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ABSTRACT :

In the present paper we will establish a fundamental result which has been used in the principle

of minimum cross entropy application to the estimation of parameter. Our another result is by using Havrda-
Charvat measure of entropy which has been described by Kullback's minimum cross entropy. At the end of this
paper we have represented some useful inequalities by using different measures of entropy.
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1. INTRODUCTION

Lind and Solona [2] introduced the principle of minimum
cross-entropy in two stages. Vinocha and Singla [3] in their
paper used an important result which also has been used
by [2]. Our discussion is as follows:

1.1. Discussion: Asdiscussed in [1], let the random sample
be Xq, Xq4 X, 0%y X, 1 Without loss of generality we assume
that

Xo <X < <Xy < Xppg (1)

In the first stage we assume 6 to be known. Since the
area under the density function g(x, 6) in the (n + 1)
subintervals are not equal if possible we choose another
density function h(x, 8) that has an area 1/(n + 1) in each
subinterval and that is close to g(x, 6) as possible i.e. we
choose g(x, 6) to minimize,

Xn+1
(X 6) 4x
Subject to the constramts
X1 ~ 1 o
;!" h(x,e)dx—n—+1, i=0,1,2 ..,n (3)
P h(x.6) _
This gives v X X< Xy (4
9(x,6) ki
X1 k1
Where, I g(x,0)dx :— =R (5

In the second stage we choose 6 in such a way as to
make the two distributions with density functions. g(x, 6)
and h(x, 8) as close as possible. For this we minimize either.

x

+1 n X«

: 9(x.6) hx®)
|Zo { gxB)Ing S o, Z J' G, ©)in 2 d x ...(6)
subject to (3) gives us to minimize
n i | i T ; | i e
;)kl nk; or ;) nk @

which are basically Shannon's and Berg measure of
entropy respectively.

1. ANALYSIS

Here we will show below three important result using
Lagrange's equation of calculus of variation.

2.1. Result: We will show minimizing either of the measures

Xn41

I a(x,0)p
%

where @(.) as atwice differentiable convex function with
@(1) = 0 subject to (3) gives us (4) as it was described
ealier.

2.1.1. Proof: 1st Part
Let the Lagrangian function be

L= g(x e)cpE“(XG’D o)} -

Xn+1 EQ(X e) 0

( 9)
[px or Ih(x OoFT—- h( %6 1 X ..(8)

B0
oL _ ,Eh(x,e)D 1
Ton 909 o H o

/[h(x,0) O

Euler-Lagranges equation gives A =@ ——
o(x,6)C

(9
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.+ Since @(.) is a convex function so ¢(.) is a monotonic
increasing function and so cp"l(.) exists

h(x,6) _ _1

9(x.6) =¢7'() " (say)
Which is same as 4

2.1.2. Proof : 2™ Part

0 from (9) -.(10)

x,0)0
Let L= h(x,e)m%
O Euler-Lagrange's equation gives,
EQ(X e)D 9(x, 9) [0(x,6) E
“?Hhx8H hx8) * Fhx o)k
Oo(x,0) 0O  [h(x,0)0 10g(x,0)

o
Bh(x,8) Fhixe) HY (xe)HZHh(xe) -5

o DO D 9(x8) | C(x)L
Hh(x.6)H h(x.8) ~ th(x.6)F

_ (xG)D 109(x6) _ ﬁ  Cg(x,0) 0

O A= e H 258 5 Y Fxe) F
BEOD 1. g

BT
9(x,6) 0
Fhix.0)H

(x,6) 0

O (PWD—)\ -AO

0
ATh(x,0
Eﬂ( )~ n+1%

.(12)

OA =)+

(.) > 0 as @(X) is convex]

Let, ¢ qrA =A; (s)

gx0) _ 1, _yy_ 1
h(x,e)_(p (A )\)_ki (say)
-(12)

which is the desired result as in equation (4)

If we consider (p(x):ln%l'—(E then q)'(x):—l and
X

on 1
G0 =50

Dg(x,@)% In SMS hich when put into (8) gives
which w i iv

Bh(x8) H ' Ha(x6) P ’

us (2).

2.2 Result: Here we will minimize the cross entropy of
o(x, 0) relative to h(x, 8) and of h(x, 6) relative to g(x, 8) by
using the Havrda-Charvat measure of entropy of the second
stage of the method discussed in the introduction and we
will also find the result when o - 1.

Let us minimize the Havrda-Charvat measure of cross
entropy

Dk C

1 [of 1-a _
a—_lgxo{g(x,e) h(x, 8) dx}

B C

1 a ~a _
or,mai{h(xﬁ) 9(x,8) ™ cb 1L (13

subject to (3)
Let the Lagrangian be

L= ai_l( 9(x,8)" h(x, 8% ~1) + ﬁh(x, 0)-

1
a

oL Ogives ) = 29(x.0) d 0

an(x.8) Onx.8) £

g(x.6) _

X1
Dh(x,@):@ 0 Ih(x,e)dx:niﬂ
%

Xiv1 k1
I g(X, G)dX = m

%

which is basically equation

1) +

Again when L = i(h(x, ) g(x,0)™
a-1

_1cC
)\aq(x,e) at

oL a Og(x.0) 0"
0 =00 A=— [’
oh(x, 6) 1-agh(x,0) g

i
g(x6) _d-aFa, g - L

hx8 Ha O
2.2.1. Now from (13) we have to minimize

SZI h(x e)Dg(Xe’ﬂd oo

[

h( 0) 0 B
a-1
n Xis H
N J’h(x,e)ki“dxm—l
or, min £20%
a-1
n 18
0 '@G-nflﬂ‘l 0 %a 0
i.e. min =0 = ER h(x,e)dx——1D
H % 15

Now takin a - 1 we get
Min Zkilnki

n
i.e. maximize %k Ink
=

which is Shannon's measure of entropy,

kS
h(x,6) K

L0
n+1E

(say)
-(14)

gives

..(5)

.(15)

.(16)

(17)

.(18)

..(19)

.(20)
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2.2.2. Again we will minimize

gi I a(x e)ljh(x 00 dx% L

X,0
0 % fa0)H B (2
a-1
n Xis
1
0 J’g(x,e)adx%—l
i.e. min B0 % K 8 (22
a-1
L1 k B
0y ———0-1
iemn 50K n+lg
a-1
D Xi+1 k| E
[ a(x, e)0|><—— % <X<xuL (03
H %
1 B8 148
mD k™01
i.e. min c 0O (24
a-1
Taking a - 1, we get
n
min - Ink (25
2
n
i.e. maximize ZInI@ .(26)

1=0
which is the Bergs measure of entropy.

2.3. Result : Now we will show some inequality which are
important result too. At first let us consider the beta
distribution, now from [4] we know it is maximum when
m=1n=1and S, isa concave function of moment
values we will prove.

231. InB(mn +m+n-2>0 -(27)

We know that Shannon and Berg both the measure of
entropy are concave, permutationally symmetric and maximum
for the uniform distribution, Shannon's measure of entropy
is defined for zero probabilities also and always positive
(= 0), but Berg's measure is not finite for degenerate
probability distribution and is always negative (< 0).

XM (1-x)"2...(28)

Now let us consider f(x,m,n) =

B(m, n)
0 Bergs measure of entropy gives us
1

[inf (<0 (29)
’ 1 1
i.e. =InB(m, n)+(m—1)J'In xdx+(n—1)J’In(1— X)dx<0 ..(30)
0 0
1
i.e. —InB(m, n)+{(m—1)+(n—1)}J’Inxdx<0 (31)
0

i.e. =InB(m,n)+(m+n-2)(-1)<0
i.e. InB(mn)+m+n-2>0
When m =1 =nthenIn B(mn)+m+n-2=0
OInB(m,n)+m+n-220 [Proved].
2.3.2. Now we will finish with the following result
1, [B(mn)]*
1-a B(mo-a+lno-a+l)
Let us consider equation (28)
er—ot (1_ X)H(X—(]
[B(mn)]*
Now Havrda-Charvat o entropy gives us

01 rma(l X)not adX

1
—ﬂ f Y (x)dx[J n
”! ™ Xa a-100 [Bmnf E

(32
(39
(34)

20 (35)

0f%(x) = .(36)

C..(37)

o< (mo—a+1)-1 (na-a+1)-1 L
O J’x 1-x dxC
_ L G
-1
O
1

a [B(m,n)]*

Friririr

0 B(ma —-a+1,no—a +l)g
a-1g [Bmn]”  H

19 [Bmn)°
l1-apg B(ma-a+lLna-a+l)

0
- .(39)

0 1 0
=00 J’ “(x)dx =00 [Proved]
g o-13 ]
1. CONCLUSION

The results in this paper show that we get the same
result when we use @(.) a convex function twice
differentiable which is basically Csiszer's function. As it has
been already showed in [1] that Kull-back Lieber's measure
is a special case of Csiszer's measure and which is aso a
limiting case of the Havrda-Charvat measure of entropy.
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