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Abstract. For any abelian groug, a graphG is said to beA-cordial if
there exists a labelin§ : V(G) — A such that for everg, b € Awe have
(1) [Va— V| <1 and (2)|e; — &| < 1, wherev, and e, respectively
denote the number of vertices and edges having particliat &a In the
present work we investigate a necessary condition for aartam graph to
beV;-cordial. In addition to this we show that all trees exdepandP; are
V,-cordial and the cycl€;, is V4-cordial if and only ifn# 4 or 5 orn # 2
(mod 4.
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1 Introduction

Throughout this work by grapt = (V(G),E(G)) we mean a simple graph with
vertices andj edges. The terminology followed in this paper is accordmdb]. A
graph labeling is an assignment of labels to the verticesigeg or both subject to
certain conditions. For a summary on various graph labeggthe Dynamic survey
of graph labeling by Gallian [4]. For any abelian groApHovey [1] introducedA-
cordial labeling. According to him a graph is call&ecordial if there exists a labeling
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f :V(G) — Asuch that for everg, b € Awe have (1)va—Vp| <1l and (2)es—ep| <1,
wherev, ande, respectively denote the number of vertices and edges haairigular
labela. If A= 2, the labeling is called-cordial. Thek-cordial graphs were studied
in [1,2,[3]. There are only two non-isomorphic abelian go@b order four, which
are Z4 and the Klein-four group/s. In the present work we investigate a necessary
condition for an Eulerian graph to b&a-cordial. In addition to this we show that all
trees excepl; andP; areV;-cordial and the cycl€, is Vs-cordial if and only ifn £ 4
or5orn#2 (mod 4.

2 Vj-cordial graphs

The Klein-four groupV, is the direct sunz, @ Z».

> (0,0) 0,2) (1,0) (1,2

(0,0 (0,0) 0,1) (1,0) (1,1)
(0,2) 0,1) (0,0) (1,1) (1,0)
(1,0 (1,0) (1,1) (0,0) 0,1)
(1,1) (1,1) (1,0) 0,1) (0,0)

For simplicity, we will denote (0,0),(0,1),(1,0) and (14y 0, a, b, c respectively.
ThatisV4 = {0,a,b,c}, witha+a=b+b=c+c=0,a+b=c,b+c=ac+a=Dh,
anda+b+c=0.

Lemma2.1. [1] If f is anA-cordial labeling ofG, so isf + a for anya € A.

Theorem 2.2. If G is an Eulerian graph with edges, wherg =2 (mod 4), thenG
has novs-cordial labeling.

Proof. Suppose there exists\a-cordial labeling,f, of an Eulerian grapl@& with g
edges, wherg=2 (mod 4). Theng=4m+ 2 for some integem. Let the edges have
the edge labels; in in the labelingf. Evidentlyy ! , bj = m(0+a-+b+c) +x+y=x+
y, wherex,y € {0,a,b,c} andx#y. Thusy ;b #0. Buty  bj =d(v)f(v) =0as
d(v), the degree of the vertaxn G, is even. This contradiction proves the theorerm.
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Corollary 2.3. The cycleC, is notVy-cordial, wheren = 2 (mod 4), the generalized
Peterson grapR(n,k), wheren=2 (mod 4), andCy, x C, wherem andn are odd are
notVy-cordial.

Theorem 2.4. Let f be aVa-cordial labeling of a grapks with p > 4 anduv be an
edge ofG such thatf (u) = 0 andf (u) # f(v). Then the grapks’ obtained fronG by
replacing the edgev by a path of length five i¥,-cordial.

Proof. LetG' be a graph obtained frofaby replacing the edgev by a pathuw;wowswyv.
Supposef (V) = a. Definef; : V(G') — V4 by

’

f(w), ifweV(G)
0, if w=w;y
fi(w) =1 a, if w=ws
b, if w=ws
L C, if w=w;y.

Clearly f1 is aVy-cordial labeling ofG'. In a similar way a/4-cordial labeling ofG can
be extended to ¥-cordial labeling ofG whenf(v) = borc. N

Theorem 2.5. Let R, denote the path omvertices. Thef®, andPs are noN,-cordial.

Proof. Let f be aVs-cordial labeling o4 = v1vovavs. We note that the vertices &%
receive distinct labels unddr. Without loss of generality we assunii¢v) = 0. Then

the induced edge labels efv, andvzv, are identical. This is a contradiction. Suppose
f be aVs-cordial labeling of. It is clear that the induced edge labels are distinct. Let
zero be the induced edge label of the edgeThen aV4-cordial labeling ofP; can be
obtained by removing the edg® from P; and identifying the vertex with u. This is

a contradiction. N

Lemma 2.6. If all trees ondm vertices aré/,-cordial then all trees oAm—+ 1, 4m+
2,4m+ 3 vertices are alsdy-cordial.
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Proof. If we attach a leaf to a tree withnd+ | vertices we have choices for the vertex
labels that will preserve verte¥y-cordiality of the tree. In order to preserve edge
V,-cordiality we must avoidj — 1 edge labels iff > 0. We can do this as long as
4— > j—1. If ] =0 we have only one choice for the edge label but there is no
restriction on vertex labels. N

Theorem 2.7. All trees excepP,; andPs areVy-cordial.

Proof. First we shall show that all trees gn< 8 vertices excepP; andPs areV;-
cordial. This is verified by the labellings given in Hg. 1.

P=4:
B
® O
9@06 (9
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Figure 1:

Now by the Lemma& 216, we only need to show that trees withvértices aré/,-
cordial implies trees with #h+ 4 vertices ard/s-cordial whenm > 2. LetT be a tree
with 4m-+ 4 vertices anan > 2.

Casei: T has four leaves.

Letlg, 11,12, I3 be four leaves connectedyg, vy, Vo, v3 respectively. Delete them and
label the resulting tre¥,-cordially. Let the labels on thg be denoted;. Then we can
assume, by permuting thé and by Lemma 211, thab§, a;, az, ag) is one of (0, 0, 0,
0), (0, 0, 0,8), (0, 0, 0,b), (O, O, O,c), (0, 0,4, &), (O, O,b, b), (0, O,c, c), (0, 0,a, b),

(0, 0,4 ¢), (0,0,b, c), (0,4 a, b), (0,4 a,c), (0,a b, c). Suppose that edge-labgl
appearsn— 1 times while the other two edge-labels appedimes. We must find a
way of labelinglg, 11, |2, 13 with distinct elements so thatappears as an edge-label and
no other edge-label appears twice, thoygtself might. We do this case by case. Each
case is presented as an array with the top row being;thiee middle row the labels on
thel; and the bottom row the induced edge-labels.
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0
j+a
j+a

0
0

Caseii: T does not have four leaves.

j+a
j+a

j+a
j+a
0

j+b
j+b

j+a
j+a
a

c
b

0 0
b c

b

0 b
j+c j+b
j+c j

a a
j+b j+c
j+c j+b
c C
j+c |

] j+cC
a C
j+b j+c
j+c ]

b C
a b
Cc a

0 0
j j+b
j j+b
0 0
] j+a
] j+a
0 0
j+a j+c
j+a j+c
0 0
] j+a
] j+a
00 b

0
j+c
j+c
0
j+b
j+b
b
j+b
j
a
j+c
j+b

c

j j+b j+a j+c
i j+b j+c j

If T has only two leaves then it would be a path and hence from thallilags of
pathsP, wheren < 8 andn # 4 or 5, and by Theorein 2.4, Lemrnal2.6/g&cordial
labeling can be obtained. So we can assumeThhaas exactly three leaves, shy
l1, I> connected tayp, v, Vo respectively. Let be the unique vertex of with degree
3. Then at least one of the paths-lp, v—11, v— > contain at least four edges. Let
the pathv — I contain at least four edges and \gtbe the other vertex connected to
Vo. Removevy, lg, I1, |2 and label the resulting tréé-cordially. Let the labels on the
verticesvy, vi, Vo be respectivelyy, a;, a. Then we can assume, by permutiggv, ,

vo and by Lemma@ 2]1, thasf, ai, ap) is one of (0, 0, 0), (0, Gy, (0, 0,b), (0, 0,c), (O,
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a, a), (0,b, b), (0, c, c), (0,4, b),(0, b, ¢), (0, c, a). Suppose that edge-labghppears
m— 1 times while the other three edge-labels appedimes. We must find a way of
labeling vy, lo, 11, 12 with distinct elements so thgtappears as an edge-label and no
other edge-label appears twice, thougitself might. We do this case by case. Each
case is presented as an array with the top row beingghe, a,, the middle row the
labels onvy, lg, 11, 12 and the bottom row the induced edge-labels.

00 0 0a
0 abec abo0c
0O abec acoO0b

00 0 0c
b ao b 0 a
bcO Ob
0 a a Ob
0 abec Ob
0 a b Ob c
0 C ab
0 ab b aoO
0 b aob

b c 0 a
acbhb b a 0
abo0c b c 0 a

This completes the proof. N

Theorem 2.8. The cycleC4 andCs are nolN,-cordial.

Proof. Letvivs-- -V, denote the cycl€,. Let f be avs-cordial labeling ofC4. Then the
vertices ofC, receive distinct labels unddrand induced edge labels are also distinct.
To get zero as induced edge label there must be an edge witiicialesertex labels at its
ends, which is not possible. Suppdsee aV;-cordial labeling ofCs. Then zero must
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be an induced edge label of some edge. Without loss of géydealf (v1) = f(v2) = 0.
Then the edgeg;vs andvsv, each receive the labélvs) and the edgeg; v, andvavs
each receive the labélv,), which is not possible. N

Theorem 2.9. The cycleC,, isV4-cordial if and only ifn# 4 or 5 orn# 2 (mod 4.

©/©\® e o %6
@ © é{@ @é @\@/@%D

Figure 2:

Proof. First we shall show that, is V4-cordial forn= 3, 7, 8, 9. This is verified by
the labellings given in Fid.]2.
This with Corollanf2.B, Theorem 2.4 and Theorem 2.8 compl#te proof. &
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