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Abstract. In obtaining a generalization of a result of Das and Naik

(1979) for a pair of commuting self-maps on a complete metric space,

I.H. Nagaraja Rao and K.P.R. Rao replaced the continuity condition with a new

condition. Further they claimed that the latter was weaker than the continuity. In

this note we disprove their argument and give a unified version of the results of

Das and Naik and of Rao and Rao.
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As a general result for a pair of commuting self-maps, in 1979 Das and Naik [1]

proved the following result:
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Theorem 1. Let S and T be commuting self-maps on a complete metric space X such

that

T (X)⊂ S(X) (1)

satisfying the inequality

d(T x,Ty)≤ α max{d(Sx,Sy),d(Sx,T x),d(Sy,Ty),d(Sx,Ty),d(Sy,T x)}

for all x, y ∈ X (2)

where 0 < α < 1. If S is continuous, then S and T will have a unique common fixed

point.

Later, Nagaraja Rao and Rao [2] obtained the conclusion of Theorem 1 by replacing

the continuity of S with the condition:

d(T x,Sy)≤ d(y,Sx) for all x,y ∈ X , where Sx 6= y. (3)

They claimed that the condition (3) is weaker than the continuity of S.

However, we disprove this in the following lines:

Example 1. Let X , [0,∞) with usual metric d and define S,T : X → X by Sx = x/2 and

T x = x/3 for all x∈ X . Then S and T have a unique common fixed point. In fact, zero is

the only common fixed point for them. But for x = 1 and y = 3/8, we see that S1 6= 3/8

while d
(
T 1,S3

8

)
> d

(3
8 ,S1

)
showing that the condition (3) fails to hold even if S is

continuous. In this case, the common fixed point cannot be obtained by Rao and Rao’s

result [2, Theorem A]).

Example 2. Consider X = [0,1] with d = |x− y| for all x, y ∈ X Given 0 < α , β > 1

set

Sx =

ax, (0≤ x < 1)

α2, (x−1)
and T x =

αβx, (0≤ x < 1)

βα2, (x = 1)
for all x ∈ X .
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Then (1) and the inequality (2) hold good with c = β . Also S and T are commuting. It

is significant to note that both the self-maps satisfy the condition (3) so that the unique

common fixed point, namely zero is obtained by Rao’s and Rao’s result [2, Theorem

A]). But S is not continuous. As such Theorem 1 of Das and Naik [1] is not applicable

to find a common fixed point for the self-maps. Thus neither of (3) and the continuity

of S is weaker than the other and both of them are independent of each other. Hence

the following may be regarded as an appropriate unified version of the Theorem 1 and

the result of Rao and Rao: Theorem 1 Suppose S and T are commuting self-maps on

a complete metric space X satisfying the inclusion (1) and the inequality (2). If either

S is continuous or condition (3) holds, then S and T will have a unique common fixed

point.
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