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Abstract : Apebbling move on a graph G consists of taking two pebbles off one

vertex and placing one pebble to an adjacent vertex. The pebbling number of a
connected graph G, f(G), is the least n such that any distribution of n pebbles on
G allows one pebble to be moved to any specified but arbitrary vertex by a

sequence of pebbling moves. In this paper we will determine the pebbling number

of 4-star graph.

1.Introduction

One recent development in graph theory, suggested by Lagarias and Saks, called pebbling has
been the subject of much research and substantive generalizations. It was first introduced into
the literature by Chung [1], and has been developed by many others including Hulbert, who
published a survey of pebbling results in [5]. Given a connected graph G, distribute k pebbles
on its vertices in some configuration, C. Specifically, a configuration on a graph G is a function
from V (G) to N U {0} representing an arrangement of pebbles on G. We call the total
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number of pebbles, k, the size of the configuration. Apebbling move is defined as the
simultaneous removal of two pebbles from some vertex and addition of one pebble on an
adjacent vertex. Chung [1] defined thepebbling number of a connected graph, which we
denote f(G), as follows : f(G) is the minimum number of pebbles such that from any configuration
of f(G) pebbles on the vertices of G, any designated vertex can receive one pebble after a finite
number of pebbling moves.

There are many known results in [5] regarding f(G). If one pebble is placed at each other
vertex than the target vertex, v, then no pebble can be moved to v. Also, if w is at distance of
d from v and 2¢-1 pebbles are placed at w, then no pebble can be moved to v. Thus, we have
f(G) > max {n(G), 24am©}, where n(G) denotes the number of vertices in G. and diam(G)
denotes the diameter of G. Graphs G that satisfy f(G) = n(G) are calledClass 0 graphs and
graphs G that satisfy f(G) = n(G)+1 are calledClass 1 graphs[2]. Class 0 graphs include the
complete graph K, n-cube Q, [1,9], complete bipartite graphs K [10], the product graph
C,T .[4] and many others. We find an elegant characterization about Class 1 graphs in [5].
The path P_ [10], n-cube Q, [1,9], even cycle [9,10] are examples of graphs G that satisfy
f(G) = 24am©), whereas the odd cycle [9,10] is an example of a graph not satisfying either
lower bounds. Another interesting result is the pebbling number of a tree, which is beautifully
worked out in [8]. Hulbert [5] has written an excellent survey article on graph pebbling. Note
that pebbling number does not exist for a disconnected graph. Throughout this paper, G will
denote a simple connected graph. We now proceed to find the pebbling number of the 4-star
graph.

2.n-star graph

A formal group theoretic model called the Cayley Graph has been introduced in the literature
for designing and analyzing symmetric interconnection networks. The two important members
of this class are the star graph and the hypercube. An n-dimensional hypercube or n-cube,
consists of 2"vertices labeled by (0,1)-tuples of length n. Two vertices are adjacent if their
labels are different in exactly one entry. Chung [1] proved that the n-cube satisfies f(Q) = 2".
This paper explores the pebbling number of 4-star graph. We were particularly intrigued by
n-star graph since it has fewer interconnecting edges.

Definition : 2.1 [6] An n-star graph, denoted by S, is an undirected graph consisting of n!
vertices labeled with the n! permutations on n-symbols (we use symbols 1,2,7n) and such
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that there is an edge between any two vertices if and only if, their labels differ only in the first
(left most) and in any (one) other position.

Recursive Construction 2.2 [6] S can be recursively constructed from n copies of S | as
follows :

We first construct n copies, G,,G,, 2G , of S_, and label each G, using all symbols 1

through n except symbol i ; then for each label in G, we add symbol i as the last symbol

(rightmost) in that label (or in any other fixed position); finally, we connect by an edge every
pair of vertices u and v such that label of v is obtained from that of u by exchanging the first and
last symbols of u.

Partitioning 2.3 [6] The n-star can be partitioned in n-1 different ways into n copies of (n-1)
stars. The different ways correspond to different symbol positions in the labels. For each
symbol position i other than the first position (left most position) we can partition Sinto n
copies of (n-1)-star denoted 1, 2, 7n .. Each k contains all the vertices of S with symbol
k in the i-th position of their labels. If however we try to partition along the first position, we
obtain n collections of (n-1) !isolated vertices, Figure 2.1.1 illustrates the partitioning of a 4-
star into four 3-stars (each 3-star is an hexagon) along the fourth position (rightmost). The

four 3-stars are denoted 1, 2,, 3, and 4,
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Figure 2.1.1. : The 4-star viewed as four interconnected 3 -stars
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Theorem 2.4. The pebbling number of 3-star is (S,) = 8.

Proof. Clearly 3-star is the cycle with six verticesi.e. G.

Therefore f(S,) =8 [7].

Theorem 2.5 [7]. The t-pebbling number of the cycle C, isf, (C,,) = 2.

Definition 2.6. We say that two vertices of S, are opposite to each other if they are at a
distance of three from each other.

Clearly there are three pairs of opposite vertices in S.

We include some facts here, most of which are quite straightforward and can be easily veri-
fied.

Let n be the number of pebbles distributed on the vertices of S, and let (u, v) be a pair of
opposite vertices in S,.

FACTS

If n=7 then either u or v can be 2-pebbled

If n=10and if u cannot be 2-pebbled then v be can be 4-pebbled.
If n=11and if u cannot be 2-pebbled then v can be 8-pebbled.

If n=12 and if u cannot be 2-pebbled then v can be 10-pebbled.
If n =13 then either u or v can be 4-pebbled.

If n =14 and if u cannot be 2-pebbled then v can be 12-pebbled.
If n =15 and if u cannot be 4-pebbled then v can be 6-pebbled.

If n =18 and if u cannot be 4-peebled then v can be 8-pebbled.

© © N o gk~ w D PE

If n=8and if u cannot be 2-pebbled and v can be 2-pebbled but cannot be 4-pebbled,
then either u, can be 2-pebbled or v, can be 4-pebbled where (u,, v, ) is a pair of oppo
site vertices such that u, is adjacent to u and v, is adjacent to v.

Next, we find the pebbling number of S,.
3.The pebbling number of S,

For our convenience, we represent S, as in Figure 3.1.1.
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In Figure 3.1.1 the four copies of S, are represented by G, i = 1,2,3,4 and the vertices of S,
are represented by X 1=1,2,34;]=12,26.

Definition 3.1 [3]. Givena pebbling of G, atransmitting subgraph of G isapath x, X,
such that there are at least two pebbles on x, and at least one pebble on each of the other
vertices in the path except possibly x. In this case, we can transmit a pebble from x to x,.

Theorem 3.2. The pebbling number of S, isf(S,)=4!+2.
Proof : Letthe target vertex be x,, of G,.
First, we prove f (S,) > 26.
We consider the distribution of twenty five pebbles on the vertices of § as follows:

We place fifteen pebbles on x,, and one pebble each on every vertex of G, except x . and one
pebble each on every vertex of G, other than x,, and we place zero pebbles on the rest of the
vertices of S,. Inthis distribution we cannot move a pebbleto .
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Next, wee prove {{S4) < 26,
Suppose we distribute twenty six pebbles o the vertices of S, Let P, denote
the number of pebbles distributed on the vertices of Go and et P denote the
number of pebblen an x; mmally. We prove fixs, 540 < 26 Then by symmetry,
fing.Se) = 26, Thim, it Sollows that 118 < 26, IF P, > 8 then we pebhile the
mipet by Thioret 214, So, we tike ', < 8. Without loss of gencrality, we
asmme P e d, Pod8 Poed, Po 2fand Py 42 The pmof myvoives
seveml steps. We breakdown the possiblo configuration of twenty six pebibles
an Sy according o the distribumon of pebbles on G, There are eight sieps and
we take Fo =k o] in the K" step. Each step mvolves severs| cires and in exch
cisc wo fix Foondthenss P+ Po=20- F,= P, owe consider the cuses
for each pair (£, P o) such that ®, > P since similar procedure foflaws if
we choose (P, Py wuchthot' P> #

Notation 2.2.3. Let w denote fhe number of pebbles we ploce an LN nfler

some pebhiing moves wme only the B pebihles distributid an the vertices of

G“ mitially, then we Wwrite (.\‘,m M=o Kipjge--s 5, )= g, - s

Aoy ), Whiere | S S, | €456,

Step 1: ket F =0

Case L (i) Let P =16

We move gt least two pebbles to xq by Theorein 2,15 and w we move 4 pebble
10 Xy

Case 1 (M) Let ¥, be eimher fourteen or fifleen,

Clearty P26 nndso ¥, <6

I By =7 then we muve a pebivle (0 either s ot e from Gy by Fact 1. Clearly
in the rowulting distribadicn of ot Jonst fiftoen pehbles on G, Wi move two
pebbles ) xuy anid s0 we are done, 1Foot, then Py =6 and ¥, is either five or
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six. 1 n pebble 1s moved 1o Gy fram Cs then we gef seven pebbles 1n Gy anid so
we are dome. O, if a pebble 15 moved 1o Gy either from G, or from G: we are
done. 'Onherwise, note that either’ P = 12 or we get twelve pebbles on x4 by
Faet 6. Therofore, if a pebble 3 moved 10 Gy enher from G oor from Gs, then
we muve wx pebhles o from s, i then we move a pebble a1 not,
then Py=1forovery ), I <j<6if Fy=taml ¥y =1 evceptforanc), | <j<
6IF Fa=51f Py=1toreveryj | <j<b. then we move # pebble to Xz from
Gy using ot mont four pebbles and s0 we place two pebhles on x5y and then we
move & pebble 1 xy;  Now, ad xa has ay least cight pebbles afiey the above
thiave we sild one more pebble (o x5 ind wo pebble the target. Now, kit P o, =
I except foc one g, | < ) < 6. Suppose we move a pebble to G, from Gy then we
gel she pebbles on Gy We proceed as before 10 get two pebhies on xw
Suppose nat. Thisn P = 1 for eveiv §, 1 £] <6 We pul two pebbles on x,, as
hefore and we pebble the araes |

Case 1 (i), Let P be eitlier twelve or thinden.

Clearly P, >7and Ps< 7 If {xy) = (2), we are dane, nol, then (x4) =10}
by Fuct 4. Suppose either ¥ 3= 12 ar [xa) = (12}, after o move, we move six
pebbles 10 x50 As P27, we move apebhle to either x5 o x5 from O and so
we muwve a pebhle to ay,,

Suppose not. Fiest, we ke ¥« 7. We move a pebhle to Gy from G; As
cither P:=60r P.:=7we move a pebhic to Gy from Goif Y. =7 Nowin
the resulting distribution of fourteen pebhles on Gy, clearly we mave two
pebbles 10 %,

Next ter P8 Suppose () = (2301 (ags) = (4), we move gither gne peblile
10 Xy 07 tww0 pebbles 10 . In the resubing distribution we move two pehbles
10 Xgp Suppose not. Thent (X0 = (2)0r (Xy4) = (4) by Fact 9. Then we miove
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eithen ome pebble 10 xw or two pebblss to xyy. Nosy, smee (sd = (100 x; we
mave four pebblis o 3, froo xe, and so we pebble the fargs,
Case 1 (iv) Let8 < P <L

Cleaity Fy= 8,
Suppose {x) = 8.
I P> 10, then dither (X)) = (2) or (a0 = (4) uid s0 we move either ane
pebble 10 X0 on two pebblés o Xy, Now, we move four pebbles 10 x5, from Xy
and 50 we @re done. 1fnpt, then P =Kor P =9,
Let F =4, Then one of the following holds:
(i) P4=114dnd P,=7
(1) Pe=10and ¥.=%.
Now, 111 Gy, i (%100 = 12) ar (x31) = (4), we are done as before. Or, in G, 1f
either (X55) = (2) 0 Exaed = (4) then we are done., I not, then, either (x,0 = (2) ar
(xs3) = (4) by Fact 9 and elther (%) = (21 or () = (2) 17 (1) holds (Fact 1),
githar (%) = (2} orOszi) = (41 0F (1) holds (Fact 9), Now, we move the above
pebbliee 1 Gy and in the resulting distribution we place two pelbibles on x;.
Now fet P =0 Thent < Fo <49 I P.>7 then we move a pebhle 10 Gy and
now Gy s ten pebbles and so we ure dote s before. 1f not, then F . =6,
Also P =11 IWenher (ay) = (2) 0r (%) = (23, we muve the above pebbles o
Giyand thir we move Four pebbles 10 x5, from x4, and we pebible the target. Oy,
if we move a pebble to Gy fram G then we are done. Supposg wo move o
pebble w Gy from Gy 1T ether (x4) = (2) or (x3) = (4), we move the above
pehbles to Gy Now, we move four pebbles to x4 from xy and swe pebhle the
target, [pot as P o= 0, by Fact 9 cithier (%;4) = (2) or (xe2) = (4), e move (he
atiove pebbles to Ga. In the resulting distribunan we place two pebbles on x,
Suppose not. We maye one pebble 1 G from Gy and clearly we plage two
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pehbles on xs and so we move 2 pebble to x,.. Another pebble s moved 0 xy
using the eight pebhlis on xu, and st we pebble the Hxrget,

Suppose eight pehbles cannot be pliced on vy,

Clearly ¥ < 10 by Fast 3. 17 (), %)) <(4.2) we got the tmmsmitting subgraph
X % Xy ) Or (X, x50) =14.2) we got the tanemisting subarph

{X3s5, X36, X31} .

If ot first we take B, = 10, Therefore P28 1f Py =10 then (x)51 = (2) or
(x:7) = () und 56 we move eithor one pebble 10 Xy Or (wo pelibles 10 xg. 1o the
resulung diswribution we place two pebbles onxu. 1T ¥, = Sthen ¥: = 3 and
it By=9then F; =8 So, wemuove two pebbles s Gi, one fiom Gy, unther
fram Gy In the résulting distribution ol twelve pebbled on (U, we move twi
pebbles 10 .

Now, let ¥, =0 Fint, wetske ¥, =9 Therefpne ;=8 Iieither {x;;) =i4)
or [x:2) = () then we move # pebble (o xa. Another pebble s added 0 x,
usmg the mne pebbles on Gu. O, of cither (x;5y) =(2) or (x2) = (4), we move
these pebbles 10 Gy and we move ong more pebble W Gy from Gy In the
resuttmg distribution, clearly we place twa pebbles on X, Sumlarly, of eithor
(x32) =120 0 (xzs) = (4), We cam place two pebbles ot . Otherwise, one can
cudlly check that by movivg us muny pebbles as possible either Gy froun G ond
Gy «r 1o Gy from Gy and Gu, we pebble the wrger. Next, we mke P = 10
Thesefare Fo = 7. Now, we move ane pebblie to Gy frate G; and 50 we gt ten
pebibled an Oy Now, Both G, and Oy cheh his ten pebibles and this hiss beén
already discussed. Next, we take Py = T8 Or, if pither (x55) = (9) ar (xya 3320 =
42, 2) or (x5 ~ (6) we move the nbove pebbles 10 Ge Iy the resulting
distribution we pluce two pebbles on xa. 11 not, clesdy by maoving us many
pebbles as pesaible enher to G from G, and G, or to Gy tram G, and Gy, we
pebble the urgel
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Let Fu=8 Cleardy P, 29 Fust, We assume four pehbles cannot be moved
10 %ae. 1 P32 7then we move two pebhles 1o Gy, sme from G, and amother
from Gy and then we move two pebbles 10 xy, (Faot, then By =12 Suppose
we et lesst seven pebbles on the path X0 Xe) - As (X)) =(2) (otherwise
(%= 110}y and so we ane done) we moye one pebbie to x4 and so we place Two
pebhles on xy. Suppose aal, Then as (v = (2) (otherwdse, (xy) =(10) and
we move five pebbles o xo and then we mwove two pebbles to xg ), and we
move one pebble 1o g and clearly we place fwo pebibles onoxy. Next, we
usstne (xag) = (A1 10 gither {xpp) =(6) or 11 (x, x1) =(2,2) we 2ot one of the
transmitting subiraphs X, X, Xsg Ny he 1K Xoo X Xy - W not, first we
nke Po=9, Fi=9 Weither (x)y x50 ={2.2} or {x12) =(6) then we movw the
ubove pebhiles 10 Gy and then we move it leust vne pebble 10 Gy teom G and
Clearly we place two pebibles on oy, Similarly, tfeither (X, x=0) = 12.2) or (xy)
= b we proceed s above. Otherwise. it can be easily verified thar by moving as
many pehibles ws pussible either w Gy from G, and Gy or o G; from G, and G,
the target can be pebibled. Next, we take either P, = 10ar P = 11, 1 eithet
(X33} =2 or il (%p0) = 4 we move the above pebbles 1o (e Thesy, since elther
(xish = (23 of (x3) = (4) by Fact 2, Wwe motve these pebbles to Gy i the
resulting distribution we plate two pebbles on xy, Or if either (%) = (8) o
(%24} = (6) then we move three pebhbles o Gy and we place two pebbles on Xy
If not, then olearfy the target can be pebbled by moymg @s many pebbles as.
possible either 1 Gy from Gy and Gy or o Gy from Gy and G, Nest, ket

Foyoz 120 INeither (xge) =4 or 1x;) =6 v move the shove pebibles (o Gyoand
we place ww pebbles on x,  Otherwase we pebble the target hy moving
pebbles cither to G, or to G; as before.

Cane 1 (v). Lerd <= P, <7,

Clearty P, =10a0d Py< 11,
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Suppose (x4,) = (4) after some moves.

First, we take ¥, = 10, Therefore, either Fo= 9 ar Py« 100 (xp) =2
(otherwise, (x40 =4 by Fiicd 2 and s0 we iire done)) Also, if [X2:) = (2) then we
got the munsmutting subgroph | xse Xas X, %3] - 1 not then (xs) = 2.
Therefore, if (x;,) = 2 then we get the transatitting subgraph X, &5, %0040 -
So, we wuume xy, i not 2-pebbled. Then (xyy) =4 by Fact' 2, Nbw, if vither
%000 =(0) ar (%) =~ 6, thep we are done. Otherwise, clearly (%520 = 6 or (x{s.
Si0d = (2,2) in Gy oand in G; either (x5) = 2 of (xy0) = 4. We move the above
pobbles w O, and in the résulting distribution we ploce 1wo pobhles on x,.
Next, Let Fy = 11, Therefore Fo< 11 Les B2z 7. I (ka0 = 2 then wo get
the transmitting subsraph {3 %3, %1z Ay f, Si0ee (x3) = 2 by Faet 3. 1 nat,
then (x5 )= 2. Also (x,4)= 2 by Fact 3 and 0 'we get the tanumitting subgeaph.
boni Xes XX ] - Now,let Fo<6. I o= 6 then enther Py =13 If erther
{Azs) = (2) or (x26) = 2 then we are done. Or if we move 1wo pebbles ta Gy from
Ciy then we pet ul least fifleen pebbles on G, and so we place either four pebbles
an ), or six pedbles an Xy, by Faat 7 and so we are done. [T not, we nove o
pebble 10 G from Gy (since { xa) = (4)) snd clearly we ploce two pebbles on
%z Ax (x)) =4 by Fact 3 we get the rrapamitting subgraph' x5, %0 X0l
Now,if Fo= Sthen Pz 14 1 Py and if xiy i oor G=pebbled then
erther (x)0) =6 or(x )= (10) or (x5, %30 ={2.8), we move the abave pebhles
fo Gy and then clearly we place twe pebhles an xo. 1 not. then we move ae
muny pebbles @8 pogsible w Gy from G, und G then we pebble the taneet. In ull
the ather distnhutions, as ¥ 2 15, either (x40 =4 ar (%)) = 6 by Fact 7 and 5o
we are done.

Suppose four pebbles ennuot be placed on .

I erther (xp. s0) = (4.2) o0 (X %) = (24), we get ane of the tmnsmitting
submraphs {xa3, o Xq0 ) o I¥e Xon X L
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1 not, fiest we tilke Foe 7, Therefore B\ > 10and Po<0 I F =7 we gt

P <12, Therefote, cither (x,4)=(2) or (x2) = 4, We move the shove pebbles
o CGo Now, we move one pebble 10 Gy from Gz o the resulung divrution
we plisce two pebbles on g, IF Po<bthen Fo2 13, Suppose (xe) =6 Then
gither (xy5) = 2 or (x;2) = (8) by Faot 3 und we move the above pebbles w Gy
Now, m the resulnng disteibimon we place 1wo pebhles on . Suppose nor.
Then, if cither (x0) = (4) ot (3550 = (8) we are done. 1 not, elearly vither (x,) =
(4) o (v 3) = (6) and 50 we move the obove pebbles' to Gyound then we place
wo pehbles on Ny

Next, Les Fy =6, Therefore ¥y > 10 and F:< 10, Firsi, we ke M =>7. We
assime %7 b ol 2-pebibled, Therelore (3,00 = 4 by Fact 2 amd 50 we miove 1w
pobbles 10 3y Alsa, we move oo pebble 1 Gy from O; and then clearly wy
place two pebbles on xy So, we asmme (x(s) = 2 1 (x52, X(5) = (22), then we
ove the above pebbiis 0 Ge Now, we mine one pebble to (i from G; and in
the resulling distribution we move two pebbles 10 xy, . Or o both (Xy, X =
(2.2) we move these pebbles 10 Gy Also; gither (xis) =2 or (x;:) ~ 4 by Faot 2
and we move the abave pebbles ty G Now, we plate two pebibles on x.
Otherwise the trpet can be pebbled by moving a5 many pebbles as poxiible
either to Gy from Gy or 0 Gy from G Next, womke F:-<6. So, P> 14, If
x5 45 not pebbled thea (x,:) = (10) by Fact 4 and 50 we move five pebbies to
Xy Hnd in the resulting disttibution ol eleven pebbles on G, cléarly we place
two pebbles on xqr. So, we assume (xn) = 2 [P enther (xp) =6 or x5, xj2) =
(421 of (xy5 Xp2) = (2,6), we move these pebbles 1o G and in the resulting
disttihution wee place two pebbles an s, 11 not, supposis €ither (x;) =1(2) o
(%3)= 2 then we move one pehble 1o either X, or x4 Clearly, i the resulting
distribution of fifieen pebbles on G, one of the above holids.  Suppose ot
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Then we mave al least six pebbles to O, from G, and we plhoe four pebbies on
X1 and 20 we are done.
Now, let Fo=5 Therefore B, = 1l and F. =< 10, First; we assame neither
Xis MOF Xs 15 2-pebled. 1P, € 14 and if X, b not 2-psbhlal then (x,2) = (83
und w0 we move four pebbles b xgy. Alsy, we move a pebble to Gy from G, ds
F.=Twhen F <14 Now, slearly we place two pebbles on xe H(x0) = (2)
then (%) = (2) simultiucously, we move these pebbles 10 Ga and then we
mave one mate pebble 10 G, lrom G, Now, we place two pebhles an X,
Next,we ke Py = 150 10 x,y 18001 2-pebbled them (x5:) = (12} by Fact & and
%0 we move st pebbles 1o xo. Now, we move two pebbles 10 xg. 1 (xs) = (2)
thent (xp3) = () simultancously, we move two pebibles to G, und clenrly we
ploce two pebblis on xy, Now, we asuime elther () = (2) or () = 2), 11 P,
2 7 and 1 etther (%021 = () ar (Xa4) = (6), then wemove the above pebbies o Gy
Also either {xj5) = (2) o () = (4) a5 Py = 1], We move these pebbles 10 Gy
and in the resulting distribution clairdy we place two pebbles a0 xe. Or if (x5,
Xis) = (6.2), then we move those pebhles 10 Gu: Also, we move 4 pebble to G.
form Gieand now we place two pebbles on xa. If Yo <6then P > 15 I
cither (x1y) = (6) o {aya Xis) = (8.2), then we move these pebbles to Gy and we
ploce two pebbles an xyp. 1 all the above Gail, then we move a pehble cither o
Gl )= (2) o to Gy I (xp) = (2). Now, we pebble tlie target by 'moving as
muiny pebbles an possible either to Gy form Gy or 1o Gy from Gy,
Next, let Po=4 Clewly #2110 and P < L0 1 either (x0) = () or (x50 =
(%) ar (x51) = (4) ar (x5) ='{R), we are doniz, Or if either (Xye, X3) =(2.4) ot
(X0 %200 = (3.2) we get one of the teansanttng subgraphs [Xae, s Xpl o X0
oo X 1 O, AT elther (x4, 31 Xas Ray) = (24,240 or (5450 32) = (4.4), we mave
the above pebbles to Gy and we place two pebhiles on sy, Otherwise, clearly
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the targel can be pebbiled only by moving as many pebbles ns possible either to
4 from G or 10 Gy from €y
Case | (vi). Let M, <3
Clealy P, 212
Fiest, we tuke ¥, =12, Therofore, either P.=11ok F.=12, Suppure (%2} =
(4) As(Xad = (2) (Fact 3) we get the trussmitunge subgyaph Xy Xe. X0 ).
Suppose not. Then x; 18 2-pehbled but not d=pebbled, Similarly, we gef xy 15 2-
pebibled but not 4-pebbled. Now, cleurly we move at last two pebbles to G,
from Gy and we place four pebbles onox, and <o we are done. Next, we fake
P =13, Therofore P, <130 Let 10 Py <130 In Gy, I0x,, is not 4-pebbled
then (X4) = (4) (Fogt 5). Therefore, 1f (xx) = (2), we get the mngmiiting
subgraph 1x, %on s ). 1 not thet () = (4). As Py 2 13, (5 < (2)
Aotherwise (xp) = (8) and so we ate done).  Sv, we gel the Iransmitting
subgraph |Xu, X, Xy9] - Next, let 7= P, <9, Then Fy= 14, So; (x,5)'=(4)
(otherwise. (X)) = (4) and so we are done). 1T (x) = (2), then we 2ot the
tmnsmittmg subgraph {Xz3 % %y} 1 not, then cither we move at
lesest one pebhile to Gy from G and we put either fonr pebbles on xg, or elgh
pebbles an x5 or we move at least five pebbles to G; from Gy and we put four
pehbles on Xz md so weare done: Next, let Pa<6. Then F 217, §f P (=
18, then either (%) (4) o {x,,) = (8] (Fact 8) and so we pebble the target. 1f
Booo= 17 und if we move u pebble 1 G from G; thin we e done. 1 o,

cloarly we move seven pebbles to Gy from Gy and we put four pebbles on xgs
und hence the case is complet.
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Step2. Let P3=1.
Case2(1). Let P > 15
1P = 15, then we move seven pebbles 1o Xy and 5o we get eight pebbles on
K nnd 80 we ate done 15 not, clenrly (x,0) = (2) and sb we fichble the tafeet.
Case 2 (l), Let Py 14
1f P= 14 then we move useven pebbles to xy, 1F Pa < 12 then clearly (xy) =
20 4 Fuy = 15, then erther Pys = 1 or P = | (othepwise, () = (2)). Also
Foztand P =S 1N P, > 7 we move a pebble 1o Gy from G, und in the
resulting disteibution we move two pebbles 0 xe. 1Mnot then P = Gund P =
S, 1 we move a pehble to either Gy or Gy or Gy from G then we are done I
not, then Py =1 except for ook j, | <3 < 6. Now, ifs pebble is moved Gy from
Gig, then we move one morg pebble to Gy from Gy using a1 most foar pobmeu.
Now, in the resulting digtribytion, we place two pebhiles on x- and so we mwve
n pebbiie 10 %35 As there wn foum nine pehbiss on x4 after the above move, we
morve Tour pebbiles 1o xq, from xa, and 50 we pebble the tarset. Otherwine, Py =
1 forovety j. 1€ < 6. Now, we usic ol most four pebbles on s 0 move a
pebble to 2y atd then we move a pebblo to x, fram G;. Now, as thote are nine
pebbles on xy, we move folr pebbles (o x4, mul 2o we pebble the target.
Case 2 (itl), Let P, be either twelve or thineen,

Clearly F, > 6umd P, <6,
Lt Pz 700 e = (12), then we move six pebbles 10 5. from X and we
mave one mote pebble o Gy from Gy and 5o we are done. 18 not, first we tke
P2 K I ethdr () = () or (300 = 14), wo move the sbove pobbles (o Gy,
Now, a5 gither {xa )= (2} or (xe) = (10) by Fact 4, we move four pehbles 1o x5
and o we pebblie the target, 15 odt, thet cuher (xg) ~ (2) of O = (4) by Fadl
9. We move these pebbles 1o Gy and we place two pehbicn on xy). Next, jet Py
=7, Therefure, either Py =3 a1 ¥y =6 Let Py— 6 I a pebble Is moved o
etther G, or Gy or Gy from o, we are done. 1 oo, then Py =1 forevery . 1<
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< 6. We move o pebble to G lrom Gy und we place two pebbles on x ind so
we minye a pebble 10 4= Now, we move foun pehbles 10 x5, from xy, and we are
done Let Po=5 We mave 3 pebble 10 G lrom G; and we plice two pebhiles
ot x4f. Next, let #,=6.Then Fo=6and Po= 13 1f we move n pebble cithet
o Gy from Gy on G from Gy, we are dooe as before. Or, if either (x50 = (2) ar
(%10} = (2) or (X5 X130 = (2.2), we move the ubove pebhles w0 G, and then we
move five pebblies to xqy from N, anud so wie are dooe. Or, I cither (x40 =(2) ot
(xzd = (2100 x5 %22) = (220, we move these pabbles 1w Gand then clearly we
mave two pebbles 1o xy,, Or, if elther (334, x11) =(2.2) 0 (X, 83) = (2.2), we
move onk pebbile to Gy, and One pebble to Gy Now, in G elthet we mbve twio
pebbles 10 2y, or we move twelve pebbles (0 x4 by Fact 6 and so we sce done. I
all the above fiall, then Py =1 for either forevery b= lori=2ori= 12, 1 5 <
O IFeither Po = 1 or Py = I we move o pebhle 1o G, using ot ingst Jaor
pebbles from G, and then we move a pebhle 10 x4, Now, ax thore ure of loast six
pebibles 0n %y, we move three pebbiles o x5, from xa. und so we are done. 1T
nol, thent we mave a pebble to Gy from G, and we move o pebble o x4 Now,
we move three pebbles 1w x5 from xa: and 50 we are done.
Case 2 (iv), Lt B, be either ten or eleven.

Cleurly Py > 7Tand P, <7
Suppase (xi) = (10),
First, we take B, = 7und P> 7 We mave two pebbles 1o Gy, one from G, and
aoothér fromi G; and then we mose five pebbles 1o xy from xy,
Next, fot ¥ | = 10, We move sither one pebbie to x4, or two pebbles 1o x3: using
Frud 2. Now, we move five pehbles 10 X from xe: sind we pebhile the tanger,
Now, we tke P, =8and P.=6. II'cithet (x,4) = (2) 0F (x,3)= (4). we are done
as above. [f not, then eithar (x) = (23 or (%)) = ) by Fact 9 We move these
pebbles 1o Ga, only if & pebble is moved 10 G, from G; and 5o we move two
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pebbles to xyy, Or, if 3 pebble = moved 1o G; from Gy, we muove gne moce
pebhle to Gy from G, and then we move five pebbles 1o x, from X, Or. if two
pebhlis are moved to Gy from Gig, we are dane. [nat, we move & pebble to G,
from Gy and clearly we place two pebbles Gn x5y md we move o pebble to x4
Nosv, we move five pebhles tooxgl from s and 8o we nro done.

Noat, fer By =9, So, cither ¥ <= 6 ar P; =35, If a pebhle is moved 1o cither G,
or Gy o Gy from Gy we are done. 1P oot then P« 1t leasy fir five vatues of
L1 =] = 6. Now, we move two pebbles to Gy, one from Gy and another from
6,. Ay there are at least six pehbles on xyy afier the above move, we move three
pebhles 1o xa, Now, 10 Gy, we pitt two pebhles on sz and we move # pebble o
Ny Ifeithor Py = | of Py =1 or Py = [ Otherwise, in Gy, we place two
pebhles on xs and we move i pebhle to xyy and o we are done,

Suppose ten pebbles cannot be placed on x,,.

First, we assume (x4) ~ (O

10 P 2 10 then txud =(2) ov (xi) = (4) amd we move the sbove pehbles to Gy
Now, we move thres pebbles 10 x50 from xay i P = | and then we move a
pebblie 10 %, 1 Py # 1 and 11(Xe) = (8], we ihove four pebbles to x;, and so
we we done, Ofherwine, we move either one pebble to xuy or two pebbles o x4
from Gy using Fact 2 and we plase two pebbles on xy.

Suppose P, =9 Lit P o= LIFeither () = (2) or (x0) = (3) thien we e datie
as nhove. If pot, either (x4) = (2) or {(x52) = {4) by Fact 9 and we move the
ahove pebbles 10 G when £, = 11 and in the resulting distnbition we place
1w pebbled on xg Whett Py =10, F. =6, 111 pébble Can be movied cither to
G ar to G, from G then we get either wen pebbles on Gy onetoven pebbles on
Gy and 50 we proveed s belore Or, if a petible Is moved to a,: from G; we are
done If not, we move ut least one pebble o Gy from Gy and clearly we place
wo pebbles on xa und s0 we move # pebblg 10 X Now we move three pebbles
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10 Xy foomm xyy and w0 we pebble to torger. Now, let Py = | Suppose (xu) =
(8). I either (x)4) = (2) o1 (x5)) = (4), we moye these pehbles o G, and then we
move four pebliles to X froim xy, and sb we are done 11 not, first we take P, =
S0 ARKIs) = (2308 (xad = (4) by Fuct 9, we move (hese pehbles 1o Gy umd we
ploce 1wo pebbles on xy. Now, et Bs =6, 15 u pebble ks moved to either G or
G4 or Gy from O, we are dome 48 above [not, Py =1 forevery j, | =j <6 So,
we move a pebble 1o (i from G, and we place two pehbles on x5 and we move
a pebble 10 x5 Niw, we move four pebbiles to a5y from vy, smd 9 are are done.
Suppose eight pebibles cinnot be moved 1o Xy, Thett Py = 10 by Fact 3, We
move a pebible 1o Gy from G and clearly we place two pebhles on ;.

Next, let Py =8 Let By = LI either (a0 = (20 07 (8)5) = (4), we move tha
abave pebhles iy Gy Now, we move thiee pebbles 1o g, from xy and 0 we
pebblo the warger. I now by Faet 9, etther ()= (2) ar (x15) =(4) and we move
Ahese pebbles to Gy Abo, iF P4 = 10 we move e more pebbile to Gy from G;
pe Py Toin such case, Now, in the resulting distritunion we place two pehbles
on xyp. Loy Pog 7 1 Suppose (x4 = (8), 1 esther (Xi0] = (2) or (x50) = (4), we
are dome! If not, then we move twe pehhiles to Gy, ome from G, imother from G;
andd we pebble the twrget if Py = 3 M By« f, then, since either (xi4) = 2) or
(X2} = (4) by Fact 9, we move these pabbles 1o G and we place two pebbick on
xa. Suppose not. Then B, = 10 by Fact 3. We move twu pebbles to Gy, one
from G, ansither from G, and we place two pebbles on gy,

Finally, if P, =7 thett P.=7and F:= 11, So. we move two pebbles to

Gy, one foom G and another from G, Now, clearly we moye two pebbles o
X4

Now, we nssimme wie cannot place gix pebbles ot x,.

Then, cleatly ¥, = 10 'by Foet 3. As P = Kowe move af least one pebbte w Gy
from Gy and in the resulting distribution glenrly we place two pebbles on x4
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Case 2(v) Lot b <9,

it Py~

Suppose txu) = (6).

First, we conwider the case =9 and Po= X (Fether (x10) = £2) or (x4) =(4)
OF Xz ) = (2} or {x=) = (4) we mave these pebbles 1o G and then we move three
pehbles 10 X, from Xy dnd s we are done. 1 not, by Facr 9, either (x40 = (2) of
(n1s)= (4 und either Des)= (2) or (x2) 7 (43, Now, we move the above pebbles
1 Gy and in the resulting distribution we move two pebibles o k. T all the
Othir cases, wither P = 1 ar the number ol pebbles in Gy can be made 1eh ufter
moving n pebble from G 10 G So; either (000 = (2} oF (x3)= (4) and wo mave
these pebbiles to Gy, Now, we move three pebities o X from xa and then we
pebble the target

Suppoye six pehbles cunnnot be placed vo vy,

First, we wssume Po=9 Then P, =K and Po <% 1€ P2 > 7 then we move two
pebbles o Gy, ote from G, aod another from Gy In the resulting distribution of
eleven pebbies on Gy, we place 1wo pebblies onxg. 11 Ps < 6 then P2 10, So,
either (%0 =12) 0 (23 = (4) and we move theee pebbles o Gy Now, we plxe
twir pobbles on X,

Neat, fet Fy= 8 Therefore, P = 9and Pos 81 follows from Fuct | that of
xap 18 o0t 2-petibledd ther (xu) =(2) Suppose B, =Qand ¥y =2 [Feither (x,4)
=12) ot (x;3) = (3). we move (hese pebbles to Gy, Now, we move ong mone
pebble 1o Gy from Gr and clearls we ploce two pebbles on sy, Similurly, if
either (%)= (2) o (x31) = (4), we procead us befine. O, if elther (%)= 16) o
0300 = (0). we mibve threz pebbles to Gy mid then we move & pobble 1w %y, frofm

s and 50 we are done. O, i (hys Xes) = (2. 2) o if (e %30 = (2, 2), we ger
one of the iratismitting subgraphs {5, %50 S0 Xrds 4 2 S %aide 1w,
then we move dt least one pebble (o G, from G, and one pebble to G, fram G,
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and we pluce faur pebbles an xq {1 (= 10 then either (x,0) =(2) or (xp2) = ()
and we move these pebbles to (i Also. we move 2 pebble 10 Gu from Gy, Now,
in the resulting distribution we place two pebblis on x.. Neat, ler Py > 11
Cliurly (x50 =~ (2) (mhctwlsc. (xe2) = (B) and o we move four pebblec o x,,
andd then we pluce two pebbles on X ) 10061 = (4] we move two pebhiles 10 X,
and m the resulting distribution we place two pebbles on xyy 1ot then (xy:,
x0e) = (2, 2) il 30 we riwvo twa pebbles 10 G Now, We place two pebhilcs on
X

Let Pe=7 Then P =9 mnd P, < 9, If xy is not 2-pebbled then (xut = (21
Supposie ¥ =Y and P. =9 Lot (0) = (2) 1F (x5) = (2) then we gt the
rRnsnUtng subaroph (X, X X %3000 10 nat then (x2) = 12). Therefore, if
(xq) = {2) we got the transmitting sabgraph (%6 K. %= %y CHberwise, the
dispribution ts such that i (x, 8= (2) then s, cannit b 2-pebbled and il (xq) =
(2) thent xyy cannnt be 2-pebbled. Now, of (x50 « (4) then we muove three
pebbles to Gy (two pebhlén from x5 smd one pebble from Ge and we place two
pebbles on xy. Somilarly, i (xg) = (4), we are done. 1 not, then clearly we
mmve gither ot least three pebbles from Gy 1o Gy and we move ane pebble o Gy
from Gy and then we plice four pebbles o 3. or we move ot least three pebbles
1w Gy fram Gy end one moee pebble 10 Gy from Gy angd we place four pebbles an
i Next; fet Foo= 10, Then Py =8, Clearly (x;) =12) (otherwiie (x,4) = (4) by
Fact 4 and so we are dome ) 1f (xx) ~ (2] then we get the tnmemiiting subgraph
13 %y % Ay 1 not, thon (xx) = (2). Se, i (X)) = (2), wo get the
UANEMUTNE suErnph [, %se i Xy ). Otherwse, (x0) = (4) by Fact 4 if
(e Xgid = (4, 4) then we move these pebbles 10 G, and we pebble the targzet.
O, il elthor (%10 =(6) or (x5)=(6) then we move three pebbles 1o either x4 or
x11. We mwove 8 pebble 10 x4 from xu and so we pebbie the targer. Oy, if {(x4)=
(6) then we move three pehbles to x,; and We move ane more pebble to G, from
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iy and then Wi place two petibles on X Similirly we proceed i (Xe) = (6), 1
all the above fml, then clearly (i, %100 = (3 2] and 50 we moye two pebbles to
G We move one more pebble 1o G, from G and theén we move two pebbles to
Ny Next, Iet Py= 11 and 2= 7 Clearly (x;4)'= [2) by Fagr 4 So, if (xz) =
(2), we gel the wansmiting wbsfﬂﬂi 14y X3y, %33, %a¢ 1 AT not, then (xse) = €21,
Als) (X300 = (2) by Faet 3 undd so/we get the trannmitting subgrph (3, X, Sy,
%), Next, let By = 12 IWaither (x,,) = (4) of (x;0)= {8, we pebble the tatget.
Or, i either () = (6) o (s Xa2) = (4, 2) o (x,2) = (10}, we move the aboye
pebhiles to Gy, anid clenly we place two pebbles on g, Or, i (3,) = (6) we
mve three pebbles 1o x . Now, we move o pobble to xy from Ay, and we
pehble the wrger. O, if a pebble & moved fo Gy from Gy then we gol a
transmitting subgruph as in the case if B, = 1 and P =7 O if 0 pebble is
moved 1o Gy from Gy thed we get eight pebbles on Gy and this stuarion i
been nlready discussed where we use anly the pebbles on Gy, Gy and Gy fo
pebbile the trgie 1 all the above fiil, we pehtle the tanget by moving as many
pebbles an possible ¢ither 1o Gy from Gy and Gy dr to G, from G and Gy,
Next Jet By = 6 Suppose-two pebbles cannot be placed om xe. First, we
assiume ©o27, As B, > 10, éither (%,5) = (2) or (x52) = (4). We move the above
pebbles 10 Gyoond thén we inove ong more pebble o Gy Tom Gy In the
resulting distribution, we pluce two pebbles oo x Next, we take V2= 6. Then
B2 A5, Wenher (X0 = (4) or (3500 = (8) we are done. I not, then either (x) =
[4) o Oy, X908 = (2, 20 We move the above pebbles to G, and now we plade
two pebbles on xyi. Suppose (x4) = (21 Wy assume By = 10 and P.= 9,
Without loss of generality, we asswne if' (x) = ©2) then xy et be 2-
pebbled and it (X, = (2) then x., cannot be 2-pebbléd. Clearly £x,y) = (2)
(otherwisz (x4) = (4) and 50 we are dane). Thepelnre (X)) = (2) anid xy) cannot
be 2-pebibled. So, if (x:6) = (20, we are done. [Fnot, then () = (4) by Fact 2 1f
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(x:0) = (6) we move three pebbles 10 X and we move a pebble 10 X from X
and 50 we are done. Or, if (x5, x35) = (6, 6) then we move these pebbies 10 Ge
and we plice two pebhles on sy On (X0 %00 = (2, 2) and (Xa, %520 = (2 2)
then we move the above pebbies 1w Gy and we place two pebbles on xgy. 17 ull
the above fail, enther we move at Jeant two pebbles to Gy from G and ane more
pebble to G from G, and we plice four pebbles an xpe o we move at Jeast b
pebbles to Gy from Gy 'and one more pebble w G, from Gy and we place four
pebbles on xy. Next, let ¥ be either eleven or twelve, As P = 7,1 1x) = ()
then as (xp) =(2) by Fiet 3, we ger the tnsminting subgraph x4, %11, 5.
Xy ). I not, then Xy b Z-pebbled, Again: by Fact 3, (X0 = (2) and s0 we get the
transpithing subraph (%, Xay X X900, Next, fet ¥, 203 I either (xa) = (2)
or (%24) = (20 then we are dang. Og, 11 (%)= (6), we move three pebbles 10 x,
und then we move o pebble to vy from o, and do we are done. Oy, i eithor (X,4)
= () or () = (10) or o (i xiu) = (4 4), we move the above pebbles 1o Gy
andd we pline 1wo pebhles on ;. Otherwise, we move ¢ither one pebhle 1o G,
from Ciy or 4l least five pebbles to Gy from G, ond one pebble to G; from Gy and
then wo pebble the arget.

Drifferent cases can be ensily verified if Py # 1,

Case 2(vi) Lot B, <5

Lot Py 1.

Suppose (xq) = (2).

Cleatly: By = 10 and P2 < 10, Finn, we thke ¥, = P.= 10, Therefore ¥ ,= 5
Without loss of generality, we assume X, s nat 2<pebbied m Gy oond xgs v pot
2-pebbled m Go. (Otherwise, we get o trmsmitting sibgraph by Fact 2),
Therefore (%), x<) = (4, 4) by Fact 2. 1F clther (%) = (&) or (x:) = (6), we
move three pebbles o Gy ind we move one pebble 10 X from xe and so we
pehble the target. Oy, 1f (A3, Xz=) = (b, §) then we move six pebbles 1o Gy and
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we plave two pehbles on xq;, 17101, we move ot lesst three pebbies 1o Gy from
G and oni moke pebble to Gy from G, aind then we ploce Tour pebibles on Xz,
Next, d2r P, 2 11 First, we take P2 > 7 Therefore we move a pebble 1o esther
A 0T Aps from G, So, applying Faes 310 Gy, we gt o transmitting subsuaph.
Now, let P, <& Then P> 14 We abiume P, = I14. Then P.=6and P, =5
If either (xpu) = (4) or {x53)= (6) we are done. Or, f euther (xa:) =21 or (X1 =
(2) we are done. Or, 7T a pebble is moved 1o G from G, then clearly elther x)q 1
d.pebblisd Or X,y 15 epebbled and so we are dono. Or, (F ¢lther (x,4) = (4) OF
(X0 = (&) and (xy) = (2), we move the ahove pebbles o Gy gnd we place two
pebbles on xa, O 3 (X2, %10 =2, 2) and gither [xn) =(2) of (x50 = (2), we
move the abhove pebbles 1o Gu. Now, 0 the resultmi distribution we place twi
pebbles on xyy . IF all the above fail then we move ar least five pehbles o G,
rom Oy and one pebbdle 1 G froem G und then we place four pebhles on v In
all thie other distribuiions we have Fo = 15 and o either (Xi) = (4) 0F (X[ = (6)
and 5o we are done

Suppase two pebbles cannot he placed on xg

et Puo=5. 00 F o Pow 10 then either (X00) = (2) o1 (xy2) = (4) either (x:1) =
(2) orixz) = (4) by Fact 2. We move the tiboye pehblés to Gy and dlearly we
place i pebblex an xy. Now, let By = 11, First, wee take By > 7. Stippose %
13 100 2-pabhied. Then (x3) = (8) ond 50 we move four pebbles 10 3 Now, wo
mmove o pelible 1 Gy frim Gy amd clearly we move twa pebbiles to Xy Suppose
nal, then (1,4) = (2), So, we move o pebble o sy Alsd, we move 2 pebbie (v Gy
from Gs Now, 11 (x40 )= (2) we are done. 1 nat, then as (x40 = (2) by Fam 3.
trstead of moving a pebble 10 xa fromm Gy, we muove 4 pebble o xg. Already,
we miived o pebble to G, from Gy, Cléarly, i his rosulting distribution we place
two pebbies on xi, Nexy, let Py~ 14 Therefore s = 6. 1f ether (x24) = (21 or
(xae) = 12) we are done O, if' s pebbile is meved w G, from Gy then we gel
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Iifteeh piebbliés on Gy and so entber x4 bs 6-pebbled or x4 |5 $-pebbled and x;; ks
Z-pehbled or Xy 18 2-pebivled and xi: 15 4-pebblad. We move the sbove pehiies
b G i clearly wee place two pebblis an . Or iF & pebbile i moved 1 Ga
from Gy then we pet six pébbles on Gy I the resulting distribution i two
pebbles cannol be maved 10 x then we proceed a5 in Case 2(v), Supposz two
pebibles s be moved 10 xa Then i (x) = (6) we move thiee pebhiles 10 x5
nnd we move o pebble 4 Xy from xo and we pebble the target. Or, iF cither
(xis) = (61 0r (120 = (10) we move the above pebbles 10 Gy and we place two
pebbles on xg. 1f not, we take 1he initial distribution as suck and we move as
many pebbles un possible edber to Gy from Gy ot 0 Gy from G, o Gy e
pebble the target, Next, fet Po < 8, Suppose Py= 1 except forone §, 1 5 £ 6,
As Py 15, i either ()= (4) o€ [xy) = (8), we are done. Otherwise, either
(X0 X = (20 2) OF (3] = (6) 6r 600 = (6). We move the above pebbled o Gy
and we place twn pebhles on (. Suppose there exists a vertex in (i, with a1
lesst two pebbles. Now, i either (X300 = (6) of (xaz, xi4) = (8, 2) 1hen we move
the sbove pebbles (o Gy and clearly. we place two pebbles on Xy 1T noL then
clearty cithor (xay1 ={2) or (xn )= (2), S0, we move a pebble o cither Gy or Gy
Srom Gy, Then we move as many pebhies s possible either 1 Gy from G; or to
G; from Gy we pebbie et

Neat, let ¥ <4 Therefore # 2 11 imd # 5 < 10, 1 the distribution s such that
éither (xge, Xond = {2, 4) or (xe, 1) = (4, 2), we get one of the trmsmitting
subpruphs %3, X X6} 1% X, X, | O i the dismibotion s sach thar (x4,
Ky Xom X102 4, 2L 4 or (g s, 4), we move the above pebhiles ta Gy
umd we place two pebbles on xy. Ctherwise, we move a8 many pebbles o
possible enher 10 G; from Gy and G or w0 G, from Gooand Gi we pebble the
Tt

IF ¥ 4 2 1, citkies can be sisnilarly verified.



A. Lourdusamy and A. Punitha Tharani 52

Step 3, Fi=2
Case 3(0). Let Pz 15
1 w4y i not 2-pebbiled then by Fact 6, (e ={12). S0, we moye six
pebbles bo X, from X,
Cane 30 Lot P be ather twelve or thirteen.
Clearly. P =6 md P, <6,
If {xee) = (2) then we pebbile the wrget. 17 ndt, by Foctd, (xo) =(10). 1P, =7
then we move a pehble to Gy from Gy and ten we move five pebibles 10 Xy
from sy If P, =6 thoneither By =6or P, =5 Finl wetike F, = P.=a I
u pebble b= moved to G; from Gy, we ate done. 1f a pebbie is moved o G; from
Gy, then we move 2 pebble 1o Cy from G and then we move five pebbles 10 xy
fram xe. Stmilarly, I a pebble is moved to efther Gy or Gy from Gy, we are
dong. Or, il two pebbles aie moved 10 Gy, either from G, of from G or ane from
Gy, another froe G, we gel foureen pebbles on Gu and soowe procesd as in
Case i) 1not, then ¥, = |, foreitherni = | or i =2 ar 1= 1, 2 4 for every j,
I <} <6 Withouw loss of generality, we assume #, =1, 1 <) < 6. 'Now, we
mowe i pebble to G from Gy using ot most four pebbles and we put two pebhles
an A and 50 we move 3 pehble 10 x5 Nuw, 0s there are af least six pebhiles om
Xas, We meve three pehbles wox . and we pebhle the tpet, Next, et By = 6 and
Py« 5000 a pebble s moved 1o either Gy on Gy or G, from Gy we are done. {f
not, then Py = 1 except for éme j, | < § < 6. Now, il a pebble s rryved to ¢ither
Gy or G from Gy, we are done. Or, iTa pebhble is moved W G; from Gy, then we
move one more pebble o G from Go usiog ot most oy pebbles and then we
move a pehble to x=; from G Now,we move three pebhles to %y from . and
so we dre done, IFngl, then P = | for every §, | <) < 6 and so we procecd o
betore.
As the other cases are similar we leave the proof here,
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Stepd. F,=3.

Case d(i); Let Puz 12

1 15 not 2-pebbled then by Fact 4, (xg) = (10) and 0 we move five

pebbles 1o X,

Casw &) Lot Py~ 11
Clewly Fyz6and P <6 1fp; =7, we move apebble to G, from Gy. Then, s
() = (8 by Fact 3, we move Fotrr pebbles 10 X From g, I 1) < G then Py~
6, 1f we move a pelible 1o either Gy or G or Gy from Gy, we are done. 15 pot
then P y= 1 forevery |, 1 <§ <6, So, a8 (x0)= () we move # pebbile 10 G,
uxing ot most four pehbles on G, and we piit two pebbles on X Now, move o

pebble to x54 from x, and we move two pebbles x4, from xu and we pebble
the target

The other canesd ¢an be similorly verified.

Step 5. F, =4

Case S(iy. Let B> 11,

If X4 U5 not 2-pebbled then (xy) = (8) by Fact 3. 50, we move lour pebhles to
X34 from xg.

Case 5. Let Bo= 10,

Clearly P> 6and Py <6, 1 P, > 7, we tiove o pebble 10 Gy from Gy and we
proceed & m Case 5(1). 1f Py = 6then ¥y = 6, If we movea pebble to cither Gy
ot Gs from Gy, we are $one. Or, i we move cither ome pebble 10 8, of 1wo
pobbles to xy from Gy, then. an (x44) = (41 by Fact 2. we move two pebbiles to
X and we petihle the targen Similardy, f we move a pehble to ewher Gy or Gy
at xg 0f twa pebbies o xyy from G; we are done. Otfierwing, i Pu = 8, we
move fodr pebhiles 1o x,, Wnotcleurly P> lor P> Land F o >4 So, we
mave a pehble to ether Gy or Gi, say Gy, using s mpst three pebbles from Gy
and we place two pebblis on ay, and then we move a pebble 10 2, Now, as
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Ihete are ol [east two pebbiles on Xa. we move a pobble 1o v and we pebble the
target,

The other auues et be discussed in n similar way,

Step 6. I =50

Clearly, we pehble the target if arither we move three pehbics m x5y or we move
a pehhie o cither sy 0 50 or we move twe pebbles to either x5 or xy4 using the
pebbles from G 1= 3.

Now, if ¥, = Pi= ¥ =7, then weo mavo throe pebblis o Gy, one from each
copy Gy, 1 £ 3

I not, fiest we take Po= 9011 ix4) = 1) we are dose. Tf not, suppose (%) =
{6). Then we move throe pebbles 1 Xy Suppose not [F (x,,) = (2), wo move a
pebble 1o xy and iy the resulting distribBugion we place two pebbles on x,
Otherwise, as (Xz) = 1 2). we moxe 4 pebblo 1o . und we pebble the lariet

Let Po=% Then P, > 7. So, we move a pebbie 1o G, fram Gy As there

are ning pebhles an G, we procesd as belore.

Lot Fu=T7.Then #, >27ad Py <7 10 P, = F. =T, wenedone. Il ¥, =8
then P~ 6. Suppose F = 4. IF{xu) = (4), we move two pebbles 03, We
move oae mere pehble o Gy from G, and we pebble the trget 11 et then we
move two pebbles 1o Xy from g snd we move one (ore pebble o Ga fram G,
In the resalting distribution of ten pebblis on Gy we move two pebbles 1o x,
Suppase Py, <3 Wemove two pebbles 1o G;, one from G and nnther from
Gie Now, in the resulting disttibation of seven pebbles on Go we pebble the
target. Next, if ¥ = 9, thon we moye a pebble to G| from Gy. As there are at
lexst ten pebbles on Gy, either ), is 2-pebhled or 1, is d-pebhled. So, we mave
cither one pebbie (0 x4 oF two pebbles (0 Xy,

Let Pe=6. Then P, = 8 If P = 1) swo proceed as before. ' By =8 then ¥ 4=
7, 1 xg) = (2), we move a pebbile 1o« from xg. Now, we mave two pebbles
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1 Gy, utre from Gy and anther from Gy, W e, suppose P02 4 Then we
sve two pebhles o xy, Also, we move tiwo pebbles 1w Gy, one from G and
another from Go. Now, we plice two pebbles on s Mberwise, ¥ < 3. We
move two pebbles 10 Gy, one from Gy and anotber from Gz and we pebble the
target, 1F ¥, =9 then Py =6, 1 (xp) = (4), we miove two pebbles o xy and we
amove one mote pebble o Gy form Gy, O, if a pebble is moved 0 Gy from Gy
then wie gut tien pebbles on Gy and so we nre done. Ok, if a pebble 1= moved to
Gy trom Gis then we mave a pebble 1o Gy from G As there are ten pebbles on
Gy we ane dane. Or, if either (xg) = (2) or (x1) = (@), we move either one
pebble 1o Xy o two pohbles 1o Xy, Otherwise, H (x) = (4) we move twa
pebbles o xee Also, clthér (x0) = (2) or x43) = (3) by Fact 9 and we move
these pebbles o Go. Now, we place two pebbles on . [Tnon then ¥ < 3 and
1 (x44) = (2) we move one pebbie to x4, And, we move ome more pebble to G,
from G, and 50 we pehble the targel 11 all the above fhil, then P g = | for every
J, 1 <j =6, So, we move i pebble to Gy from G, and we place fwo pebbles on
X3

Let Po=3,Then P, = Rand Py <8 Let Py= B2= B 0f Pou <3 we move two
pebbles 10 Gy, one from Gy and another from Go. Now, cleurly we pebble the
turget. I not, then Py =4 Sipposks (xe) = (2), we move a pebble 1o xy, ond we
move two pebbles o Gy, one from Gy oand another from Gy Suppose not. If
cither [x) = (2) ov (xpd = (33 or (xu) = (2] or [x26) = (4) we are dooe.
Otherwise, either (x;;) = (21 o7 (4,20 = (4) and ¢ither (a5) = (25 of (x5) = (4) by
Fact 9, Now, we move the above pebbles to Gy Also we move two pobbles 1o
Xgy Trom e and m the resulting distnbution, we plisce two pebbileson xy. 10 P
=9 then V= 7. we move & pebhle to Gy from Ge. As there ane ten pebbles on
Giy. we proceed as before, I P 2 10, we are done,
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Nest, it Fo< 4 Therefore P2 9ad Po< 9 That iy, either ¥, = 10 or the
umbet of pebblés on G, can be made ton aftis o pebbling move froni G; und so
we are dane-
Step 7. b, =6
1Fwe move cithér two pebbles to Gy ar one pebble to gither Xy or Xg;, using the
pebbles from Gy, 1 = 3, we can pebble the targer,
Suppose there are two copies mmong Gy, G and Gy, cach with an leiust seven
pebbled thett we move two pebbles o G Or, (F there oxists an | | 6= 3, dieh
thar ¥ = 10 thes we are done by Fact 2.
Suppose ot Let P,=9 Then ¥, > 6 I B, > 7, we move two pebbles w G,
onk from' G, aod soother from GL 5 P, = 6 then P, = 5010 a pebble is moved
w Gy from G, then we get ten pehbles on Gy and 50 we are dong. Or, 1 a pebble
1 moved 10 Gy from Gy, we move one mone pebble 1o Gy from Gy O, o
pebble i moved 1w either G| or Gy or Oy lrom Gy, we wre done. I not, thea P o
= 1 except forone j, | <] < 6. Suppase we move a pehhle to Gy from Gy, then
we move one more pebble f Gy from Gy wnd we pluce two pebbles on x;, and
S0 we move o pebbie 1o X Suppose mon Then P = | focevery ), 1 <) < 6. S,
wa move o pebble to G from Gy and clearly we plate 1twa pebbles an x,, So,
we move o pebble to xg,,
Lot Po=8 Then Py =6und Po<6, If ¥ 2 7 We move two pebbles o G,
one from G, and mmother from Gy, I B, =6, then P = 6 1f we move 3 pebhle
to either G; or G; fram G, ot if we move a pebible 1 either Gy o O, from G,
we ase done. O, 1f we move two pebbles 1o Gy erther from G, or from G or one
fiom G another from G, we are done. Ifpot, then Bo= 1, fori= L ori=2ori
= |, 2 mnidl for every §, 1 << 6 Without lows of génemlity, we nssume P = 1,
< 3 % 6. Now, we move a pebble 1o Gy from G and we pluce two pebhles on
X S0, we move a pebhie 1o Xy,
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Let Po=7 Then P = 7, So. we mave two pehbles 1o Gy, one from Gy and
another from G,

Let Pi=6.Then P >7and Po<7, 10 Py Pow 7 weare dope If =8
then Po= 6. Weproceed anmthecuse of P =8, F = Fi=0.1f F; =9 1then
Py= 5 Weprosesd as intheense if Pyu=9, B, <6and P, =S 1P, > 10
then we are done.

Let Pu=35.Then Py >8and P-<7. 11 Pi=58and P: =7 then we mave two
pebblis 0 Gy, one from G, ast) another from Gy, 16 F, =Y then P; = 6. We
proceed os betore, 11 B > 10 then we are done.

Let Pucd. Then Fy=8and Po<S If P > Tand P27 then we move two
pebblis 1o Gy Otherwise, #, = 10 and 30 we are done.

Step 8, F,=7

Cleurly, there exists at leastone |« = 3 such that P, 7. So, wemove a pebble
to G from G,

4.Conclusion and open problem

We Hove [ound the pebbling number of So  Computation of 1) pebblmg
mumber (i) t=pebbling mumber and (i) cover pebhling number of 5, will be
her interssting ares of researd).

Conjecture 4.1 The pebbling numberof S, i [{Sy=n! + L
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