2.4 : (George and Veermani 1994) In a
metric space (X,d) the 3-tuple ( X, Md,*) where
Md(x, y, t) =t/ (t + d(x, y)) and a*b = ab is a fuzzy
metric space . This Md is caled the standard fuzzy
metric space induced by d.

Definition 2.5 : A binary operation 0: [0,1] x [0,1] X
[0,1] »[0,1] is called a continuous t-norm if ([0,1], D
is an abelian topological monoid with unit 1 such that
a0b;0c¢c< a,db,[dc, whenever ay< ay, 1< by, ci< Co
for al &, &, by, b, and ¢y, c, arein [0,1].
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Definition 2.6 : The 3-tuple (X,M,0) is called afuzzy
2-metric space if X is an arbitrary set, O is a
continuous t-norm and M is a fuzzy set in X* x [0,0)
satisfying the following conditions for al x, y, z, u O
X and ty, t, t3 > 0.

(FM’-1) M(x,y,z 0)=0,

(FM’-2) M(x,y, z,t) =1, t > 0 and when at |east two
of the three points are equal,

(FM’-3) M(x,Y, z,t) = M(x, z, ¥, t) = M(y, z, X, ),

(Symmetry about three variables)

(FM’-4) M(X, Y, z, t1 + t, + t3) 2 M(X, Y, u, t;)[M(x,
u, z, ) OM(u, y, z, t3)

(This corresponds to tetrahedron inequality
in 2-metric space)

The function value M(x, y, z, t) may be
interpreted as the probability that the area of triangle
islessthant.

(FM’-5) M(x,Y, z,.) : [0,1) »[0,1] isleft continuous.

Definition 2.7 : Let (X, M, O is a fuzzy 2-metric
space:
(1) A sequence {x,} in fuzzy 2-metric space X
issaid to be convergent to apoint x 0 X, if
lim, ... M(x,, xat)=1
forall ad X andt> 0.
(2) A sequence {x,} in fuzzy 2-metric space X
is called a Cauchy sequence, if
lim, .. M(x,:, %, at)=1
foralad X andt>0,p>0.
(3) A fuzzy 2-metric space in which every
Cauchy sequence is convergent is said to be
complete.

Definition 2.8 : A function M is continuous in fuzzy
2-metric space iff whenever x,—X,  yn— Y, then
lim,, ... M(x,, ¥, a)=M(Xy ap
foral ald X andt> 0.

Definition 2.9 : Two mappings A and S on fuzzy 2-
metric space X are weakly commuting iff

M(ASu, SAu, a, t) =2 M(Au, Su, a, t) for all u, a
OXandt>0.

Definition 2.10: A binary operation 0: [0,1]* - [0,1]
iscalled a continuous t-normiif ([0,1], ) isan abelian
topological monoid with unit 1 such that & b;[0¢;00
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dlS a,] b2|:| Cy Ddz whenever < dy, bls bz, Ci<Cy and
d:< dJfor al &, &, by, by, ¢4, ¢, and dy, d> arein [0,1].

Definition 2.11 : The 3-tuple (X, M, 0 is caled a
fuzzy 3-metric space if X is an arbitrary set, Ois a
continuous t-norm and M is a fuzzy set in X* x [0,00)

satisfying the following conditions : for al x, y, z, w,

u OX and ty, to, t3, 14 > 0.

(FM’-1) M(x,Y, z, w, 0) =0,

(FM’-2)  M(X, ¥y, z, w, t) = 1 for al t > O,

(only when the three smplex OX, vy, z, w 0O
degenerate)

(FM’-3) M(x,y, z, w, t) =M(X, w, z, ¥, t) = M(y, z,

w, X, t) = M(z, w, X, y, t) = ...

(FM”*-4) M(X,Y, z, W, t; +t, +t3 + t)) 2 M(X, ¥, Z, u,

t)IM(X, Y, U, w, t)IM(X, U, Z, w, t3)[(M(u, Y, Z, W, ts)

(FM’-5) M(X, ¥, z, w, .) : [0,1)-][0,1] is left
continuous.

Definition 2.12 : Let (X, M, O) be a fuzzy 3-metric
space;
(1) A sequence {x,} in fuzzy 3-metric space
X is said to be convergent to a point x O X,
if
lim, .. M(x,xabt=1
forala bOXandt>0.
(2) A sequence {x,} in fuzzy 3-metric space X
is called a Cauchy sequence, if

lim,, e M(Xpsp, Xyabt)=1
forala bOXandt>0,p>0.
(3) A fuzzy 3-metric space in which every
Cauchy sequenceis convergent is said to be
complete.

Definition 2.13 : A function M is continuous in
fuzzy 3-metric space iff whenever x,-» X,  y,-Yy

lim __ M(x,, v, abt)=MXy, ab,t)
forala, bOX andt>0.

Definition 2.14 : Two mappings A and S on fuzzy 3-
metric space X are weakly commuting iff

M(ASu, SAU, a, b, t) =2 M(Au, Su, a, b, t) for all u,
abOXandt>0.
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Remark : Definitions and prepositions from Gregori and Sepena 2002 [6] , Kumar and Chugh 2001 [8] are
also used to prove our theorem.

[Il.MAIN RESULT
Theorem: Let (X,M, * ) be acomplete fuzzy metric space in which fuzzy contractive sequences are Cauchy and
T, Rand Sbe mappings from (X ,M ,* ) into itself satisfying the following conditions :

T(X) O R(X) and T(X) 0 S(X)

1 J1< (; _ )
M{T (x)Tiy).a.b.t) Lizyv.a.b,t)
withO<k<1and

M(Rx,5v,a,b, t),M(5x,Ryv,a,b,t),M(Rx,Tx, a,b, t),
M(Ry,Ty, a,b,t),M(Sx,Tx, a, b, t), M(Sy, Ty,a,b, t),
MiSxRyebt)MBx Txabt) M SxTxab )M Sy Tyabt)
M{Rx.Sy.ab.t) ! MRy Twab.t)

L(X,y,a b, t)=min

ThepairsT, Sand T , R are compatible. R, T and S are w-continuous.
Then R, T and S have a unique common fixed point.
Proof : Let xo 00 X be an arbitrary point of X. Since T(X) O R(X) and T(X) O S(X) , we can construct a
sequence { Xy} in X such that
Tx,,_,=Rx,=Sx,
Now,

M(Rx,, Sxpeq@ b, 8), M(Sx,,Rxpe1,@ b, t), M(RX,, TX,a b, 1),
M(Rx 20, Txpepa b, t), M(Sx,, Tx,, a b, t), M(5x,:1,Tx 21,8 B,t),
MiSxnRenpeab )M RepTrepabt) M SopTrnab M (Srn Trny pabt)
MR Senaaa.bt) ! M(R2noTen 0o Bt

L(%,,s X015 @ b, £) = ming

M(Tx,_4,Tx,a,b t),M(Tx 1, Tx,,a,bt),M(Tx,+,,Tx,.ab,t),
M(Tx,,Tx,z2,a,b t),M(Tx,_1,Tx,,a,b t),M(Tx,,Tx,41.a,b,t),
M{Tan s Tapab M Tenie Tepabt) M{Ten_ o Tepa b M Tan T ns pabt)

MiTx M 10d mr} ! MiTx el % n_.p_,;ﬂ_;b_;r}

=min{M(Tx,_4,Tx,,ab,t), M(Tx,,Tx,+q,ab )}

=miny

We now claim that M(Tx,_4, Tx,a, bt) < M(Tx,,Tx,.,,ab,t)

Otherwiseweclamthat ~ M(Tx,_4,Tx,a,b,t) = M(Tx,,Tx, . a,b,t)

i.e. L(Xps X oy, @ B, 8) =M (Tx,,Tx, .y, a,b,t)

O 1 1 <k ( 1 _ 1)
M\ TaygTay, 0 But) M\ T d &gy 4 0080 bit)

which is a contradiction.

Hence, - 1 —1sk( . 1 —1]
M(TxnT xp,q.2b.5) M(Txy_ . Tagabit)

O {Tx,} isafuzzy contractive sequencein ( X,M,* ). So {Tx,} isa Cauchy sequencein (X,M,*).
As X isacomplete fuzzy metric space, { Tx,.1} isconvergent . So, { Tx,.1} convergesto some point zin X.
O {Txn1}, {RXn}, {Sx,} convergesto z. By w-continuity of R, Sand T, there existsapoint uin X such that x,
» uasnoo andsolnRx, =InSx, =InTx, _,=zimplies
Ru=Su=Tu=z
Also by compatibility of pairs T, Sand T, Rand Tu=Ru = Su=zimplies
Tz=TRu=RTu=Rz and Tz=TSu=STu=Sz
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Therefore, Tz=Rz=Sz
Wenow claim that Tz = z.

If not L 1sk( L —1)

M(TxpTxg, .a.b.E) MiTxg_, . Txga.bt)

M{Rz, 5u,a,b,t), M(Sz,Ru,a, b, t),M{Rz,Tz, a, b,t),
M{Bu,Tu,a b, t),M(5z,Tz,a,b,t), M{5u,Tu,a,b,t),

MiSz.Ru.ab )M ReETsabt) M(SsTz.ab, )M SuTuwabt)
Mi{Rz.Su.a.b,.t) ! M{RwTuwab.t)

L(z,u,a,b,t) =min

M(Tz, z,a, b,t), M(Tz,z,a,b,t), M(Tz, Tz, a, b, t),
M(z,z,a b,t),M(Tz,Tz,a,b,t),M(z,2,a b, 1),

M{Tzzab M TeTsabt) M Tz Teabt)M(zrabt)
M(Tzzabt) ! M =z.=z,0.b,t)

=min

=min{M(Tz,z a b,t),M(Tz, z,a b,t),1,1,1,1,1,1]
=M(Tz,z,a,b,t)

0 = —1sk( L —1)

MiTxpTxg, 28000 M(Txy_ . Txg.a.b.t)

which is a contradiction.

HenceTz=z

So zisacommon fixed point of R, T and S.

Now suppose v # z be another fixed point of R, T and

1 1
0 - —1<k ( . — 1]
M(TxpT xp, 485,50 M(Txy_, Txgabt)

M(Rv,5z,a, b,t),M(5v,Rz,a, b,t), M(Rv,Tv, a, b, t),
M(Rz,Tz,a,b, t), M(5v,Tv,a,b,t), M(5z, Tz, a,b,t),

L(v,u,ab,t) = min M{Sv.Rz.a.b,OM{Re.Tv.ab,c) MiSeTv.ab.c)M{52T5e.0b80)
M(Rv.Sz.a.b,t) ! M(RzTz.abt)

M(v,z,a,b,t),M(v,z,a,b,t),MI,v,ab,t),

M(z,z,a,bt),M(v,v,a,b,t),M(z,zab,t),

Mlvz.abt)Mievabt]) Moo bt)M zz.ab.t)
Mipza,b.t) ! Mizze,b.t)

= min {'H(?":IJ E..l rj'.' h.’ r'-:}.' M(?'.:IJ E..l rj'.' h.’ r'-:l.' -1.|-1.|-1.|1.|-1.|-1 }
= M(v,z a, b,t)

1 1
0 - —1c< k( - — 1)
MiTxpTxg, 28000 M(Txy_ . Txg.a.b.t)

which is a contradiction. Hencev = z.
ThusR, T and S have a unique common fixed point.
This completes the proof.
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