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Abstract 
In this short note we consider the way in which a useful approximation of ―shark tooth‖ 

stalactites morphology can be obtained with a very simple mathematical function. 
The approximation is not applicable for other stalactite morphologies, because this possibility can 
be used only in very special applications, where the solution (or approximation) process is 
complicated by the presence of some more patterning effects. We shall not consider this 
complicated question in this article. We only pay attention to the fact that some stalactite 
patterning mechanisms admit a simple geometrical interpretation in the frame of particle swarm 
optimization theory.  

Keywords: shark tooth stalactites; caves; colloid; emulsion; suspension; particles; Griewank 
function; PSO; particle swarm optimization; PSO. 

 
Introduction 
The shark tooth stalactite is broad and tapering in appearance. It may begin as a small driblet 

of lava from a semi-solid ceiling, but then grows by accreting layers as successive flows of lava rise 
and fall in the lava tube, coating and recoating the stalactite with more material; and they can vary 
from a few millimeters to over a meter in length [1-6]. Any material which is soluble, can be 
deposited as a colloid, or is in suspension, or is capable of being melted, may form a stalactite [7-9].  

Let us begin with defining more carefully what we mean by physical nature in this case. For 
the purpose of analysis we shall assume that stalactite precursor (colloid or suspension) is a 
particle manifold [10]. Incidentally, it is to be noted that colloidal particle manifold under external 
field is an ordered manifold [11]. Moreover, it is easily possible to demonstrate that gravitational 
behavior of particle swarm in stalactite formation is coherence behavior [12] or synergism [13, 14]. 
Practitioners (like ourselves) rarely worry about mathematical rigor, but if necessary this can be 
proved without difficulties. In this short note we shall not pay any attention to mathematical 
aspects of this problem. 

It is important to understand how to apply the concept of physical similarity [15-21] for 
appropriate approximation selection in stalactite formation hydrodynamics. This method is 
applicable for a large class of physical systems, but we shall not consider this very extensive 
question. For example, an application of collective particle dynamics laws gives very simple 
explanation for particle swarm optimization [22-24] applicability in approximation of cooperative 
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dynamics in a liquid carrier. This is also in accordance with experimental physical observations 
[25, 26].  

Thus we should confine ourselves to finding correct (morphologically similar) approximation 
for shark tooth stalactite surfaces [27] visualized as regular peak and valley patterns using the 
function choice within particle swarm optimization. Henceforth, we shall not attempt to 
distinguish between stalactite forms and forms of particle swarm optimization models of shark 
tooth stalactites, because it is possible to establish one-to-one mapping between them. A problem 
that we should inevitably face while using this concept is one-to-one mapping between forms of 
shark tooth stalactites and force fields of stalactite formation. Of course this approach applies only 
if we know all of them, but for the present approximation, however, we neglect most of the second 
order effects. Difficulties arise as soon as we try to approximate stalactite surface forms using ab 
initio approach, but in the first-order approximation we may ignore some technical complications. 
Nevertheless, attention needs to be paid to morphological similarity between approximation 
visualization form and elementary shark tooth stalactite surface deformation. 

 
Methods and results 
In this section we illustrate the application of the above approach. For simplest example, a 

useful approximation is obtained by a function from particle swarm optimization area, known as 
Griewank function [28, 29]: 
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We have taken a number of algorithms and MATLAB codes as a starting point for our 

findings. Early investigators have used various approaches for Griewank function visualization, 
such as given below for C++ (by M. Clerck [30]): 

 

    E=exp(1); two_pi=2*acos(-1);  

sum1=0;sum2=0;  

for (d=0;d<D;d++) {xd=x.x[d]; sum1=sum1+xd*xd; 

sum2=sum2+cos(two_pi*xd);}  

f=(-20*exp(-0.2*sqrt(sum1/(double)D))- 

exp(sum2/(double)D)+20+E); 

 

or (by Zabinsky, Khompatraporn and Ali [31]): 
 

float fvalue; 

 

   fvalue = 0.0; 

  

   float gvalue=0.0; 

   float hvalue =0.0;  

   for(int index = 0 ; index<dimension ; index ++) 

   { 

      gvalue = gvalue + pow( *(position+index),2.0 ); 

      hvalue = hvalue + cos(*(position + 

index)*2*3.14159265359);    

   } 

   fvalue = -20 exp(-0.0.2 * pow((gvalue/dimension),0.5) 
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) - exp(hvalue/dimension)+20+exp(1); 

  

   return fvalue; 

}; 

 
and their analogues for MATLAB: 

 
function z = ft_ackley(x,y) 

a =   20; 

b =  0.2; 

c = 2*pi; 

d =  5.7; 

f =  0.8; 

n =    2; 

z = (1/f)*( -a*exp(-b*sqrt((1/n)*(x.^2+y.^2))) - ... 

    exp((1/n)*(cos(c*x) + cos(c*y))) + ... 

    a + exp(1) + d); 

 

or for ―Axes 3D‖ (http://deap.gel.ulaval.ca/doc/0.8/api/benchmarks.html) 
 

from mpl_toolkits.mplot3d import Axes3D 

from matplotlib import cm 

import matplotlib.pyplot as plt 

 

try: 

    import numpy as np 

except: 

    exit() 

 

from deap import benchmarks 

 

def griewank_arg0(sol): 

    return benchmarks.griewank(sol)[0] 

 

fig = plt.figure() 

ax = Axes3D(fig, azim = -29, elev = 40) 

# ax = Axes3D(fig) 

X = np.arange(-50, 50, 0.5) 

Y = np.arange(-50, 50, 0.5) 

X, Y = np.meshgrid(X, Y) 

Z = np.zeros(X.shape) 

 

for i in xrange(X.shape[0]): 

    for j in xrange(X.shape[1]): 

        Z[i,j] = griewank_arg0((X[i,j],Y[i,j])) 

 

ax.plot_surface(X, Y, Z, rstride=1, cstride=1, cmap=cm.jet, 

linewidth=0.2) 

  

plt.xlabel("x") 

plt.ylabel("y") 

 

plt.show() 
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We have widely used these or similar algorithms and codes in our computational practice, but 
have not recently appealed to C++. In recent years several authors (except us) unfortunately no 
longer use this procedure [32].  

Now we should consider an important question: how good this approximation is?  
This approximation is valid whenever an obvious visual isomorphism exists between this 

approximation and surface forms of the shark tooth stalactite. The nature of the approximation is 
illustrated in Fig. 1 and the photo of the shark tooth stalactite surface is given in Fig. 2. A similar 
relationship exists between some physical objects only when one of them approximates the other. A 
better approximation can be obtained by numerical parameter choice, but in our calculations we 
used particle swarm optimization approach, so such numerical approaches are of little significance 
in our case [33]. From the arguments completely analogous to those presented in the previous 
chapter we conclude that morphological similarity in this case corresponds to the similarity of 
physical principles, because optimization of particle trajectories (for energetically profitable) in 
cooperative particle dynamics as a physical basis of stalactite formation under well-known physical 
field provides applicability of a similar approach (known as particle swarm optimization) to 
computer algorithms for mathematical calculations in this area. Another example of a forecited 
approach is illustrated in Fig. 3 + Fig. 4 and Fig. 5 + Fig 6 in morphological comparison. The nature 
of the approximation is illustrated in Fig. 3, Fig 5 and the photo of stalactite surface is given in Fig. 
4 and Fig. 6. 
 

 
 

Fig. 1.  Griewank function (inverted visualization by Mathcad) 
 

 
 

Fig. 2. ―Shark tooth‖ stalactites 
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Fig. 3a.  ―Concave‖ visualization of Griewank function (created using ―Axes 3D‖). 
 

 
 

Fig. 3.  ―Sloping‖ \ ―convex‖ or ―arched‖ visualization Griewank function (created using ―Axes 3D‖). 
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Fig. 4. ―Shark tooth‖ stalactites 
 

 

Conclusion 
Thus we have focused our attention at physical mechanisms of shark tooth-like stalactite self-

organization based on force field induced [34] collective (multi-agent [35, 36]) behavior of colloidal 
/ suspended particles in shark tooth stalactite formation . Strictly speaking, such a definition does 
not make sense because it is very obvious. We therefore limit ourselves to the most simple case, 
which is morphologically observable. We have not paid much attention to some more complicated 
situations, but it's clear that the viewpoint adopted in this article possesses a more wide application 
than we have already mentioned here. Our next step was to apply this idea for modelling of 
biomimetic pattern formation and a corresponding article has just been submitted to another 
biological journal. It was not our purpose to give a comprehensive development of the idea 
proposed, so in this article we have only laid a theoretical foundation for its further application. 
Actually, we are also little concerned about our priority, because this complex problem is still fairly 
difficult to be solved without collective efforts. These results can easily be described in terms of 
particle swarm optimization theory. Such elementary cases can be covered by the general Griwenk 
equation. The foregoing results are a very brief and simplified implementation of this basic idea, 
because in general case the described procedure itself is known in PSO, but its application to 
ferrofluidics is our contribution. The described approach is expected to possess a wide range of 
potential applicability in ferrofluid science. 
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Fig. 1.  Griewank function. 

 

 
 

Fig. 6. ―Shark tooth‖ stalactites 
 

References 
1. R.L. Nichols, ―Surficial banding and shark's-tooth projection in the cracks of basaltic 

lava‖. Amer. Journ. Sci., vol. 237, pp. 188-194, AJS, 1939. 
2. K. Allred and C. Allred ―Tubular Lava Stalactites and Other Related Segregations‖. 

Journal of Cave and Karst Studies, vol. 60, no. 3, pp. 131-140, JSKS, 
3. K. Allred and C. Allred ―The origin of tubular lava stalactites and other related 

forms‖. International Journal of Speleology, vol. 27, no. 1, pp. 135-145. IJS, 1998.  
4. B.W. Rogers and P.H. Rice, ―Geology and Mineralogy of Lava Tube Caves in Medicine 

Lake Volcano, California‖, Cave Research Foundation Annual Report, 1991, pp. 25-31, CRFAR, 
1991. 

5. G.P.L. Walker ―Structure, and origin by injection of lava under surface crust, of tumuli, 
―lava rises‖, ―lava-rise pits‖, and ―lava-inflation clefts‖ in Hawaii‖, Bulletin of Volcanology, vol. 53, 
no. 7, pp. 546-558, Bull. Volc., September, 1991. 

6. C.K. Wentworth, G.A. Macdonald, ―Structures And Forms of Basaltic Rocks In Hawaii‖, 
Geological Survey Bulletin, No. 994, pp. 1-98. 

7. M. Jebrak, E. Marcoux, D. Fontaine, ―Hydrothermal silica-gold stalactites formed by 
colloidal deposition in the Cirotan epithermal deposit, Indonesia‖, The Canadian Mineralogist, v. 
34, no. 5, pp. 931-938, Canad. Miner., 1996. 



European Geographical Studies, 2014, Vol.(4), № 4 

159 

 

8. E. Sanz, M.E. Leunissen, A. Fortini, A. van Blaaderen, and M. Dijkstra ―Gel Formation 
in Suspensions of Oppositely Charged Colloids: Mechanism and Relation to the Equilibrium Phase 
Diagram‖, Journ. Phys. Chem., vol. 112, pp. 10861–10872, 2008. 

9. A.R. Burke, ―Deposition of Peat from Aqueous Suspensions; Natural Occurrence of 
Stalactitic and Related Forms‖, Nature, vol. 214, pp. 532-533, Nat., April, 1967. 

10. L.I. Nicolaescu  ―Lectures on the Geometry of Manifolds‖, Singapore, World Sci. Pub., 
2007, 589 p. 

11. R.H. Wasserman, ―Tensors and Manifolds: With Applications to Physics‖. Oxford, New 
York, Oxford University Press, 2004, 464 p. 

12. S.J. Osher and R.P. Fedkiw, ―Level Set Methods and Dynamic Implicit Surfaces‖, New 
York, Springer, 2003, 296 p. 

13. B. Aulbach, ―Continuous and Discrete Dynamics near Manifolds of Equilibria‖,  Berlin 
Heidelberg, Springer, 1984, 151 p. 

14. S. Adams, ―Dynamics on Lorentz Manifolds‖,. Singapore, World Sci. Pub., 2002, 
200 p.  

15. L.I. Sedov, ―Similarity and Dimensional Methods in Mechanics‖, Boca Raton, Taylor & 
Francis, CRC Press, 1993, 496 p. 

16. W.E. Baker, P.S. Westine and F.T. Dodge, ―Similarity methods in engineering 
dynamics: theory and practice of scale modeling‖. Amsterdam - Oxford - New York - Tokyo, 
Elsevier, 1991. 396 p. 

17. A.A. Gukhman, ―Introduction to the theory of similarity‖. New York - London, Acad. 
Press, 1965, 256 p. 

18. L.I. Sedov, ―Design of Models, Dimensions, and Similarity‖, Ohio,Defense Technical 
Information Center (Foreign Technology DIV Wright-Patterson AFB), 1964, 25 p. 

19. M.J. Moran, ―A unification of dimensional and similarity analysis via group theory‖. 
Madison, University of Wisconsin-Madison, 1967, 504 p. 

20. G.W. Bluman and J.D. Cole, ―Similarity Methods for Differential Equations‖. New 
York - Heidelberg - Berlin, Springer, 1974, 348 p. 

21. J.C. Farrenkopf, ―Similarity theory relationships computerized‖. Madison, University 
of Wisconsin-Madison, 1992, 112 p. 

22. J. Sun, C.-H. Lai, and X.-J. Wu, ―Particle Swarm Optimisation: Classical and 
Quantum Perspectives‖, Boca Raton, CRC Press, 2011, 419 p. 

23. V. Gazi and K.M. Passino, ―Swarm Stability and Optimization‖, Berlin, New York, 
Springer, 2011, 318 p. 

24. M.R. Taha, M. Khajehzadeh and A. El-Shafie, ―Earth Slope Stability Assessment: 
Employing Particle Swarm Optimization‖, Saarbrücken, Lambert Academic Publisher, 2012, 
152 p. 

25. S.M. Mikki and A. Kishk, ―Particle Swarm Optimizaton: A Physics-Based Approach‖, 
Ottawa, Morgan and Claypool Publishers (Carleton University), 2008, 104 p. 

26. A. Bautu. ―Generalizations of Particle Swarm Optimization: Applications of Particle 
Swarm algorithms to Statistical Physics and Bioinformatics problems‖, Saarbrücken, Lambert 
Academic Publisher, 2012, 152 p. 

27. D. Taborosi, K.W. Stafford, J.E. Mylroie, and K. Hirakawa, ―Influence of microclimate 
on stalactite morphology: evidence from cave entrances‖, 2004 Denver Annual Meeting , Paper 
No. 118-23, November 7–10, 2004. 

28. A.O. Griewank, ―Generalized Decent for Global Optimization‖. Journ. Opt. Th. Appl., 
vol. 34, pp. 11-39, 1981. 

29. H. Bersini, M. Dorigo, S. Langerman, G. Geront and L. Gambardella, ―Results of the 
first international contest on evolutionary optimization‖, Proceedings of IEEE International 
Conference on Evolutionary Computation - 1996, pp. 611-615, 1996. 

30. M. Clerc, ―Particle Swarm Optimization‖. London, Newport Beach, 2006, ISTE, 243 p. 
31. M.A. Ali., C. Khompatraporn and Z.B. Zabinsky, ―A Numerical Evaluation of Several 

Stochastic Algorithms on Selected Continuous Global Optimization Test Problems‖, Journal of 
Global Optimization, vol. 32, no. 4, pp. 635–672, 2005. 



European Geographical Studies, 2014, Vol.(4), № 4 

160 

 

32. I.D. Lins, M. Chagas Moura and E. Lopez, ―Support Vector Machines and Particle 
Swarm Optimization: Applications to Reliability Prediction‖, Saarbrücken, Lambert Academic 
Publishers, 2010, 92 p.  

33. P. Venkataraman, ―Applied Optimization with MATLAB Programming‖, Hoboken, 
Wiley, 2009, 544 p. 

34. G.A. Maugin, ―Configurational Forces: Thermomechanics, Physics, Mathematics, and 
Numerics‖,  Boca Raton, London, New York, CRC, 2010, 562 p. 

35. Z.Xue ―A particle swarm optimization based multi-agent stochastic evacuation 
simulation model‖,  Ann Arbor, UMI, 2011, 210 p. 

36. M. Shorbagy, A.A. Mousa and W. Fathi ―Hybrid Particle Swarm Algorithm for 
Multiobjective Optimization: Integrating Particle Swarm Optimization with Genetic Algorithms 
for Multiobjective Optimization‖, Saarbrücken, Lambert Academic Publisher, 2011, 156 p. 
 


