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Abstract. For any abelian groupA, a graphG is said to beA-cordial if

there exists a labelingf : V (G)→ A such that for everya,b ∈ A we have

(1) |va − vb| ≤ 1 and (2)|ea − eb| ≤ 1, whereva and ea respectively

denote the number of vertices and edges having particular label a. In the

present work we investigate a necessary condition for an Eulerian graph to

beV4-cordial. In addition to this we show that all trees exceptP4 andP5 are

V4-cordial and the cycleCn is V4-cordial if and only ifn 6= 4 or 5 orn 6≡ 2

(mod 4).
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1 Introduction

Throughout this work by graphG = (V (G),E(G)) we mean a simple graph withp

vertices andq edges. The terminology followed in this paper is according to [5]. A

graph labeling is an assignment of labels to the vertices or edges, or both subject to

certain conditions. For a summary on various graph labelingsee the Dynamic survey

of graph labeling by Gallian [4]. For any abelian groupA, Hovey [1] introducedA-

cordial labeling. According to him a graph is calledA-cordial if there exists a labeling
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f : V (G)→ A such that for everya,b ∈ A we have (1)|va−vb| ≤ 1 and (2)|ea−eb| ≤ 1,

whereva andea respectively denote the number of vertices and edges havingparticular

labela. If A = Zk, the labeling is calledk-cordial. Thek-cordial graphs were studied

in [1, 2, 3]. There are only two non-isomorphic abelian groups of order four, which

are Z4 and the Klein-four groupV4. In the present work we investigate a necessary

condition for an Eulerian graph to beV4-cordial. In addition to this we show that all

trees exceptP4 andP5 areV4-cordial and the cycleCn is V4-cordial if and only ifn 6= 4

or 5 orn 6≡ 2 (mod 4).

2 V4-cordial graphs

The Klein-four groupV4 is the direct sumZ2⊕Z2.

⊕ (0,0) (0,1) (1,0) (1,1)

(0,0) (0,0) (0,1) (1,0) (1,1)

(0,1) (0,1) (0,0) (1,1) (1,0)

(1,0) (1,0) (1,1) (0,0) (0,1)

(1,1) (1,1) (1,0) (0,1) (0,0)

For simplicity, we will denote (0,0),(0,1),(1,0) and (1,1)by 0, a, b, c respectively.

That isV4 = {0,a,b,c}, with a+a = b+b = c+c = 0, a+b = c, b+c = a, c+a = b,

anda+b+ c = 0.

Lemma 2.1. [1] If f is anA-cordial labeling ofG, so is f +a for anya ∈ A.

Theorem 2.2. If G is an Eulerian graph withq edges, whereq ≡ 2 (mod 4), thenG

has noV4-cordial labeling.

Proof. Suppose there exists aV4-cordial labeling, f , of an Eulerian graphG with q

edges, whereq≡ 2 (mod 4). Thenq= 4m+2 for some integerm. Let the edgesei have

the edge labelsbi in in the labelingf . Evidently∑q
i=1bi =m(0+a+b+c)+x+y= x+

y, wherex,y ∈ {0,a,b,c} andx 6= y. Thus∑q
i=1bi 6= 0. But∑q

i=1bi = d(vi) f (vi) = 0 as

d(v), the degree of the vertexv in G, is even. This contradiction proves the theorem.
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Corollary 2.3. The cycleCn is notV4-cordial, wheren ≡ 2 (mod 4), the generalized

Peterson graphP(n,k), wheren ≡ 2 (mod 4), andCm ×Cn wherem andn are odd are

notV4-cordial.

Theorem 2.4. Let f be aV4-cordial labeling of a graphG with p ≥ 4 anduv be an

edge ofG such thatf (u) = 0 and f (u) 6= f (v). Then the graphG′ obtained fromG by

replacing the edgeuv by a path of length five isV4-cordial.

Proof. Let G′ be a graph obtained fromG by replacing the edgeuv by a pathuw1w2w3w4v.

Supposef (v) = a. Define f1 : V (G′)→V4 by

f1(w) =







































f (w), if w ∈V (G)

0, if w = w1

a, if w = w2

b, if w = w3

c, if w = w4.

Clearly f1 is aV4-cordial labeling ofG′. In a similar way aV4-cordial labeling ofG can

be extended to aV4-cordial labeling ofG when f (v) = b or c.

Theorem 2.5. Let Pn denote the path onn vertices. ThenP4 andP5 are notV4-cordial.

Proof. Let f be aV4-cordial labeling ofP4 = v1v2v3v4. We note that the vertices ofP4

receive distinct labels underf . Without loss of generality we assumef (v) = 0. Then

the induced edge labels ofv1v2 andv3v4 are identical. This is a contradiction. Suppose

f be aV4-cordial labeling ofP5. It is clear that the induced edge labels are distinct. Let

zero be the induced edge label of the edgeuv. Then aV4-cordial labeling ofP4 can be

obtained by removing the edgeuv from P5 and identifying the vertexv with u. This is

a contradiction.

Lemma 2.6. If all trees on4m vertices areV4-cordial then all trees on4m+ 1,4m+

2,4m+3 vertices are alsoV4-cordial.
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Proof. If we attach a leaf to a tree with 4m+ j vertices we have choices for the vertex

labels that will preserve vertexV4-cordiality of the tree. In order to preserve edge

V4-cordiality we must avoidj − 1 edge labels ifj > 0. We can do this as long as

4− j > j − 1. If j = 0 we have only one choice for the edge label but there is no

restriction on vertex labels.

Theorem 2.7. All trees exceptP4 andP5 areV4-cordial.

Proof. First we shall show that all trees onp ≤ 8 vertices exceptP4 andP5 areV4-

cordial. This is verified by the labellings given in Fig. 1.

P = 1:

P = 2:

P = 3:

P = 4:

P = 5:

P = 6:
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P = 7:

P = 8:
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P = 8:

(contd.)

Figure 1:

Now by the Lemma 2.6, we only need to show that trees with 4m vertices areV4-

cordial implies trees with 4m+4 vertices areV4-cordial whenm ≥ 2. Let T be a tree

with 4m+4 vertices andm ≥ 2.

Case i: T has four leaves.

Let l0, l1 , l2 , l3 be four leaves connected tov0, v1, v2, v3 respectively. Delete them and

label the resulting treeV4-cordially. Let the labels on thevi be denotedai. Then we can

assume, by permuting theVi and by Lemma 2.1, that (ao, a1, a2, a3) is one of (0, 0, 0,

0), (0, 0, 0,a), (0, 0, 0,b), (0, 0, 0,c), (0, 0,a, a), (0, 0,b, b), (0, 0,c, c), (0, 0,a, b),

(0, 0, a, c), (0, 0,b, c), (0, a, a, b), (0, a, a, c), (0, a, b, c). Suppose that edge-labelj

appearsm−1 times while the other two edge-labels appearm times. We must find a

way of labelingl0, l1, l2, l3 with distinct elements so thatj appears as an edge-label and

no other edge-label appears twice, thoughj itself might. We do this case by case. Each

case is presented as an array with the top row being theai, the middle row the labels on

theli and the bottom row the induced edge-labels.
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0 0 0 0 0 0 0 a

0 a b c j j+b j+ c j+a

0 a b c j j+b j+ c j

0 0 0 b 0 0 0 c

j j+a j+ c j+b j j+a j+b j+ c

j j+a j+ c j j j+a j+b j

0 0 a a 0 0 b b

j j+a j+b j+ c j+a j+ c j+b j

j j+a j+ c j+b j+a j+ c j j+b

0 0 c c 0 0 a b

j+a j+b j+ c j j j+a j+ c j+b

j+a j+b j j+ c j j+a j+b j

0 0 a c 0 0 b c

j j+a j+b j+ c j j+b j+a j+ c

j j+a j+ c j j j+b j+ c j

0 a b c

0 c a b

0 b c a

Case ii: T does not have four leaves.

If T has only two leaves then it would be a path and hence from the labellings of

pathsPn wheren ≤ 8 andn 6= 4 or 5, and by Theorem 2.4, Lemma 2.6 aV4-cordial

labeling can be obtained. So we can assume thatT has exactly three leaves, sayl0,

l1, l2 connected tov0, v1, v2 respectively. Letv be the unique vertex ofT with degree

3. Then at least one of the pathsv− l0, v− l1, v− l2 contain at least four edges. Let

the pathv− l0 contain at least four edges and letv′0 be the other vertex connected to

v0. Removev0, l0, l1, l2 and label the resulting treeV4-cordially. Let the labels on the

verticesv′0, v1, v2 be respectivelya′0, a1, a2. Then we can assume, by permutingv′0, v1 ,

v2 and by Lemma 2.1, that (a′0, a1, a2) is one of (0, 0, 0), (0, 0,a), (0, 0,b), (0, 0,c), (0,
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a, a), (0, b, b), (0, c, c), (0, a, b),(0, b, c), (0, c, a). Suppose that edge-labelj appears

m−1 times while the other three edge-labels appearm times. We must find a way of

labelingv0, l0, l1, l2 with distinct elements so thatj appears as an edge-label and no

other edge-label appears twice, thoughj itself might. We do this case by case. Each

case is presented as an array with the top row being thea′0, a1, a2, the middle row the

labels onv0, l0, l1, l2 and the bottom row the induced edge-labels.

0 0 0 0 0 a

0 a b c a b 0 c

0 a b c a c 0 b

0 0 b 0 0 c

b a 0 c c b 0 a

b c 0 a c a 0 b

0 a a 0 b b

0 a b c 0 b c a

0 a c b 0 b a c

0 c c 0 a b

0 c a b c b a 0

0 c b a c a 0 b

0 b c 0 c a

a c b 0 b a c 0

a b 0 c b c 0 a

This completes the proof.

Theorem 2.8. The cycleC4 andC5 are notV4-cordial.

Proof. Let v1v2 · · ·vn denote the cycleCn. Let f be aV4-cordial labeling ofC4. Then the

vertices ofC4 receive distinct labels underf and induced edge labels are also distinct.

To get zero as induced edge label there must be an edge with identical vertex labels at its

ends, which is not possible. Supposef be aV4-cordial labeling ofC5. Then zero must
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be an induced edge label of some edge. Without loss of generality let f (v1)= f (v2)= 0.

Then the edgesv1v5 andv3v4 each receive the labelf (v5) and the edgesv1v2 andv4v5

each receive the labelf (v2), which is not possible.

Theorem 2.9. The cycleCn is V4-cordial if and only ifn 6= 4 or 5 orn 6≡ 2 (mod 4).

Figure 2:

Proof. First we shall show thatCn is V4-cordial forn = 3, 7, 8, 9. This is verified by

the labellings given in Fig. 2.

This with Corollary 2.3, Theorem 2.4 and Theorem 2.8 completes the proof.
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