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ABSTRACT
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INTRODUCTION

Here we discuss such a crank which in terms of a
weighted count of what we call vector partitions. We give
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DEFINITIONS
L DOI prefix: 10.15590/ijrstp
7T : A partition.
# (7[ ) : The number of parts of 7.
6(7[) : The sum of the parts of 7.

Crank of vector partitions: The number of parts of 7, minus the number of parts of 7,
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where 7, and 7, are unrestricted partitions in a vector partition = (7[1, TTy TT. 3) of n, if
the sum of 7 is 8(7)=o(r,)+ o(xz,)+ o(7;)=n.
Weightof 77:  Weight of vector partition 7 is defined as; a)(ﬁ ) = (— 1)#(7[1) .

N, (m, n): The number of vector partitions of n (counted according to the weight @)
with the crank m.

N, (m,t, n): The number of vector partitions of n (counted according to the weight @)

with the crank congruent to m modulo t.

THE CRANK FOR VECTOR PARTITIONS

For a partition 7, let # (7[ ) be the number of parts of 7 and O (7[ ) be the sum of the
parts of 7 with the convention #(¢)= o (¢)= 0 for the empty partition ¢ of 0
(Andrews, 1985), (Andrews and Garvan, 1988).

Let, \7 = {(ﬂ'l,ﬂz,ﬂé}ﬂ'l is a partition into unequal parts 7,, 7; are unrestricted
partitions}.

We shall call the elements of \7 vector partitions. For T = (ﬂl,ﬁ 2,72'3) in \7 we define
the sum of parts, s, a weight, @ , and a crank, ¢, by;

s(7)=o(m)+o(z,)+ ol7,).

o(7)= (-1

o) =#(m)~#(,).

We say 7T is a vector partition of n, if 8(7_2:)2 N. For example, if = (1,1+1,1), then
S(ff) =4, w(iz’) =-1, 0(7_2:) =1 and 7 is a vector partition of 4.

The number of vector partitions of n (counted according to the weight @ ) with the crank
m is denoted by Nv(m, n) so that;

Ny (m,n)=> o(7);if 7€V, s(7)=n,and c(7)=m.

We have 41 vector partitions of 4 are given in the following table:

Vector partitions of 4 Weight Crank
ol7) | (#)
7 =(p.94) M
7, = (¢.93+1) + 2
7ty =($.9.2+2) 1 -2
7, = (4,92 +1+1) +1 -3
Zo=(gpl+1+1+1) | *1 -4
g = (¢,l,3) +1 0
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7, =(@L2+1) +1 -1
7:8=(¢,1+1+1+1) +1 -2
— (¢ 24 2) +1 0
7[10 ($,21+1) +1 -1
=(p1+12) +1 1

7?12 =(p1+11+1) +1 0
7oy = (9,31) + 0
7%14 = (¢'2 + 1'1) *1 1
7 = (p1+1+11) +1 2
T = (9,4,9) + !
Ty = (¢,3 +1, ¢) +1 2
Ty =($.2+2,9) +1 2
7‘;’19 =(¢,2+1+1,¢) +1 3
o= (pl+1+1+1,9) | * 4

Ty = (1 P, 3) -1 -1
72'22 (L4,2+1) -1 -2
,=Lgl+1+1) -1 -3
7, = (11,2) -1 0
7 = (111+1) -1 -1
Tlps = (1’ ) -1 0
7y = (1+111) -1 1
”28 (13 ¢) -1 1
o =(12+1,¢) -1 2

o =(11+1+1,9) -1 3

Ty = (2 ¢,2) -1 -1
Ty =(2,41+1) -1 -2
g = (211) -1 0
72'34 (2 2’¢) -1 1
s =(21+1,9) -1 2
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Tlas = (3 P, 1) -1 -1
o =(2+1¢1) +1 -1
Tlag = (3 1¢ ) -1 1
s =(2+119) +1 1
Ty = (4 P, ¢) -1 0
7y =(3+14,9) + 0

From the above table we have,
Ny (0’4) = w(ﬁs)"' a’(ﬁg ) + a)(ﬁlz)"' a)(ﬁ13)+ (0(7?24) +

O(7Eye ) + O7gs) + (740 + (7,
= 1+1+1+1-1-1-1-1+1 =1 1)
The number of vector partitions of n (counted according to the weight @ ) with the crank

congruent to k modulo ¢ is denoted by Nv (k,t, n), so that;

M&m®=§ywmwkﬂ=24ﬂ; ®

if 7€V, s(7)=n,and c(7)=k(modt).

From the table we get;

Ny (L5,4) = o7s) + (7, + o7, ) + o7y ) +

o7y )+ O\Tgg ) + OTigy )+ 07y ) + 77

=1+1+1+1-1-1-1-1+1 = 1. ©)]
By considering the transformation that interchanges 7, and 7; we have;

N, (m,n)= N, (-~ m,n).
We illustrate with an example;

N, (L4)= (7, )+ o7y, )+ .. + @7y

=1+1+1-1-1-1-1+1 = 0.
and

N, (-14)= o(7,)+ o(7,)+ ... + &(7,;)
=1+1+1-1-1-1-1+1=0

~ N, (1L4)= N, (-14).

Again,

N, (5-154)=N, (4,54)= o(7,)=1
~N,(154)=N,(5-154) by@).
Generally we can write,

N, (m,t,n)=N, (t—m,t,n)
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N, (m,n)

The generating function for NV (m, n) is

i 1-x" 2, &

— N ' nyn

El(l—zx“)(l—z’lx”) m;mz::; o(mn)2’x @
which was proved by Atkin and Swinner ton-Dyer (1954). By putting z =1 in (4), we get;
g -x)

n=1{1—x"J{1-x"

= i iNV(m,n)x”

m=— n=0
= i P(n)x" = i i N, (m,n)x"
n=0 m=—0 n=0
~ P(n)= > N,(m,n). )
m=-—0

=.+N,(-44)+N,(-34)+N,(-2,4)+N,(-14)+N,(0,4)+ N, (1,4)+ N, (2,4)
+N,(3,4)+N,(4,4)+...
=0+1+0+1+0+1+0+1+0+1=5= P(4)=L.H.S.

N, (0,n)
The generating function for N, (0, I"I) is defined as;
© Xn(n+2)
(1_ X)Z X2
n=0 n
3 8 15
—(1-x)|1+ X X

+ + +...
@-xf  @-xPl-xf @-xPa-xf
=1-X+0X°+ X3+ x x>+ x4
=N, (0,0)+ N, (0,1)x + N, (0,2)x*+ N, (0,3)x* + N, (0,4)x*+ N, (0,5)x* + N,, (0,6 )x°

+...
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=i N, (0,n)x"
n=0

> The result is;

N, (k,5,5n +4) = P(Sg”),- 0<k<4.

Proof: We prove the result with an example.
From the table 1 we get;

N, (015’4) = w(ﬁs)"' (0(7?9)+ w(ﬁ12)+ a)(ﬁ13)+ a)(ﬁ24)+

a)(ﬁzs)"' a’(ﬁss)"' a)(ﬁm)"‘ w(ﬁu)
=1+1+1+1-1-1-1-1+1 =1,
N, (15,4) = 141+1+1-1-1-1-1+1 = 1,

N, (25,4) = 1+1+141-1-1-1=1,

N, (3,5,4) = 1+1+1-1-1+1-1=1,

N, (4,5,4) =1+1+1-1-1-1-1+1+1 = 1.

- N,(054)=N,(154)=N,(254)=N,(354)=N, (454) =1=%4) , where 7 = 0.
In general we can write;
Nv(k,5,5n+4)=M; 0<k<4.

Hence the Theorem.

> The result is;

Nv(k,7,7n+5)=M; 0<k<6.

Proof: We prove the result with an example.

The vector partitions of 5 are given in the table below:

Vector partitions of 5 Weight Crank
olz) | (7)

1=(¢.45) M

, = (4.4,4+1) +1 -2
:=(#.43+2) M
—( ,$,3+1+1) +1 -3

7y = (44,2 +2+1) +1 -3
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7?6:(¢,¢,2+1+1+1) +1 -4
7, = (g, pl+1+1+1+1) +1 -5
g = (5’¢7¢) -1 0
7y = ($,5.¢) +1 1
T = (94 +19) + 2
7ty =(4+14,9) + 0
Ty = (4’17 ¢) -1 1
Ty = (1'4’ ¢) -1 1
7?14 = (¢7471) *1 0
7?15 = (¢’114) *1 0
T = (1'¢’4) -1 -1
Ty = (4'¢11) -1 -1
7_2:18 =(3+2’¢r¢) *1 0
Ty =(¢,3+2,¢) + 2
Ty = (3’2’415) -1 1
in=(23¢) ! !
7?22 = (¢13!2) *1 0
7_2:23 = (¢,2,3) *1 0
oy = (37¢’2) -1 -1
Ty = (2:¢’3) -1 -1
T = (43+1+1,0) +1 3
7y =(B+11¢) +1 1
7 = (1L,3+1,6) -1 2
o = (#,3+11) +1 1
Ty = (413+1) +1 -1
7y =(3+1,¢1) +1 -1
7 =1 4,3+1) -1 -2
Ty =(31+1,9) -1 2
Ty = (#1+13) +1 1
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T = (,31+1) +1 -1
T = (3,0,1+1) -1 -2

o =(2+2+1,9) +1 3

s =12+2,¢) -1 2

o =(#2+21) +1 1

T = (61,2 +2) +1 -1
7z41 (Lp2+2) -1 -2
,=(2+12,¢) +1 1
,=(22+1,9) -1 2

7r44 (#,2,2+1) +1 1
s =(4,2+12) +1 1

. =(2+1¢2) +1 -1

72'47 (2.4.2+1) -1 -2
s =(42+2+19) +1 4

o =(4,2+1+11) +1 2

T = (61,2 +1+1) +1 -2
Ty =1,2+1+1,¢) -1 3
7[52 (Lp2+1+1) -1 -3
=(2+11+1¢) +1 2
72,,4 =(¢,2+11+1) +1 0
s =(p1+12+1) +1 0

s =(2+191+1) +1 -2

T = (91 +1+12) +1 2
s = (6,21+1+1) +1 -2
Too = (21+1+1,0) -1 3
7;60 (2,41+1+1) -1 -3
= (@1+1+1+1+1,9) +1 5
=(p1+1+1+11) +1 3
;%63 =(p11+1+1+1) +1 -3
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Ty =L g l+1+1+1) -1 -4
B =(L1+1+1+1,9) -1 4
Fs = (#1+11+1+1) +1 -1
Zg = (p1+1+11+1) +1 1
Fp = (111+1+1) -1 -2
Fgo = (L1+1+11) -1 2
T =(L1+11+1) -1 0
7y =(L1+12) -1 1
T =(1,21+1) -1 -1
Ty =(21+11) -1 1
7y =(211+1) -1 -1
7t =(2,21) -1 0
i =(212) -1 0
o7 (112’2) -1 0
7t = (311) = 0
7 = (L31) = 0
gy = (1’1’3) -1 0
gy =1+ 2,11) +1 0
Ty = (11+21) -1 1
gy = (L11+2) -1 -1

From this table we have;

N, (077’5) = a’(ﬁs ) + o7t )+ a’(ﬁu ) + a)(ﬁls )+

w(ﬁlB ) + 60(7?22 ) + 60(7?23)+ a)(ﬁm)"‘ a)(ﬁss)J“

w(ﬁm)"' a)(ﬁ75)+ w(ﬁm)"' a)(ﬁm)"' a)(ﬁm)"' a)(ﬁm)"' w(ﬁso)"' a)(ﬁ:&)
= -1+1+1+1+1+1+1+1+1-1-1-1-1-1-1-1-1+1 = 1.

Similarly,
N, (0,7,5)= N, (175)=..=N,(6,7,5)=1 =@.
In general we can write; !
Nv(k,7,7n+5)=m; 0<k<6.
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Hence the result.

> The result is;

N, (k1111 + 6)=P(1+1+6).

Proof: We prove the result with an example.

The vector partitions of 6 are given in the table below:

Vector partitions of 6 Weight Crank
olr) | (7)
7,=(4.4.6) M
7, = (¢.95+1) + 2
7, = (p.9.4+2) 1 -2
7, =4 +1+1) +1 -3
7t = (¢,4.3+3) +1 2
7ig = (9, 4,3+2+1) +1 -3
7, =(p,$,3+1+1+1) +1 -4
7y = (42 +2+2) +1 -3
7y = (42 +2+1+1) +1 -4
7y = (42 +1+1+1+1) +1 -5
7= (6@l +1+1+1+1+1) +1 -6
7?12 = (¢'61¢) *1 1
Ty = (¢,5+1, ¢) 1 2
T =(94+2,¢) + 2
7 =(p4+1+1,0) +1 3
7l = ($3+3,9) + 2
7, =(¢3+2+1,9) +1 3
7 =(3,3+1+1+1,¢9) +1 4
T =(42+2+2,0) +1 3
Ty =(6,2+2+1+1,9) +1 4
Ty =(42+1+1+1+1,9) +1 5
T = (1 +1+1+1+1+1,9) +1 6
Ty = (6’¢1¢) -1 0

Asian Business Consortium | IJRSTP

Page 100



International Journal of Reciprocal Symmetry and Theo:

retical Physics, Volume 1, No 2 (2014)

7?24 :(5+1:¢’¢) 1 0
T =(4+2,4,9) +1 0
7 =(3+2+1,6,0) -1 0
iy =(951) +l 0
T = (4.1.5) +1 0
Tlpg = (¢ 4 2) *1 0
Tz = (¢ 2 4) *1 0
Ty = (¢74’1) *1 1
Ty = (¢,41+1) +1 -1
T = (01,4 +1) +1 -1
Toy = (¢.1+1,4) +1 1
7?35 = (¢’313) *1 0
i = (4,3+21) +1 1
g = (413+2) +1 -1
g = (4,32 +1) +1 -1
g = (4,2 +13) +1 1
T =(41+3,2) +1 1
7%41 =($,21+3) +1 1

=(¢,31+1+1) +1 -2
;%43 =(¢3+11+1) +1 0
Ty = (5’¢’1) -1 -1
Tiys = (5'1’ ¢) -1 1
Tips = (44.2) ! -1
Ty = (4'21¢) -1 1
T = (¢1+1+13) +1 2
Ty = (#1+13+1) +1 0
By = (#1,3+1+1) +1 -2
7y = (#3+1+11) +1 2
Ty = (4,2 +2,2) +1 1
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Ty =($,2,2+2) +1 -1
Toy = (4,21+1+1+1) +1 -3
s = (¢ 1+1+1+1,2) +1 3
s = (4,2 +11+1+1) +1 -1
T = (#14+1+12+1) +1 1
g = (4,2 +1+11+1) +1 1
Tog = (¢1+1,2+1+1) +1 -1
Ty = (p1+1+1+11+1) +1 2
Ty = (1 +11+1+1+1) +1 -2
Fgp = (p1+1+11+1+1) +1 0
By = (11+1+1+1+1) +1 -4
Fgy = (p1+1+1+1+11) +1 4
7 = (321) -1 0
Tog = (3 1 2) -1 0
g =(2,31) - 0
T = (213) - 0
Ty = (1 2’3) -1 0
7t =(13.2) -1 0
7y =(311+1) -1 -1
Tro = (31+11) -1 1

,=(22+11) -1 1

. =(211+2) -1 -1
T =(L1+1+11+1) -1 1
T = (L1+11+1+1) -1 -1
Zr = (11+1+1+1) -1 -3
7%78 (L1+1+1+11) -1 3

o =(21+11+1) -1 0
Ty = (47 ) -1 0
gy = (3’ ) -1 -1
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7[82 (3 3, ¢) -1 1
=(31+1+1,¢) -1 3

7?84 =(3,41+1+1) -1 -3
s =(2,2+2,0) -1 2
s = (2,4,2+2) -1 -2
T =(2,2+1+1,9) -1 3
T =(2,0,2+1+1) -1 -3
o =(2,6,2+2) -1 -2
7r90 (2,p1+1+1+1) -1 -4
L =1+1+1+1+1,9) -1 -4
ﬂgz Lpl+1+1+1+1) -1 -5
.=([1+23,9) +1 1
,=[1+2,423) +1 -1
=(3+12,¢4) +1 1

7%% =(3+1,4.2) +1 -1
g = (3+111) +1 0
T = (4+11,0) +1 1
=(4+1,¢,) +1 -1
Tlio = (41+1,¢) -1 2
Ty = (4,91+1) -1 -2
F = (B+11+1,¢) +1 2
Ts =(B3+141+1) +1 -2
Fos = (2+11+1+1,9) +1 3
Ts =(2+1L,41+1+1) +1 -3
e = (2+11,2) +1 0
T = (2+1,21) +1 0
e = (1,2 +1,2) -1 1
e = (1,2,2+1) -1 -1
Ty = ( 2+3, ¢) -1 2

Asian Business Consortium | |JRSTP Page 103



International Journal of Reciprocal Symmetry and Theoretical Physics, Volume 1, No 2 (2014)

7_1:111 = (11 P2+ 3) -1 -2
7?112 = (¢’412) *1 !
7 =(2+3,0.) +1 -1
Tlyg = (271+ 3, ¢) -1 2
Toyys = (2’ $,3+ 1) -1 -2
Ze=12+2+1,0) -1 3
Zy = L4 2+2+1) -1 -3
Zs = (2+11+11) +1 1
Fe = (2+111+1) +1 -1
T = (11+1,2+1) -1 0
By =0,2+11+1) -1 0

From this table we have;

Ny (011,6) = @(7,5) + (T )+ 0(77,5) + 07 )+

(757 )+ 7y )+ (7))
a’(@s)*‘ a)(7?49)+ a’(iez)

a)(7?70)+ a)(7?79)+ a’(7?25)

Nv (0,11,6) =1 =% ,wheren=0and k=0.
Hence the result.

CONCLUSIONS
We verified that for any positive integral value of n in the relation P(n) = Z N, (m, n)
m=-o0

and easily can find generating function for N, (m, n) in terms of various corresponding

cranks of vector partitions.
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