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Abstract : In this paper we prove that supersubdivisions of ladders are

graceful.
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1 Introduction

Let G be a graph with ¢ edges. A graceful labelling of G is an injection from the set of its vertices to
the set {0,1,2,..., ¢} such that the values of the edges are all integers from 1 to g, the value of an edge

being the absolute value of the difference between the integers attributed to its end vertices.
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Recently G. Sethuraman and P. Selvaraju [5] have introduced a new method of construction called
supersubdivision of a graph and showed that arbitrary supersubdivisions of paths are graceful. They

have posed two open problems:
Problem 1.1. Is there any graph different from paths whose arbitrary supersubdivisions are graceful?
Problem 1.2. Is it true that every connected graph has at least one supersubdivision which is graceful?

We work on these problems and find that supersubdivisions of ladders are graceful. The ladder graph
L, is defined by L, = P, x K5 where P, is a path with x denotes the cartesian product. L, has 2n
vertices and 3n —2 edges. In the complete bipartite graph K5 ,, we call the part consisting of two vertices,

the 2-vertices part of K5 ,, and the part consisting of m vertices the m-vertices part of Ky ,,.

Let G be a graph with n vertices and ¢ edges. A graph H is said to be a subdivision of G if H is
obtained by subdividing every edge of G exactly once. H is denoted by S(G). A graph H is said to be a
supersubdivision of G if H is obtained by replacing every edge e; of G by the complete bipartite graph
K, for some positive integer m in such a way that the ends of e; are merged with the two vertices part

of K>, after removing the edge e; from G.

A supersubdivision H of a graph G is said to be an arbitrary supersubdivision of the graph G if every
edge of G is replaced by an arbitrary Ks,, (m may vary for each edge arbitrarily). In this paper we

prove that supersubdivisions of ladders are graceful.

2 Main Results

Let L, be a ladder. A supersubdivision of L,, is denoted by SS(L,,).
Theorem 2.1. SS(L,,) with each edge replaced by Ko ,, is graceful.

Proof. Let G = SS(L,) where every edge of L, is replaced by K3 ,,. G has 2n + m(3n — 2) vertices and
2m(3n—2) edges. Let u,ug,...,u, and v1,vs,...,v, be the vertices of L,,. Let w;u; 41,79 =1,2,...,n—1.
vivit1,t=1,2,...,n—1 and w;v;,i = 1,2,...,n be the edges of L,.

Let u(k)

iir1:k =1,2,...,m be the vertices of the m vertices part of the bipartite graph Kj ,, merged

(k)

with the edge wju;1,1=1,2,...,n—1. Let v; ;44,k =1,2,...,m be the vertices of the m vertices part

of the bipartite graph Ks ,, merged with the edge v;v; 41,1 =1,2,...,n— 1.
Let wgk), k=1,2,...,m be the vertices of the m vertices part of K3 ,, merged with the edge u;v;,¢ =

1,2,...,n. Naming of the vertices is as shown in Figure 1.
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Figure 1: SS(L,)

Define the following functions n: N — N by

, 2 — 1
n(i) =
2(i —1)
v: N — N by
. 2(i—1)
(i) =
2i—1
a: N — N by
67
ak)=19 6r+1
6r + 2

Case (i) m = 0(mod 3).

Let m = 3p, where p is a positive integer. Define f : V — {0,1,2,..

follows.

if 7 is even

if 4 is odd

if 7 is even

if 7 is odd

ifk=3r+1
itk =3r+2
ifk=3r+3

31

.,q} where ¢ = 2m(3n — 2) as
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Fork=1,2,...,mandi=1,2,...,n—1

2m(Bn —2) — (i —1)(18p — 2)
+a(k) — (12p — 4 if ¢ is odd
define f(“z('ki)-u) = alk) = (12p = 4) ne
’ om(3n — 2) — (i — 2)(18p — 2)
—2(m — k) — (30p — 3) if i is even.
For k=1,2,...,mand i=1,2,...,n—2define f(u{%), ) = f(ul .,,) + (18p - 2).
For k=1,2,...,m define f(vff_)ln) = f(uglk_)Zn_l) — (18p — 2).

Fork=1,2,...,mandi=1,2,...,n— 1 define f(wl(k)) =2m(3n—2)—(i—1)(18p —2) — 2(m — k).
For k =1,2,...,m define f(w%k)) =2(n+k—1).

Ezample 2.1. Graceful labelling of SS(L4) where each edge of Ly is replaced by K.

Figure 2

Case ii m = 1(mod 3).
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Let m = 3p+1 where p is a nonnegative integer. Define f : V — {0,1,2,...,q} where ¢ = 2m(3n—2)

as follows.

f(’l)l):’)/(l),l 1,2,...,71.

When ¢ is  even,  define f(ugkl)ﬂ) = 2m(Bn — 2) — (i - 2)(18p + 4)
—2(m—k)—(30p+7) for k=1,2,3,...,m. When i is odd, define

2m(3n —2) — (i — 1)(18p + 4)
Falk) - 12 k=12, m—1
T
2m(3n —2) — (i — 1)(18p + 4)
—6p iftk=m
For i = 1,2 n — 2, define f(v(k) ) = f(u(k) ) + (18 4)  f
= IR ) i i1 = i1, p + 4) for
k=1,2,...,m.

Define f(vT(Lk_)ln) = f(uglk_)Q,n_l) —(18p+4) fork=1,2,...,m.
Fori=1,2,3,...,n— 1, define

2m(3n — 2) — (i — 1)(18p + 4)

Fu) = —(6p+1) if k=1
2m(3n —2) — (i — 1)(18p + 4)
—2(m — k) ifk=2,3...,m

For k =1,2,...,m, define f(w,&k)) =2(n+k—-1).

Ezample 2.2. Graceful labelling of SS(Ls) where each edge of Ly is replaced by Ks 4.
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Note. In the above, taking p = 0 we obtain subdivision of a ladder and we have a graceful labelling
of the subdivision of ladders, as a deduction from our labelling of vertices. This gives another graceful

labelling for subdivision of ladders established by KM. Kathiresan [3].

Ezample 2.3. Graceful labelling of S(Lg).
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Figure 4
Case (iii) m = 2(mod 3).
Let m = 3p+ 2 where p is a nonnegative integer. Define f : V — {0,1,2,...,¢q} where ¢ = 2m(3n—2)
as follows.
flu)) =n(i),i=1,2,3,....n
flvi) =~(i),i=1,2,3,...,n.

When i is even, define f(ugli)_H) = 2m(3n — 2) — (i — 2)(18p + 10) — 2(m — k) — (30p + 17) for
k=1,2,...,m.

2m(3n —2) — (i — 1)(18p + 10)

+a(k) —4@p +1) ifh=1,2,...,m—2
When i is odd, define f(u(?, ) = 2m(3n —2) — (i — 1)(18p + 10)

—2(3p+2) if k=m—1

2m(3n —2) — (i — 1)(18p + 10)

—6p ifk=m

Fori=1,2,...,n — 2, define f(vz(lz)ﬂ) = f(ul('i)l,i+2) + (18p + 10).

For k=1,2,...,m, define f(vﬁbk_)l’n) = f(uSLk_)Qm_l) — (18p + 10).

For k=1,2,...,m, define f(w{) =2(n+k—1).

For k=1,i=1,2,...,n— 1, define f(w!") = 2m(3n — 2) — (i — 1)(18p + 10) — (6p + 5).

For k=2,i=1,2,...,n—1, define f(w™) = 2m(3n —2) — (i — 1)(18p + 10) — (6p + 1).
Fork=3,4,...,mandi=1,2,... ,n—1, define f(w™) = 2m(3n—2)— (i—1)(18p+10) — 2(m — k).

Ezample 2.4. Graceful labelling of SS(Ls) where each edge of Ls is replaced by Ko 5.
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Figure 5

References

[1] Joseph A. Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics,
18 (2011), #DS6.

[2] S'W. Golomb, How to number a graph in Graph Theory and Computing R.C. Read Ed., Academic
Press, New York (1972), 23-37.

[3] KM. Kathiresan, Subdivisions of ladders are graceful, Indian J. Pure Appl. Math., (1992), 21-23.

[4] KM. Kathiresan and S. Amutha, Arbitrary supersubdivisions of stars are graceful, Indian J. Pure
Appl. Math., 35(1) (2004), 81-84.

[5] G. Sethuraman and P. Selvaraju, Gracefulness of arbitrary supersubdivision of graphs, Indian J.

Pure Appl. Math., (2001), 1059-1064.

Int. J. Math. And Its App. ONLINE @ |http://ijmaa.in


http://ijmaa.in

	Introduction
	Main Results

