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Abstract : We prove that the graphs alternate triangular snake, alternate quadrilateral snake, double

alternate triangular snake and double alternate quadrilateral snake admit cordial labeling.
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1 Introduction

In this paper, we consider only finite, connected, undirected and simple graph G = (V(G), E(G)) with p
vertices and ¢ edges. For standard terminology and notation we refer to Balakrishnan and Ranganathan
[]. A brief summary of definitions and information related to the present work is given in order to

maintain the compactness.

Definition 1.1. A graph labeling is an assignment of numbers to the vertices or edges or both subject to
certain condition(s). If the domain of the mapping is the set of vertices (edges) then the labeling is called
a vertex labeling (edge labeling).
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Various labeling schemes have been introduced so far and explored as well by many researchers. Sev-
eral diversified applications of graph labeling have been reported by Yegnanaryanan and Vaidhyanathan
[13]. A dynamic survey on different graph labeling problems along with an extensive bibliography can be

found in Gallian [6].

Definition 1.2. A mapping f : V(G) — {0,1} is called binary vertex labeling of G and f(v) is called
the label of the vertex v of G under f.

If for an edge e = uw, the induced edge labeling f* : E(G) — {0,1} is given by f*(e) = |f(u) — f(v)]

then we introduce following notations,

vf(i) = number of vertices of G having label ¢ under f ‘
where ¢ =0 or 1
ef(i) = number of edges of G having label ¢ under f*
Definition 1.3. A binary vertex labeling f of a graph G is called a cordial labeling if |vg(0) —v(1)] < 1

and |ef(0) —ey(1)| < 1. A graph G is cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [5] as a weaker version of graceful and
harmonious labeling. In the same paper Cahit investigated many classes of cordial graphs and a necessary
condition for an Eulerian graph to be cordial graph. Andar et al. [T, 2] and Ho et al. [§] have contributed
many results on cordial labeling. Vaidya and Dani [9, [10] as well as Vaidya and Vihol[IT] have investigated
many results on cordial labeling for the graphs arising from different graph operations. Vaidya and
Shah[12] have discussed cordial labeling for some bistar related graphs. Lawrence and Koilraj [7] have
discussed cordial labeling for the splitting graph of some standard graphs. Motivated through the concept
of cordial labeling Babujee and Shobana [3] have introduced the concepts of cordial languages and cordial

numbers. Some labeling schemes are also introduced with minor variations in cordial theme.

Definition 1.4. An alternate triangular snake A(T,,) is obtained from a path ui,us,...,u, by joining

u; and w1 (alternately) to a new vertex v;. That is every alternate edge of path is replaced by Cs.

Definition 1.5. An alternate quadrilateral snake A(QSy) is obtained from a path uy, us, . . ., uy, by joining
Ui, Uir1 to new vertices v;, w; respectively and then joining v; and w;. That is every alternate edge of

path is replaced by Cy.

Definition 1.6. A double alternate triangular snake DA(T,,) consists of two alternate triangular snakes
that have a common path. That is, double alternate triangular snake is obtained from a path wi, us, . .., Uy,

by joining u; and u;+q (alternately) to new vertices v; and w;.

Definition 1.7. A double alternate quadrilateral snake DA(QS,,) consists of two alternate quadrilateral
snakes that have a common path. That is, it is obtained from a path uy,usg, ..., u, by joining u; and u;41
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2 Main Results

Theorem 2.1. A(T),) admits cordial labeling.

Proof. Let A(T,) be alternate triangular snake obtained from a path wuj,us,...,u, by joining u; and
u;+1 (alternately) to new vertex v; where 1 < i <n—1 for even n and 1 < i < n—2 for odd n. Therefore

V(A(T,)) = {ui,v;/1 <i<n,1 <j<|5]}. Wenote that

3 n=0(mod 2) 2n—1 ,n =0(mod 2)
VAT =9 .., and |E(A(T,))| =
S ,n = 1(mod 2) 2n—2 ,n = 1(mod 2).

To define vertex labeling f : V(A(T},)) — {0,1} we consider following five cases.

Case 1: n =23.

For n =2, A(Ty) = Cs5, which is a cordial graph as proved by Ho et al. [§].

For n =3, f(u1) =0, f(u2) =1, f(uz) =1 and f(v1) = 0. Then v¢(0) = 2,v(1) = 2 and ef(0) =2 =
er(1). Hence, A(T3) admits cordial labeling.

Case 2: n = 0(mod 4).

Let n = 4k,
fluing) =0; 0<i<k-—1
flugrsi) =1; 0<i<k-—1
flus4ai) =1; 0<i<k-—1
flugga;) =0; 0<i<k-—1
flor42i)=1; 0<i<Z -1
floaga) =0; 0<i<2—
3
In view of the above defined labeling pattern, v¢(0) = Zn —vp(1) and ef(0) =n—1,e;(1) =n

Case 3: n = 1(mod 4).

Let n =4k + 1,
fluipa) =03 0<i<k-—1
flugys) =1, 0<i<k-1
flus4ai)=1; 0<i<k-1
fluays) =0;  0<i<k-1
fun) =0;
floigei) = 1; OSiS%—l
fvogei) =0; 0<i<nrl—1
In view of the above defined labeling pattern, vs(0) = Fm4 1—‘ ,up(l) = {3714 1J and ef(0) =n—1=

ef(l).
Case 4: n = 2(mod 4).
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Let n =4k + 2,

In view of the above defined labeling pattern, v;(0) = f’nJ yup(l) = {

Case 5: n = 3(mod 4).
Let n = 4k + 3,

In view of the above defined labeling pattern, v¢(0)

Hence, A(T,) admits cordial labeling.

0<i<k-1
0<i<k-1
0<i<k-1
0<i<k-1
<i< et
<i< -1

0<i<k-1
0<i<k-1
0<i<k-1
0<i<k-—1
<i<ngd -1
<i<B -1

Example 2.2. A cordial labeling of A(Ty11) is shown in Figure 1.

u, u, iy u, U g

Fig. 1 A(Ty1) and its cordial labeling.

Theorem 2.3. A(QS,) is admits cordial labeling.

—‘ and ef(0) =n—1,ef(1) =n.
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= =vs(1) and ef(0) =n — 1 =ef(1).
Thus, in each case we have |vy(0) —v;(1)] <1 and |es(0) —ef(1)] < 1.
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Proof. Let A(QS,) be an alternate quadrilateral snake obtained from a path wy,us,...,u, by joining
u;, u;v1 (alternately) to new vertices v;, w; respectively and then joining v; and w; where 1 <7 <n —1
for even n and 1 <i < n — 2 for odd n. Therefore V(A(T},)) = {u;,vj,w;/1 <i<n,1 <j < |5]} We

note that

2n ,n =0(mod 2); fn=2  p=0(mod2);
[V (A(QSh))| = and |E(A(QSn))| =
2n—1 ,n = 1(mod 2). =8 n = 1(mod 2).

To define vertex labeling f : V(A(QS,)) — {0,1} we consider following five cases.

Case 1: n =23.

For n =2, A(QS3) = Cy, which is a cordial graph as proved by Ho et al. [§].

For n =3, f(u1) =1, f(u2) =0, f(us) =1 and f(vi) =1, f(w1) = 0. Then v¢(0) = 2,v¢(1) = 3 and
er(0) =2,e7(1) = 3. Hence, A(QS3) admits cordial labeling.

Case 2: n = 0(mod 4).

Let n = 4k,

fluiys) =0; 0<i<k-1
flusta;) =0; 0<i<k-—1
flus44:) =1, 0<i<k-—-1
flugsa)) =0; 0<i<k-—1
flvi) =1; 1<i<n

flwize)=1; 0<i<2—1
f(wagai) =0; 0<i<Z—1

In view of the above defined labeling pattern, vs(0) = n = vs(1) and ef(0) = n+ % —landes(l) =n+ L

4
Case 3: n = 1(mod 4).

Let n =4k + 1,
flui44,)=0; 0<i<k-1
flugyai) =0; 0<i<k—1
fluspai) =1, 0<i<k-—1
flugra;) =0; 0<i<k-1
fun) = 0;
foi) =1; 1<i< gt
flwige:) = 1; OSig%—l
flwaye) =0; 0<i< -1

-1
In view of the above defined labeling pattern, v;(0) =n , vy(1) =n —1 and ef(0) =n -1+ r =

5n—5 1
n4 =es(1).

Case 4: n = 2(mod 4).
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Let n =4k + 2,
flurga) =0;  0<i<k
f(ua44i) = 0; 0<i<k
flusta;) =1, 0<i<k-1
fluapa) =0; 0<i<k-—1
flv) =1, 1<i<y
flwrpe) =1 0<i< g2
flwage) =0; 0<i< 221
In view of the above defined labeling pattern, v;(0) =n = vf(1) and ef(0) = 5n4— 2 _ e(1).
Case 5: n = 3(mod 4).
Let n = 4k + 3,
flur4ai) =0;  0<i<k
fluggai) =0;  0<i<k
fluzps) =1; 0<i<k-—1
fluatas) =05 0<i<k—1
flun) =15
flvi) =1; 1<i< 2t
flwige) =1;  0<i< 2
flwage) =0; 0<i< 2P 1
In view of the above defined labeling pattern, vf(0) = n — 1,v¢(1) = n and ef(0) = 5”4— 7,ef(1) _
on — 3
4
Thus in each case we have |vy(0) —vs(1)] <1 and |ef(0) —er(1)] < 1.
Hence, A(QS,) admits cordial labeling. 0

Example 2.4. A cordial labeling of A(QSs) is shown in Figure 2.

u, u, Uy u, Us Ug u, g

Fig. 2 A(QSs) and its cordial labeling.

Theorem 2.5. DA(T,,) admits cordial labeling.
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Proof. Let G be a double alternate triangular snake DA(T),) then V(G) = {u;,v;,w;/1 <i<n,1 <j <

5]} We note that
2n,  n=0(mod 2) 3n—1, n=0(mod?2)
V(@) = and [E(G)| =
2n —1, n=1(mod?2) 3n—3, n=1(mod?2)

To define vertex labeling f : V(DA(T,,)) — {0,1} we consider following five cases.

Case 1: n =23.

For n = 2, f(u1) = 0, f(u2) = 1 and f(v1) = 0, f(w1) = 1. Then vf(0) = 2 = vy(1) and ef(0) =
2,ef(1) = 3. Hence, DA(T») admits cordial labeling.

For n =3, f(uw1) =0, f(uz2) =1, f(us) = 1 and f(v1) = 0, f(w1) = 1. Then v;(0) = 2,v5(1) = 3 and
ef(0) =3 = ef(1). Hence, DA(T3) admits cordial labeling.

Case 2: n = 0(mod 4).

Let n = 4k,

flur44i) =0; 0<i<k—1

fluggai) =1; 0<i<k—1

fluzys) =1; 0<i<k-—1

fugrai) =0; 0<i<k-—1

f(vi) = 0; 1<i<n

flwi) =1; 1<i<2
In view of the above defined labeling pattern, v;(0) =n = v;(1) and e;(0) = 3n—2 and e;(1) = 3771
Case 3: n = 1(mod 4).
Let n =4k + 1,

flur44) =0; 0<i<k-—-1

flusa;) =1; 0<i<k-—1

flusra) =1 0<i<k-—1

fluapai) =0; 0<i<k—1

fun) =0;

flu)=0;  1<i<nid

flw)=1;  1<i<2pl

3n—3

In view of the above defined labeling pattern, v;(0) = n , vy(1) = n —1 and e7(0) =
3n—3

5
Case 4: n = 2(mod 4).
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Let n =4k + 2,
flur4ai) =0;  0<i<k
fluzpai) =1  0<i<k
fluspa)=1; 0<i<k-—1
fugrai) =0; 0<i<k-—1
f(vi) =0 1<i<3
flw;) =1; 1<i<3
In view of the above defined labeling pattern, v;(0) =n = v;(1) and e;(0) = 37” —Lles(l) = 3771
Case 5: n = 3(mod 4).
Let n = 4k + 3,
fluiqas) = 0; 0<i<k
flugea)) =1; 0<i<k
fluzya) =1, 0<i<k—1
flugea;) =0; 0<i<k-—1
fun) =15
flo)=0;  1<i< i
flw) =1 1<i<=z
In view of the above defined labeling pattern, v;(0) =n —1,v;(1) =n and ef(0) = 3n; 5 ef(1).
Thus, in each case we have |vf(0) —vy(1)] <1 and |ef(0) —ef(1)] < 1.
Hence, DA(T,,) admits cordial labeling. O
Example 2.6. A cordial labeling of DA(T1o) is shown in Figure 3.
v v, V; Yy Vs
(0) (0)
0 1 1 0 0 1 1 0 0 1
u u, Uy u, us Ug Uy Uy Uy 20
W, "y A

Fig. 3 DA(T1o) and its cordial labeling.

Theorem 2.7. DA(QS,) admits cordial labeling.

Proof. Let G be a double alternate quadrilateral snake DA(T},) then V(G) = {ui,vj, w;, v, wi/1 <i <
n,1 <j < [5]}. We note that
3n, n=0(mod?2) dn —1, ,n=0(mod 2)

V(@) = and |E(G)| =
3n—2, n=1(mod2) dn —4, n = 1(mod?2)
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To define vertex labeling f : V(G) — {0, 1} we consider following two cases.
Case 1: n = 0(mod 2).

Let n = 2k,
fluggn) =0; 0<i<Z—1
flug) =1, 1<i< 3
flv) =1, 1<i< 3
flwi) =1 l<i<gy
f i) = 0; 1<i< 3
=0 1<i<y
In view of the above defined labeling pattern, v;(0) = 3771 =wv7(1) and ef(0) = 2n,e(1) =2n — 1.
Case 2: n = 1(mod 2).
Let n =2k +1,
fluige) =0; 0<i< 25t
flug)=1; 1<i<nt
flu)=1 1<i<nit
flw)=1; 1<i<nzt
f) =0 1<i<ng
fa) =0, 1<i<nzt
. . 3n —1 3n
In view of the above defined labeling pattern, v (0) = 5 Jup(l) = 5 and ef(0) = 2n—2 = ef(1).

Thus, in both the cases we have |vf(0) —vy(1)] <1 and |ef(0) —ef(1)] < 1.
Hence, DA(QS,) admits cordial labeling.

Example 2.8. A cordial labeling of DA(QSy) is shown in Figure 4.

S,

o
)—

S,

7\
=

C]

»—;\
(-
=Y
[ ]
(-
=\
w
(-
=N
N
S
(-
=Y
(=)}
(-
S
)

-
-
-
-
-
-

Fig. 4 DA(QSy) and its cordial labeling.
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3 Concluding Remarks

The snakes are the graphs obtained from paths by attaching some graphs in various fashion. We have

investigated cordial labelings for the same.
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