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ABSTRACT 

This article shows how to find all vector partitions of any 
positive integral values of n, but only all vector partitions 
of 4, 5 and 6 are shown by algebraically. These must be 
satisfied by the definitions of crank of vector partitions. 
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INTRODUCTION  

Here we discuss such a crank which in terms of a 
weighted count of what we call vector partitions. We give 

the definitions of  ,  # ,   , crank of vector 

partitions, weight of 


,  nmNV , ,  ntmNV ,,  and 

prove the partitions congruences moduli 5, 7 and 11 with 
the help of examples by finding all vector partitions of 4, 5 
and 6, respectively. We analyze the generating functions 

for  nmNV ,  and  ntmNV ,, . 

DEFINITIONS  

  : A partition. 

 #  :  The number of parts of  . 

  :  The sum of the parts of  . 

Crank of vector partitions: The number of parts of 2  minus the number of parts of 3 , 
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where 2  and 3  are unrestricted partitions in a vector partition  321 ,,  


 of n, if 

the sum of 


 is         ns  321 


.  

Weight of 


:  Weight of vector partition 


 is defined as;       1#
1


 


. 

 nmNV , : The number of vector partitions of n (counted according to the weight  ) 

with the crank m. 

 ntmNV ,, : The number of vector partitions of n (counted according to the weight  ) 

with the crank congruent to m modulo t. 

THE CRANK FOR VECTOR PARTITIONS  

For a partition  , let  #   be the number of parts of   and    be the sum of the 

parts of   with the convention       0#    for the empty partition   of 0 

(Andrews, 1985), (Andrews and Garvan, 1988). 

Let,     1321 ,, V


 is a partition into unequal parts 2 , 3  are unrestricted 

partitions}. 

We shall call the elements of V


 vector partitions. For  321 ,,  


 in V


 we define 

the sum of parts, s, a weight,  , and a crank, c, by; 

       321  


s . 

     1#
1


 


. 

     21 # #  


c . 

We say 


 is a vector partition of n, if   ns 


. For example, if  1,11,1 


, then  

  4


s ,   1


,   1


c  and 


 is a vector partition of 4. 

The number of vector partitions of n (counted according to the weight  ) with the crank 

m is denoted by  nmNv ,  so that; 

    


nmNV , ; if V


 ,    ns 


, and    mc 


.   

We have 41 vector partitions of 4 are given in the following table:  

Vector partitions of 4 Weight  

 


 

Crank  

 


 

 4,,1  


 +1 –1 

 13,,2  


 +1 –2 

 22,,3  


 +1 –2 

 112,,4  


 +1 –3 

 1111,,5  


 +1 –4 

 3,1,6  


 +1 0 
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 12,1,7  


 +1 –1 

 1111,8  


 +1 –2 

 22,9  


 +1 0 

 11,2,10  


 +1 –1 

 2,11,11  


 +1 1 

 11,11,12  


 +1 0 

 1,3,13  


 +1 0 

 1,12,14  


 +1 1 

 1,111,15  


 +1 2 

  ,4,16 


 +1 1 

  ,13,17 


 
+1 2 

  ,22,18 


 
+1 2 

  ,112,19 


 
+1 3 

  ,1111,20 


 
+1 4 

 3,,121  


 
–1 –1 

 12,,122  


 
–1 –2 

 111,,123  


 
–1 –3 

 2,1,124 


 
–1 0 

 11,1,125 


 
–1 –1 

 1,2,126 


 
–1 0 

 1,1,1127 


 
–1 1 

  ,3,128 


 
–1 1 

  ,12,129 


 
–1 2 

  ,111,130 


 
–1 3 

 2,,231  


 
–1 –1 

 11,,232  


 
–1 –2 

 1,1,233 


 
–1 0 

  ,2,234 


 
–1 1 

  ,11,235 


 
–1 2 
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 1,,336  


 
–1 –1 

 1,,1237  


 
+1 –1 

  ,1,338 


 
–1 1 

  ,1,1239 


 
+1 1 

  ,,440 


 
–1 0 

  ,,1341 


 
+1 0 

 
From the above table we have, 

           241312964,0 


VN + 

       41403326 


  

= 1+1+1+1–1–1–1–1+1 = 1      (1) 
The number of vector partitions of n (counted according to the weight  ) with the crank 

congruent to k modulo t is denoted by  ntkNV ,, , so that; 

      







m

VV nktmNntkN ,,,, ;     (2) 

if V


 ,    ns 


, and     tkc mod


. 

From the table we get; 

 4,5,1VN        1614115 


 +

         3938342827 


  

= 1+1+1+1–1–1–1–1+1 = 1.                                           (3) 

By considering the transformation that interchanges 2  and 3  we have; 

   nmNnmN VV ,,  . 

We illustrate with an example; 

 4,1VN      391411 ... 


  

= 1 + 1 + 1–1–1–1–1+1 = 0.                   
and  

   4,1VN      3771 ... 


  

= 1 + 1 + 1–1–1–1–1+1 = 0 

  4,1VN  4,1VN . 

Again, 

      14,5,44,5,15 20  


VV NN  

    4,5,154,5,1  VV NN  by (3). 

Generally we can write, 

   ntmtNntmN VV ,,,,   
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The Generating Function for  nmNV ,  

The generating function for  nmNV ,  is;  

 
  

  nn

m n

Vnn

n

n

xznmN
xzzx

x
 



















0
1

1

 ,
1 1

1
     (4) 

which was proved by Atkin and Swinner ton-Dyer (1954). By putting z = 1 in (4), we get; 

 
  nn

n

n xx

x







 1 1

1

1
 

  n

m n

V xnmN 









0

 ,  

    n

m n

V

n

n xnmNxnP  













00

 ,  

    





m

V nmNnP , .      (5) 

Now we discuss it with an example; 

R. H. S. =  


m

V nmN ,  

 





m

V mN 4,  

 =…+  4,4VN +  4,3VN +  4,2VN +  4,1VN +  4,0VN +  4,1VN +  4,2VN

+  4,3VN +  4,4VN +… 

= 0 + 1 + 0 + 1 + 0 + 1 + 0 + 1 + 0 + 1= 5 =  4P = L. H. S. 

The Generating Function for  nNV ,0    

The generating function for  nNV ,0  is defined as; 

 
 

 







0

2

2

1
n n

nn

x

x
x  

 
          




















 ...

11111
1 1

232

15

222

8

2

3

xx

x

xx

x

x

x
x  

....01 65432  xxxxxx  

=  0,0VN +  xNV 1,0 +   22,0 xNV +   33,0 xNV +   44,0 xNV +   55,0 xNV +   66,0 xNV

+… 
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=  


0

 ,0
n

n

V xnN . 

Result 
 

 The result is; 

 
 

5

45
45,5,




nP
nkNV ; 40  k . 

Proof: We prove the result with an example. 
From the table 1 we get; 

           241312964,5,0 


VN + 

       41403326 


  

= 1+1+1+1–1–1–1–1+1 = 1,     

 4,5,1VN  = 1+1+1+1–1–1–1–1+1 = 1, 

 4,5,2VN  = 1+1+1+1–1–1–1= 1,    

 4,5,3VN  = 1+1+1–1–1+1–1= 1,    

 4,5,4VN  = 1+1+1–1–1–1–1+1+1 = 1. 

  4,5,0VN =  4,5,1VN =  4,5,2VN =  4,5,3VN =  4,5,4VN =1=
 
5

4P
, where n = 0. 

In general we can write; 

 
 

5

45
45,5,




nP
nkNV ; 40  k .  

Hence the Theorem. 
 
 The result is; 

 
 

7

47
57,7,




nP
nkNV ; 60  k . 

Proof: We prove the result with an example. 
 
The vector partitions of 5 are given in the table below:  

Vector partitions of 5 Weight  

 


 

Crank  

 


 

 5,,1  


 +1 –1 

 14,,2  


 +1 –2 

 23,,3  


 +1 –2 

 113,,4  


 +1 –3 

 122,,5  


 +1 –3 
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 1112,,6  


 +1 –4 

 11111,,7  


 +1 –5 

  ,,58 


 –1 0 

  ,5,9 


 +1 1 

  ,14,10 


 +1 2 

  ,,1411 


 +1 0 

  ,1,412 


 –1 1 

  ,4,113 


 –1 1 

 1,4,14  


 +1 0 

 4,1,15  


 +1 0 

 4,,116  


 –1 –1 

 1,,417  


 
–1 –1 

  ,,2318 


 
+1 0 

  ,23,19 


 
+1 2 

  ,2,320 


 
–1 1 

  ,3,221 


 
–1 1 

 2,3,22  


 
+1 0 

 3,2,23  


 
+1 0 

 2,,324  


 
–1 –1 

 3,,225  


 
–1 –1 

  ,113,26 


 
+1 3 

  ,1,1327 


 
+1 1 

  ,13,128 


 
–1 2 

 1,13,29  


 
+1 1 

 13,1,30  


 
+1 –1 

 1,,1331  


 
+1 –1 

 13,,132  


 
–1 –2 

  ,11,333 


 
–1 2 

 3,11,34  


 
+1 1 
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 11,3,35  


 
+1 –1 

 11,,336  


 
–1 –2 

  ,122,37 


 
+1 3 

  ,22,138 


 
–1 2 

 1,22,39  


 
+1 1 

 22,1,40  


 
+1 –1 

 22,,141  


 
–1 –2 

  ,2,1242 


 
+1 1 

  ,12,243 


 
–1 2 

 12,2,44  


 
+1 1 

 2,12,45  


 
+1 1 

 2,,1246  


 
+1 –1 

 12,,247  


 
–1 –2 

  ,122,48 


 
+1 4 

 1,112,49  


 
+1 2 

 112,1,50  


 
+1 –2 

  ,112,151 


 
–1 3 

 112,,152  


 
–1 –3 

  ,11,1253 


 
+1 2 

 11,12,54  


 
+1 0 

 12,11,55  


 
+1 0 

 11,,1256  


 
+1 –2 

 2,111,57  


 
+1 2 

 111,2,58  


 
+1 –2 

  ,111,259 


 
–1 3 

 111,,260  


 
–1 –3 

  ,11111,61 


 
+1 5 

 1,1111,62  


 
+1 3 

 1111,1,63  


 
+1 –3 
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 1111,,164  


 
–1 –4 

  ,1111,165 


 
–1 4 

 111,11,66  


 
+1 –1 

 11,111,67  


 
+1 1 

 111,1,168 


 
–1 –2 

 1,111,169 


 
–1 2 

 11,11,170 


 
–1 0 

 2,11,171 


 
–1 1 

 11,2,172 


 
–1 –1 

 1,11,273 


 
–1 1 

 11,1,274 


 
–1 –1 

 1,2,275 


 
–1 0 

 2,1,276 


 
–1 0 

 2,2,177 


 
–1 0 

 1,1,378 


 
–1 0 

 1,3,179 


 
–1 0 

 3,1,180 


 
–1 0 

 1,1,2181 


 
+1 0 

 1,21,182 


 
–1 1 

 21,1,183 


 
–1 –1 

 
From this table we have; 

  5,7,0VN        1514118 


 +

         5554232218 


 +

         7978767570 


 +      818079 


  

= –1+1+1+1+1+1+1+1+1–1–1–1–1–1–1–1–1+1 = 1.    
Similarly, 

  5,7,0VN  5,7,1VN …=   5,7,6VN 1 =
 
7

5P
. 

In general we can write; 

 
 

7

57
57,7,




nP
nkNV ; 60  k . 
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Hence the result. 
 
 The result is; 

 
 

11

611
611,11,




nP
nkNV . 

Proof: We prove the result with an example. 
The vector partitions of 6 are given in the table below:  
 

Vector partitions of 6 Weight  

 


 

Crank  

 


 

 6,,1  


 +1 –1 

 15,,2  


 +1 –2 

 24,,3  


 +1 –2 

 114,,4  


 +1 –3 

 33,,5  


 +1 –2 

 123,,6  


 +1 –3 

 1113,,7  


 +1 –4 

 222,,8  


 +1 –3 

 1122,,9  


 +1 –4 

 11112,,10  


 +1 –5 

 111111,,11  


 +1 –6 

  ,6,12 


 +1 1 

  ,15,13 


 +1 2 

  ,24,14 


 +1 2 

  ,114,15 


 +1 3 

  ,33,16 


 +1 2 

  ,123,17 


 
+1 3 

  ,1113,18 


 
+1 4 

  ,222,19 


 
+1 3 

  ,1122,20 


 
+1 4 

  ,11112,21 


 
+1 5 

  ,111111,22 


 
+1 6 

  ,,623 


 
–1 0 
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  ,,1524 


 
+1 0 

  ,,2425 


 
+1 0 

  ,,12326 


 
–1 0 

 1,5,27  


 
+1 0 

 5,1,28  


 
+1 0 

 2,4,29  


 
+1 0 

 4,2,30  


 
+1 0 

 1,4,31  


 
+1 1 

 11,4,32  


 
+1 –1 

 14,1,33  


 
+1 –1 

 4,11,34  


 
+1 1 

 3,3,35  


 
+1 0 

 1,23,36  


 
+1 1 

 23,1,37  


 
+1 –1 

 12,3,38  


 
+1 –1 

 3,12,39  


 
+1 1 

 2,31,40  


 
+1 1 

 31,2,41  


 
+1 –1 

 111,3,42  


 
+1 –2 

 11,13,43  


 
+1 0 

 1,,544  


 
–1 –1 

  ,1,545 


 
–1 1 

 2,,446  


 
–1 –1 

  ,2,447 


 
–1 1 

 3,111,48  


 
+1 2 

 13,11,49  


 
+1 0 

 113,1,50  


 
+1 –2 

 1,113,51  


 
+1 2 

 2,22,52  


 
+1 1 
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 22,2,53  


 
+1 –1 

 1111,2,54  


 
+1 –3 

 2,1111,55  


 
+1 3 

 111,12,56  


 
+1 –1 

 12,111,57  


 
+1 1 

 11,112,58  


 
+1 1 

 112,11,59  


 
+1 –1 

 11,1111,60  


 
+1 2 

 1111,11,61  


 
+1 –2 

 111,111,62  


 
+1 0 

 11111,1,63  


 
+1 –4 

 1,11111,64  


 
+1 4 

 1,2,365 


 
–1 0 

 2,1,366 


 
–1 0 

 1,3,267 


 
–1 0 

 3,1,268 


 
–1 0 

 3,2,169 


 
–1 0 

 2,3,170 


 
–1 0 

 11,1,371 


 
–1 –1 

 1,11,372 


 
–1 1 

 1,12,273 


 
–1 1 

 21,1,274 


 
–1 –1 

 11,111,175 


 
–1 1 

 111,11,176 


 
–1 –1 

 1111,1,177 


 
–1 –3 

 1,1111,178 


 
–1 3 

 11,11,279 


 
–1 0 

 1,1,480 


 
–1 0 

 3,,381  


 
–1 –1 
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  ,3,382 


 
–1 1 

  ,111,383 


 
–1 3 

 111,,384  


 
–1 –3 

  ,22,285 


 
–1 2 

 22,,286  


 
–1 –2 

  ,112,287 


 
–1 3 

 112,,288  


 
–1 –3 

 22,,289  


 
–1 –2 

 1111,,290  


 
–1 –4 

  ,11111,191 


 
–1 –4 

 11111,,192  


 
–1 –5 

  ,3,2193 


 
+1 1 

 3,,2194  


 
+1 –1 

  ,2,1395 


 
+1 1 

 2,,1396  


 
+1 –1 

 1,1,1397 


 
+1 0 

  ,1,1498 


 
+1 1 

 1,,1499  


 
+1 –1 

  ,11,4100 


 
–1 2 

 11,,4101  


 
–1 –2 

  ,11,13102 


 
+1 2 

 11,,13103  


 
+1 –2 

  ,111,12104 


 
+1 3 

 111,,12105  


 
+1 –3 

 2,1,12106 


 
+1 0 

 1,2,12107 


 
+1 0 

 2,12,1108 


 
–1 1 

 12,2,1109 


 
–1 –1 

  ,32,1110 


 
–1 2 
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 32,,1111  


 
–1 –2 

 2,4,112  


 
+1 1 

 1,,32113  


 
+1 –1 

  ,31,2114 


 
–1 2 

 13,,2115  


 
–1 –2 

  ,122,1116 


 
–1 3 

 122,,1117  


 
–1 –3 

 1,11,12118 


 
+1 1 

 11,1,12119 


 
+1 –1 

 12,11,1120 


 
–1 0 

 11,12,1121 


 
–1 0 

 

From this table we have; 

 6,11,0VN        26252423 


 +

         3530292827 


 + 

         6665624943 


 +      696867 


 + 

       80257970 


 +          12112010710697 


  

= –1+1+1–1+1+1+1+1+1+1+1+1–1–1–1–1–1–1–1–1+1+1+1–1–1 = 1.    

 6,11,0VN 1 =
 

11

6P
, where n = 0 and k = 0. 

Hence the result. 

CONCLUSIONS  

We verified that for any positive integral value of n in the relation    





m

V nmNnP ,  

and easily can find generating function for  nmNV ,  in terms of various corresponding 

cranks of vector partitions. 
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