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I. INTRODUCTION
Atanassov [9] introduced the interlinked second order

recurrence relation by constructing two sequences {a}i-,

and {f}-, naming them as 2 — F sequences.

According to the scheme, a,, , = B,,; + B, N=0

Brsip=0h, gt 0 n20

Taking, a, = a, B;=b, o, = ¢, B, =d, wherea, b, ¢, d
are integers, he extended his research in the same direction
which can be seen in [10], [11] and [12 ]. Hirschhorn in [14]
and [15] present explicit solutions to the longstanding
problems on the second and third order recurrence relations
posed by Atanassov [9]. Recently Singh, Sikhwal and Jain
deduced coupled recurrence relations of order five [4]. Carlitz,
et. e, [13] had aso given a representation for a special
sequence.

1. COUPLED JACOBSTHAL SEQUENCE

Here is an attempt to get similar relations using
Jacobsthal sequence [7] defining it as

Jio=dh 41+ 2], where, J,-0,J, =1 and

Jn+2=Inse1 2 wherej,=2andj, =1,n=0.

Applications to these two sequences to the curves are
given in [3]. Moreover in [5] Horadam discussed the
properties and has given the associated sequence with
Jacobsthal numbers [6] and [8]. Recently Koken and Bozkurth
in [1] and [2] have given some matrix properties of Jacobsthal
numbers and Jacobsthal — Lucas numbers. Consequently
Yilmaz and Bozkurt defined K — Jacobsthal numbers and
described Binet's formula for the same [16].

We have introduced coupled order recurrence relations
for Jacobsthal and Lucas — Lucas Jacobsthal numbers and
called them as 2-J sequences.

Scheme # 2.1

‘]n+2:jn+1+2jn n=0

Jhr2= 94172, n20

J=aJ,=Dbj,=cj=d

According to our scheme if we set a=b and c =d
then the sequence {J;}{~, and { ji};~o shall coincide with

each other and the sequence {J;}i~, shall become a
generalized Jacobsthal sequence where,
J(@ c)=a J(ac)=c
Jhioa € =j, q(ac) +j,(ac)
J,=a, b, d+2c, b+ 2a+ 2d,
jh=¢Cd, b+2a d+ 2c+ 2D,
By examining the above terms we obtain the following
properties :
Theorem 1:
For every integer m= 0
(@) Jam | io = Jam | Jo
(0) Jyms 1 1 = dam+ 2+
© dum+atiotii=lamrst o+
Proofs:
For (c) the statement is obviously true for n = 0.
Assuming that the statement is true for some integer,
n = 1, by the given scheme (1)
ImvatlothiZlame2t Aamer ot
=1t 2yt g tiotha
T dme1 Tlame2 Tlamer Tt
(by inductive hypothesis)
= dgme1 T dame2 tlame 1t to
Zams2t st o
Hence the statement is true for all integers n = 0
Similar proofs can be given for parts (a) and (b). Adding
the first n terms of {J;}{, and {J;};~, yield the following
results.
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Theorem 2:
For al integers k = 0

- _ <3k k+1 %K -
(@ Jakss =Zim1 Jakri + Zio ok t Zietdaei sk

(b) Iy 5 =3, Jak +i +zik=+—11‘]3k+i +zi2l:(1j3k+i + Jak-i
Proof (a) :

Jakes = Java ™ 2g0u g
Tlacea T Aaer 2t 2y 3y (D)
Tyt g1t gt Ager o t A s
Tyt 2000t Ay pt g0 5

3K .
20 da+i T daker T daas T 240

S I+ daar + 205000+ + 20301 + 32 by (1)

zislilekn + okt 2Jak-1 * 2Jaken * 2iake1 F sk

3K K+1 . - .
2o a4 FZs dakei T oak—i t a1 t ke

3K K+1 2% ,
221 dakwi T Zi= sk Zizadakai T ek

The proof of (b) is similar to the proof of (a), hence
omitted for the sake of brevity. Adding the first n terms

with even or odd subscripts for each sequence {J;}i-,

and {ji}i>o we obtain more results which are similar to
those obtained when one adds the first n terms of the
Fibonacci sequence with even or odd subscripts. That is,

() zik:Oji + 1= I

(i) ziZI:(Oji + o = Jo + Joke1

(iii) Zigléoji + jak * Jak-2 = Jak-1 + ek

(iv) Zi4lz(0ji + gt dake2 = Jo F dako1 + daker

V) TP 0i + sk + isk_2 * dsk_3 = Jo * Jsk_2 + Jsk_3 + Jsks1
Proofs are omitted for the sake of brevity

After deriving relations between interlinked coupled
recurrence relations using Jacobsthal and Lucas - Jacobsthal
sequences we now derive some more relations between
arbitrary coupled Integer sequences of the Jacobsthal

progeny.
I1l. ARBITRARY INFINITE SEQUENCES

We consider two second order arbitrary infinite
sequences {a}, and {b}>, with the initia values a, ¢

and b,d OR

Out of the many schemes that emerge we study two of
them

Scheme # 3.1

82 byt 28,00y, =8, +20,n20

a,=ab,=b, a=c b =d

Setting, a — b, ¢ — d, the sequence {a} and {b;}
coincides and forms a generalized Jacobsthal sequence J,.

Consider, n a, b,

0 a b

1 c d

2 d+2a c+2b

3 3c+2b 3d + 2a
Theorem 3:
a,-b = (-1)""Ya, - b)d, + (-1)"2. (a, - bpd, _;
Proof :

Using the principle of mathematical induction we get,
for n=2a,-b,=(d+ 2a) - (c+ 2b)
=—(c-d) +2@a-b)
= (-1’ Yc-d). 1+ (-1)% 2.(a- b).1
= (-1)° " N(a, - by, + (1) - 2(a, - by). I, _,
If the statement is true for n = k
that is, a, — b, = (-1) (a, - b)J, + (-1)*. 2. (a, - by)-
‘]k -1
Hence for n = k + 1, we get
Dy b)des s 1D 12 (@9 b)der s 4
= (1)@, - b)J + (1) 128, - by)J,
= (1)@, - b + 23, _p) + (1) @y - by) (2, _,
+2)_9)
= (1)(a, - by) () + (1) (3 - by) (23 )
+ (1) Hag - b (23, 1) + (1) ap - by (43, _ )
= [ *(a, - by) (3) + (-1)(8 - by) (23 _ )]
+ (D7D
(a - b p) + (1) (a9 - by) (23, _ )]
=—(a-b) +2a_;-b_
A1~ bk +1
Scheme 3.2
Bio= 1T 28, 10, =B, +20,n20

Consider ,

n a, b,

0 a b

1 c d

2 c+2a d+2b

3 3c+2a 3d+2b
Theorem 4

a,-b,=J,(a —-by) +2J,_; (8- by

Using the principal of mathematical induction we get,
for n=2 a,-b,=(c-d)+2a-b)

= Jy(@; = by) + 2J; (3, - by)

Now, supposing that the statement is true for n = k
&~ b= 3@ - by + 23, (3~ by
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Thus, for , n =k + 1, we get
Jr1(@—b)+23 ., (8- by

= [+ 2% 1] (@ =b) +2. [y + 2% 5] (8- by
=% (@ -b)+ 23 _, (@ -b)+2.3_, (8 - by

+ 4.3y (8- by

=g (@ —-b) +23_, (ay-by +2[J_, (&, - by

+ 2, _ (a8 - byl

= @c-by) +2a._, - b
=lac+2a,_,] - [+ 2b 4]
=1~ By
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