
I. INTRODUCTION

The study of propagation of waves in medium with
porous layers saturated with fluid has been made in few
papers, which are based on Biot's (1956) equation of motion
[1-4]. The propagation of Love waves in an isotropic, fluid-
saturated porous layer with irregular interface between the
layer has been investigated by Chattopadhyay and De
(1983) [5]. Chattopadhyay et al. (1986) discussed the
propagation of SH-type waves in a porous layer of non-
uniform thickness and dispersion equation of love waves
in porous layer [6-7]. Chattopadhyay et al. (2007) discussed
the propagation of shear waves in an anisotropic medium
[8],  Dey (1987) studied propagation of longitudinal and
shear waves in an elastic medium with void pores [9].
Pardhan, Samal and Mahanti (2002) discussed the
propagation of shear waves in the transverse-isotropic fluid-
saturated porous plate [10]. Recently, Chattopadhyay and
Sharma (2008) studied the propagation of shear waves in
an irregular boundary of anisotropic medium [11]. Sonia
Rani and V.K. Gaur (2010) discussed Love type waves in a
porous layer with irregular interface [12]. V.K. Gaur and Sonia
Rani (2010) discussed the surface wave propagation in non-
dissipative porous medium [13-14].

In this Paper, the propagation of SH-type waves is
discussed by considering a double surface layered medium;
the upper layer is an impermeable, elastic and isotropic
medium, the intermediate layer is a transverse-isotropic
porous medium filled with fluid and the lower is a non-
homogeneous elastic impermeable half-space, in which the
in homogeneity varies with depth [15].

II. FORMULATION OF THE PROBLEM

A layered model consisting of a transversely isotropic
fluid-saturated porous layer of finite width 'H' resting over
an impermeable non-homogeneous elastic solid half-space
and lying under an impermeable isotropic elastic
homogeneous layer of width 'h' is considered. The Cartesian

coordinate system (x
1
, x

2
, x

3
) is chosen with x

3
 axis taken

vertically downward in the half-space with the origin lies at
the boundary of the half-space. The x

1
-axis is considered

parallel to the layers in the direction of the propagation of
the disturbance. Therefore, the medium M

1
 represents the

region �(h + H) < x
3
 < �H, which is occupied by the

homogeneous, isotropic and elastic solid layer, the medium
M

2
 occupying the transverse-isotropic fluid-saturated porous

layer represents the region �H < x
3
 < 0, and the lower non-

homogeneous elastic half-space describes the medium M
3

as 30 .x  

III. GOVERNING EQUATIONS

Following Konczak (1989) basic field equations for the
different media involved in the model are [15].

A. For the medium M
1

The equation of motion for the isotropic elastic solid
medium, without body forces, is taken as

, 0 , ( , 1, 2,3)ij j iv i j                  ... (1)

where v
i
 are the components of the displacement, 

ij

are the components of the stress tensor and 
0
 is the

density of the medium. The comma denotes the
differentiation with respect to position and dot denotes the
differentiation with respect to time.

The constitutive equations are taken as


ij
 = e

kk
 + 2e

ij
                       ... (2)

where  and µ are Lame's constant, 
ij
 is the Kronecker

delta and

, ,
1

( ),
2ij i j j ie v v   ,  kk k ke v div v  

              ... (3)

B. For the medium M
2

Equation of motion for the fluid saturated porous layer
in the absence of body forces are taken as
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, 11 12 ( )ij j i i ij j ju U b U u            ... (4)

, 12 22 ( )ij i i i ij j ju U b U u          ... [4(a)]

where ij are the components of stress-tensor in the
solid-skeleton, u

i
 are the components of the displacement

vector of the solid skeleton and U
i
 are that of the fluid

skeleton and

pf                                  ... (5)

is the reduced pressure of the fluid (p is the pressure
in the fluid, and f is the porosity of the medium). The
parameters  

11
,  

12
,  

22
 are the dynamic coefficients. These

parameters are related to mass densities of the solid  s
and the fluid f as


11

 + 
12

 = (1 � f)
s
                   ... (6)


12

 + 
22

 = f
f 
                       ... [6(a)]

and satisfy the inequalities


11

 > 0, 
22

 > 0, 
12

 < 0, 
11


22
 � 

12
2 > 0           ... (7)

where 
12

 is the coupling parameter.

The constitutive equations for the transversely
isotropic fluid-saturated porous medium are taken as

   11 1,1 3,32A ME Nu F A u                  ... (8)

   22 2,2 3,32A ME Nu F A u              ... [8(a)]

   33 3,32F QE C F u                     ... [8(b)]

 23 2,3 3,2G u u                               ... [8(c)]

 31 3,1 1,3G u u                                ... [8(d)]

 12 1,2 2,1N u u                                ... [8(e)]

    3,3M RE Q M u                         ... [8(f)]

where A, F, C, G, M, Q, N, R are the material constants
and

 , , ,
1

,    
2ij i j j i k ku u div u    


 and  E div U


   ... (9)

C. For the medium M
3

The basic equation of motion, in the absence of body
forces, for the elastic half-space medium M

3
 are taken as

*
,ij j it w                                ... (10)

where t
ij
 are the components of the stress-tensor, w

i

are the components of the displacement vector, and * is
the density of the medium and is a function of x

1
, x

2
, x

3
.

The stress-strain relations are taken as

* *2ij kk ij ijt e e                      ... (11)

where * and µ*  are Lame's elastic coefficients and are
the functions of x

1
, x

2
, x

3
 and

 , ,
1

,      
2ij i j j i kke w w e div w  


               ... (12)

In this paper, we study mainly the SH-type waves
propagating in the (x

1
, x

2
) plane. The displacements are

parallel to x
2
 direction and are independent of x

2
 coordinate.

Thus

v
1
 = v

3
 = 0, v

2
 = v(x

1
, x

3
, t)          ... (13)

u
1
 = u

3
 = 0, u

2
 = u(x

1
, x

3
, t)       ... [13(a)]

U
1
 = U

3
 = 0, U

2
 = U(x

1
, x

3
, t)    ... [13(b)]

w
1
 = w

3
 = 0, w

2
 = w(x

1
, x

3
, t)       ... [13(c)]

The equation of motion (1) for the isotropic elastic
medium M

1
 with the help of (2), (3) and (13), takes the form

of

2 2
2 2

0 2 2
1 3

v v,  
x x

 
     

 
      ... (14)

The equations of motion (4) and (4a) for  the
transversely isotropic fluid-saturated porous medium M

2
 with

the help of (8), (9) and (13a), (13b), become

 ,11 ,33 11 12 11Nu Gu u U b U u                  ... (15)

 12 22 110 u U b U u             ... [15(a)]

The equation of motion (10) for the non-homogeneous
elastic half-space medium M

3
, by using (11), (12) and (13c),

yields

2 * *
,3 ,3* w w w                    ... (16)

IV. SOLUTION OF THE PROBLEM

A. Solution of the basic equations

For the harmonic waves to propagate along
x

1
-direction, we assume, the displacements v, u, U, w in the

form

     0 0 0 0 1, , , , , , expv u U w v u U w i kx t         ... (1)

where v
0
, u

0
, U

0
, w

0
 are the functions of x

3
 only,  is

the angular frequency, k is the wave number (in general
complex).

With the help of (1), the equation (14) takes the form
of

2
2
1 02

3

0v
x

 
     

                    ... (2)

where 
2

2 2 2
1 2

0

, TU
TU

k c
c

 
   

                   ... (3)

From (15) and (15a), by using (1), we get
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2
02

22
03

0
u

Ux

   
         

               ... (4)

where 
2 2 2
2

N
k

G
                                   ... (5)

with  
2

2
2
G

F iR
c


                                 ... (6)

where  

2 * 2 2
11 22 22

2 *2
11 22

b C
F

Cb

    


                      ... (7)

 
 

*
22 11 22

2 *2
11 22

C b
R

Cb

   


  
         ... [7(a)]

2
2 12

11 11 12 22
22

,  ,  2G z
z

G
c


           
 

 * 2
11 22 12 ,  ,  , 1,2kl

klC k l


       
            ... (8)

Similarly, for the non-homogeneous elastic half-space
medium M

3
, we take the in homogeneity in the form of

   *
3 0 3* expx mx                  ... (9)

   *
3 0 3* expx mx                 ... (10)

where * *
0 0 and   are the constant values of shear

modulus µ* and the mass density * at the interface
x

3
 = 0, and m is a constant.

Using (1), (9) and (10) in (16), we get

2
2
3 02

33

0m
xx

  
       

          ... (11)

where 

*2
2 2 2 0
3 2 *

0

,  TL
TL

k c
c


   

                      ... (12)

Here c
TU

 and c
TL

 are the velocities of shear waves in
the upper layer and the lower half-space, respectively and

the velocity in the porous layer is  
1

2/ Re .Gc F iR

Since, the quantity 2 defined by (6) is complex, so the
quantity 

2
2 defined by (5) is complex too. Thus the wave

number k is also complex and all the 
j
(j = 1, 2, 3) are

complex.

The solutions of the equations (2), (4) and (11) and
are obtained as

   0 1 3 1 1 3 2 1 3, , cos sinv x x t A x A x               ... (13)

   0 1 3 3 2 3 4 2 3, , cos sinu x x t A x A x              ... (14)

   0 1 3 3 2 3 4 2 3, , cos sinU x x t A x A x           ... [14(a)]

   0 1 3 5 3, , expw x x t A x           ... (15)

where 1 2 3 4 3 4 5, , , , , ,A A A A A A A are arbitrary
constants and

2Im ,
2

m
B k

     
 

2 2
2

2
Re

2 TL

m
B k

C

       
   

   ... (16)

Using the solutions (13), (14), (15) and following (1),
the wave form solutions are obtained as

     1 3 1 1 3 2 1 3 1, , cos sin expv x x t A x A x i kx t        (17)

     1 3 3 2 3 4 2 3 1, , cos sin expu x x t A x A x i kx t       (18)

     1 3 3 2 3 4 2 3 1, , cos sin expU x x t A x A x i kx t      (18a)

     1 3 5 3 1, , exp expw x x t A x i kx t           ... (19)

The relation between A
j
 and  3, 4jA j   are provided

by using (18) and (18a) in (15a)  and are obtained as

 j r i jA i A                         ... (20)

where  
 

 

2 2 2
12 22 1111 12 22

2 22 2
11 22 11 22

,  r i

bb

b b

       
   

     

B. Boundary conditions

The appropriate boundary conditions for the equations
of motion (14) - (16) are as follows:

(i) At the free surface x
3
 = � (h + H), the shear stress

component vanishes, i.e.,

  32 1 3, , 0x x h H t              ... (21)

(ii) At the interface x
3
 = �H, the continuity of shear

displacement and stress components, i.e.,

   1 3 1 3, , , ,v x x H t u x x H t                    ... (22)

   32 1 3 32 1 3, , , ,x x H t x x H t              ... [22(a)]

(iii) At the interface x
3
 = 0, the continuity of shear

displacement and stress components, i.e.,

   1 3 1 3, 0, , 0,u x x t w x x t                      ... (23)

   32 1 3 32 1 3, 0, , 0,x x t t x x t                 ... [23(a)]

The relevant stress components used in the boundary
conditions in terms of the solutions of the respective
medium, are obtained as follows:

Using (3), (13) and (17) in the equation (2), we obtain

 32 1 1 1 3 2 1 3 2 1 3sin cos cosA x A x A x        

                                 1exp i kx t     ... (24)

Further the equation (8c) with the aid of (13a) and (18),
gives
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 32 1 3 1 3 4 1 3sin cosG A x A x                    ... (25)

Similarly, the equation (11) with the help of (12), (13c)
and (19), takes the form of

   32 5 3 1exp expt A x i kx t               ... (26)

The first boundary condition (21) with the help of (24),
gives

   1 1 2 1sin cos 0A h H A h H                 ... (27)

From the boundary condition (22), by using (13), (13a),
(17) and (18), we get

1 1 2 1 3 2 4 2cos sin cos sin 0A H A H A H A H        ... (28)

The boundary condition (22a) with respect to (24) and
(25) gives

 
 

1 1 1 2 1

2 3 2 4 2

sin cos

sin cos 0

A H A H

G A H A H

   

      ... (29)

Similarly, the boundary conditions (19) and (19a), by
using (18), (19) and (25), (26) respectively, yield

A
3
 � A

5
 = 0                          ... (30)

and *
4 2 5 0A G A                               ... (31)

The non-zero solution of this system of five equations
(27) - (31) with five unknowns A

j
(j = 1, 2� 5) is possible if

and only if

   1 1

1 1 2 2

1 1 1 1 2 2 2 2

*

2

sin cos 0 0 0

cos sin cos sin 0

0sin cos sin cos 0

0 0 1 0 1

0 0 0

h H h H

H H H H

H H G H G H

G

   
     

         


  

*

1 1
1 2 1 2

2 2 2

tan tan 1 tan tanh H h H
G G G

    
          

      ... (32)

The equation (32) is referred as a dispersion equation,
which relates the phase velocity of propagation c = /Rek
to the reduced wave number, anisotropic factor and
inhomogeneity parameter.

Since, k is complex, therefore, the values of  1, 2 and
obtained in the equations (3), (5) and (16) respectively, can
be written as


1
 = 

1r
 � i

1i 
                       ... (33)


2
 = 

2r
 + i

2i 
                       ... (34)

and  = * + i
2
, *

12

m
                         ... (35)

where,

1
222 2

2 2 2
1 ,1 2 2

1
Re Im Re

2r i
TU TU

k k k
c c

                            
(36)

2 2
2 2 2 2

2 ,2

2 2

1
Re Re Im Im

2

                                                        Re Re

r i
N N

k k
G G

N
k

G

                    

      
                                                          ... (37)

and  
1

222 2
1,2

1
Im

2
B k B

        
   

           ... (38)

With the help of (33) - (38), the dispersion equation
(32) is complex and takes the form

   1 1
1 1 2 2

2 2

tan tanr i
r i r i

r i

i
h i H

G i

   
          

 
 
 

   

*
1 10

2 2 2 2

1 1 2 2

1

tan tan

r i

r i r i

r i r i

i

G i G i

i h i H

     
         

      

On rationalization and simplification, we have

     1 1 2 2tan tanr i r r iiA iA i h i H
G


       

       
*

0
1 1 2 2

1 tan tan
r i r i r i r i

D iD A iA i h i H
G G

             
 ... (39)

where,

1 2 1 2
2 2
2 2

r r i i
r

r i

A
   


                 ... (40)

1 2 2 1
2 2
2 2

i r i r
i

r i

A
    


              ... [40(a)]

*
2 2 2
2 2
2 2

r i
r

r i

D
    


                  ... [40(b)]

*
2 2 2

2 2
2 2

r i
i

r i

D
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The dispersion equation (39) is very complicated and
therefore the roots of it can be found by an approximation
method only, e.g. by the use of small parameter expansion.

IV. CONCLUSIONS

The propagation of SH-type waves is discussed by
considering a double surface layered medium; the upper
layer is an impermeable, elastic and isotropic medium, the
intermediate layer is a transverse-isotropic porous medium
filled with fluid and the lower is a non-homogeneous elastic
impermeable half-space, in which the in homogeneity varies
with depth. The dispersion equation, without simplifying
assumption concerning the dissipation terms that occur in
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the Biot's equation of motion, has been derived, which
relates the phase velocity of propagation to the wave
number, shear wave speeds of the layers, anisotropy factors
and non-homogeneity characteristic of the lower semi-
infinite half-space.
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