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ABSTRACT :  In the present paper we prove some fixed point and common fixed point theorems in Banach
Spaces for new rational expression, which generalize the well known results.
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I. INTRODUCTION

Browder [4] was the first mathematician to study non-
expansive mappings. Meanwhile Brouwder [4] and Ghode
[6] have independently proved a fixed point theorem for
non-expansive mapping.

Many other mathematicians viz; Datson [5] Goebel [6],
Goebel and Zlotkienwicz [8], Goebel, Kirk and Simi [9], Iseki
[11], Singh and Chatterjee [22], Sharma and Rajput [21],
Rajput and Naroliya [20]  Pathak and Maity [18], Qureshi
and Singh [19], Sharma and Bhagwan [23], Ahmad and
Shakil [1], Shahzad and Udomene [24] have done the
generalization of non-expansive mappings as well as non-
contraction mappings. Kirk [15, 16 and 17] gave the
comprehensive survey concerning fixed point theorems for
non-expansive mappings. On the same way we establish
some fixed point and common fixed point theorems for non-
contraction type mappings for two mappings.

II. MAIN RESULTS

Theorem 1.3: Let T be a mapping of a Banach spaces
into itself. If T satisfies the following conditions:

     T2 = I, where I is identity mapping       ... [1.3(a)]
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 ,  10 9 8 5 4x y with          then unique fixed

point.

Proof : Suppose x is any point in Banach space X.
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Which is a contradiction so x
0
 = y

0

Hence Fixed Point is unique.

Now we prove common fixed point theorem for two mappings.

Theorem 1.4. Let K be closed and convex subset of a Banach space X, let T : K  K and G : K  K satisfies the
following condition.

(1.4.1) (a) T and G commute

(1.4.2) (b) T2 = I and G2 = I, where I denotes the identity mapping.
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for every , , , , , , [0,1[ with and || || 0And x y X x y Gx Gy         then there exists a common fixed point of T and
G such that T(x

0
) = x

0
 and G(x

0
) = x

0
 with 10 + 9 + 8 + 5 + n < 4 then T and G have unique fixed point.

Proof : Suppose x is point in Banach space X. It is clears that (TG)2 = I

Now
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It is clear by theorem 1.3; that R = TG has at least one fixed point say x
0
 in K

That is R(x
0
) = TG(x

0
) = x

0 
                                                                                   ... (1.4 d)

and so T.(TG)(x
0
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0
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0
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0
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0
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)                                                                                           ... (1.4 e)
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So common fixed point is unique.

Now we generalize the theorem (1.3) for three mappings.

Theorem 1.5. Let K be Closed and Convex subset of a Banach space X. Let T :  K  G : K  K, F : K  K satisfies
the following conditions.

TG = GT, HT = TH and GH = HG                                                                   ... (1.5 a)

T2 = I, G2 = I, H2 = I,                                                                                 ... (1.5 b)

where I denote the identity conditions
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For every , ,x y X  , , , , [0,1],      x y X   with || GH(x) � GH(y) || 0 and then there exists at least one
common fixed point of T, G and H. If � with 10 + 9 + 8 + 5 +  < 4 then T, H, G have unique common fixed point.
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Proof : Suppose x is a point in Banach space X.

It is clear that (TGH)2 = I

Now
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By previous theorem (1.3.a), (1.3.b) it is clear that TGH has at least one fixed point.

Say x
0
 in K.

 0 0TGH x x ... (1.5 e)

    0 0GH TGH x GH x ... (1.5 f)

     2
0 0GH T x GH x ... (1.5 g)

    0 0T x GH x ... (1.5 h)
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    0 0TG x H x ... (1.5 i)

Now,
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          0 0 0 0 0 0 0 0 0 0|| || || || || || || || || ||x y x y x y x y x y         
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