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Abstract

A graph G(V,E) with p vertices and q edges is said to have skolem difference
mean labeling if it is possible to label the vertices xeV with distinct elements f(X)

HORIU
2

from 1,2,3...p+q in such a way that the edge e=uv is labeled with

if [f(u)-f(v)| is odd and the resulting

if 1i(U)-f(v)| is even and |f(u)- 2f W) +1

edges get distinct labels from 1,2,3...g. A graph that admits skolem difference
mean labeling is called skolem difference mean graph.
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1 Introduction

Throughout this paper, by a graph, we mean a finite, undirected, simple
graph. Let G(V,E) be a graph with p vertices and g edges. A path on n vertices is
denoted by P,, The H-graph of a path P, is the graph obtained from two copies of P,

ey If NS

with vertices vy,va,...Vn and Ug,Ug,...U by joining the verticesVn+1 and u
2 2

odd and the verticesV |, . and U , if niseven.
7 2

A graph labeling is an assignment of integers to the vertices or edges or both,
subject to certain conditions. There are several types of labeling and a detailed survey
can be found in [2]. The concept of skolem mean labeling was introduced by
T.Ramesh, A.Subramanian and V.Balgji [1].
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In this paper, we define skolem difference mean labeling and show that the H-
graphs are skolem difference mean.

2 Main Results

Definition 2.1. A graph G(V,E) with p vertices and g edges is said to have skolem
difference mean labeling if it is possible to label the vertices xeV with distinct
elements f(x) from 1,2,3...p+q in such a way that the edge e=uv is labeled with

—|f(u); f(v)| if [f(u)-f(v)| is even and |f(u)—2f (V)|+1

if [f(u)-f(v)| is odd and the

resulting edges get distinct labels from 1,2,3...q. A graph that admits skolem
difference mean labeling is called skolem difference mean graph.

The skolem difference mean labeling of C4isgivenin Figure 1.

1 5

2 3

Figure 1. Skolem difference mean labeling of C,4
Theorem 2.2. The H-graph G is a skolem difference mean graph.

Proof. Let vi,Vs...vyand ug,Us...Un be the vertices of the graph G.

Case (i) Let nbeodd. We definealabeling f: V(G) - {1,2,3,...4n-1} as follows:

f(vaie1) = 2i+1; 0<i< nTJrl
fva) =dn+l2i: 1<i< “T”
n+1

f(Uy:1) =3n-2i; 0<i<—=
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fu) =me2ii  1<i<tl

Case (ii) Let n be even. We define alabeling f: V(G) - {1,2,3,...4n-1} as follows:

f(Voir1) = 2i+1; O<i< g
f(va) =4n+1-2i; 1<is< g
f(Uzi+1) = N+1+2; 0<i< g
f(uy) =3n+1-2i; 1<i< g

In both the cases the induced edge labels are 1, 2...2n-1.Hence the theorem.
[}

The skolem difference mean labeling of the H-graphs of P; and P, are given
in Figure 2.

1 & 3 1 - - =
1= 11
11 @ 5
5 7

Figure 2: Skolem difference mean labeling of the H-graphs of P; and P,

Theorem 2.3. If aH-graph G is a skolem difference mean graph then G ©S;isalso
a skolem difference mean graph.

Proof. Let f be a skolem difference mean labeling of G with vertices vy, V»...v, and
Up,Wp...U, . Let f* betheinduced edge labeling of G.
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Let vy’ v2'...vy" and uy’,uz’...u," be the corresponding new verticesin GO S,.
Definealabeling g: (G ©S)) - {1,2, 3...8n-1} asfollows:

Case (i) Let n be odd.

O(Voi+1)=F(Vair1); 0<i< n_;rl
9(vai)=f(vai) +4n; 1<i< nTH
9(Uai+ 1)=f(Ugis 1) +4n; 0<i< nTJrl
O(uz)=1(uz); 1<i< ”T”
g(Vais1')=4n-2i; 0<i< nT+1
g(v2i")=4n+2i; 1<i< n_;rl
9(Uzi+1)=9(Vha ")+ 2+ 20; 0<i< n7+1
g(uz’) =g(wn)-2i; 1<i< nTJrl

For the vertex labeling g, the induced edge labeling g* is defined by

g* (Mivie1)=F * (Vivis1)+ 2n; 1<isn1
g* (Uili+ 1)=f* (Uili+ 1)+ 2n; 1<i<snl
g* (vivi")=f(vo)+2n-i; 1<i<n
g* (uu")=f(uy)-2n-i+1; 1<i<n

g (vmumlj = 3f (VMUMJ
2 2 2 2
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Case (ii) Let n be even.

o(Vai+ 1)=F(Vair1); 0<i< g
g(vai)=f(va)+4n; 1<i< g
9(Uzi+1)=F(Uzi+1); 0<i< g
g(uz)=f(uz)+4n; 1<i< 2
0(Vai1’)=4n-2i; 0<i< g
g(va’)=4n+2i; 1<i< 2
9(Uzis1’) =g(Vn1')-2-2i; 0<i < 2
guz") =g()+2i;  1sis g

For the vertex labeling g, the induced edge labeling g* is defined by

g% (ViVi-1)=f * (ViVi+ 1)+ 2n; 1<i<sn-1
O* (Uili+1)=F* (Uil 1)+ 21, l1<i<ni
g* (vivi")=f(v)+2n-i; l<i<n
g* (uiu”)=f(uy)-i; 1<isn

g* (Y th) =3 (M, th)
2 2 2

2
In both the casesit can be verified that G ©S, is a skolem difference mean graph. =

The skolem difference mean labelings of the two H-graphs G, and G, are
given in Figure 3 and the skolem difference mean labelings of G;©S, and G,©S, are
givenin Figure 4.
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Figure 3: Skolem difference mean labelings of the H-graphs G; and G,
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Figure 4. Skolem difference mean labelings of G;© S, and G,0S

Theorem 2.4. If a H-graph G is a skolem difference mean graph then GOS; isalso a
skolem difference mean graph.

Proof: Let f be a skolem difference mean labeling of G with vertices vy,v,...v, and
Ug,Wp...Un Let f* bethe induced edge labeling of f.

Let vi’,vo'...V’& V1”7 VoL vy and ug’ Uy ..Uy’ & U, Up” ... Uy be the corresponding
new verticesin G ©$,

Definealabeling g: (G ©S) - {1,2,3...12n-1} asfollows:
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Case (i) Let nbeodd.

9(Vair1)=F(Vais1); 0<i< n_;rl

g(va) =f(vz)+8n; 1<i< “T”
O(Ugis1)=f(Uz+1)+8n; 0<i< nT+1

g(u2) =f(u); 1<i< nTH'
0(V2i+1")=2+10i; 0<i< n7+1
O(Vai+17)=4+10i; 0<i< n_;rl
a(v2)=9(v2)-5

a(v2”)=9(v2)-7

g(va’)= g(v2)-11

a(v4”)= g(v2”)-11

9(Vara)= g(va")-10i; 1<i< ”T*l
0(Var2™)= g(v4")-10i; 1<i < ”T*l
0(Ui+1°)=0(Vn-1")-10-10i; 0<i < n_;l
9(U2i+1”)=9(Vn1")-10-10i; 0<ic< ”T”
9(Uzi")=9g(vn")+ 10i; 1<i< n_;l
9(Uz")=g(vn )+ 10i; 1<i< ”T”

For the vertex labeling g the induced edge labeling g* is defined by

g* (Vivie1)=F * (Vivie1) +4n; 1<isnl

121
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g* (Uili+1)=T* (UiUi+ 1)+ 4N, 1<i<nl
g*(vivi")=2-1; 1<i<n
g* (vivi”)=2i; 1<i<n
g* (u’)=2n+2i-1; 1<i<n
g* (uu”)=2n+2i, 1<i<n

g+ (Mathia) =51+ (Vaabha)
2 2 2 2

Case(ii) Let n be even.

g(Vair1)=F(Vais1); 0<i< g
o(vz) =f(va)+8n; 1<i< 2
9(Uzi+ 1)=T(Upis 1); 0<i< g
9(Uzi) =f(uz)+8n; 1<i< 2
O(Vai+1")=2+10i; 0<i< g
g(Vai+1”)=4+10i; O<i< g

9(v2")=9g(v2)-5
9(v2")=9g(v2)-7
9(va")= g(v2')-11
g(va”)= g(v2")-11

=
IN
IN

9(Va+2")= 9(va’)-10i;

=
IN
IN

9(Var2")= 9(v47)-10i;

NS NS NS

o
IN
N

9(Upi+1)=0(Vn1')+ 10+ 10i;
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9(Usia”)=g(Vna ")+ 10+10i;  0<i< g
9(Uz")=g(Vn")-10i; 1<i< g
g(u2")=9g(vn")-10i; 1<i< 2

For the vertex labeling g the induced edge labeling g* is defined by

g* (Vivi+1)=f * (ViVis ) +4n; 1<i<n-1
O* (Uili+1)=* (Uil 1)+ 40 1<is<nl
g* (viv’)=2i-1; 1<i<n
g*(Vivi”)=2i; 1<i<n
g*(uu’)=2n+2i-1; 1<i<n
g* (uil™)=2n+2i; 1<i<n

g* (Mhy th)=5F (M, th)
2 2 2 2

In both the cases it can be verified that GOS; isaskolem difference mean graph. =

The skolem difference mean labelings of the H-graphs G; and G; are givenin
Figure 5 and the skolem difference mean labdlings of G;©S, and G,®©S; are given in

Figure 6.
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Figure 5: Skolem difference mean labelings of the H-graphs G; and G,
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Figure 6: Skolem difference mean labelings of G1©S, and G,©0S,

Theorem 2.5. If G; and G; are two skolem difference mean H-graphs then G, G; is
also a skolem difference mean graph.

Proof. Let V(G1)={v;,ui /1 <i < nfand V(Gy)={s,ti /L <i <m}. Let f and g be a
skolem difference mean labeling of G; and G, respectively.

Let f* and g* be the induced edge |abeling of f and g respectively.
Definealabeling h: V(G,UGy) - {1,2,3...4n+4m-2} as follows:
h(V2is1)=f(Vai+1)
h(vz)=f(v)+4m-2
h(ugi+1)=f(Uz+1)+4m-2 when nisodd
= f(Uzi+1) when niseven

h(uz)=f(uy) when nisodd

=f(uy) +4m2 whenniseven
h(szi+1)= O(S2ie1)+1
h(sz)=9(s2)+1
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h(tai+1)=9(tzi+1)+1
h(tz)=9g(t2)+1

For the vertex labeling h, the induced edge labeling h* is defined as follows:

h* (Vivie 1) =f* (ViVis )+ 2m-1; 1<isnl
h* (Uil 1)=* (Uil 1)+ 2me1; 1<i<n1
h*(ss+1)=0*(SS+1) ; 1<isml
h* (titi1)=g* (titi+1) ; 1<ismil

Case (i) When both n and m are odd

h* (Vi hia)=F* (thuil) +2m-1

2 2 2 2

h*(Sma it )=g* (S tma)

2 2 2 2

Case (ii) When nisodd and miseven

b (Vhatha)=f* (VoqUna) +2mel
2 2 2 2

(% Tm)= g* (P )
2 2 2 2
Case (iii) When niseven and mis odd
e (Vhy th) = £+ (Y, th) +2m-1
2 2 2 2
h* (Sina tma)=g* (Sina tma)
2 2 2 2

Case (iv) When both n and m are even

(Vi th) = £+ (Yo, th) +2m-1
2 2

2 2
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b (S, Tm)=g* (B ).
2 2 2 2

It can be easily verified that g is a skolem difference mean labeling of G,UG,. [ |

For various skolem difference mean H-graphs G; and G,, we find a skolem
difference mean labeling for G,UG,.

[llustration 2.6. The skolem difference mean labelings of G; (the H-graph of P3), G,
(the H-graph of Ps) and their union G UG, are given in Figure 7.

1 o 1 = @ 15
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& o * 12
U

Figure 7: Skolem difference mean labelings of G;, G, and G;UG;
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[Hlustration 2.7. The skolem difference mean labelings of G; (the H-graph of P3), G
(the H-graph of P,) and their union G;UG; are given in Figure 8.

1 Q 1 = $ 5
11
11 5 15 »
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1 23 2 & B0
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14 ® 10
F oy

Figure 8: Skolem difference mean labelings of G;, G, and G;UGs.

[lustration 2.8. The skolem difference mean labelings of G; (the H-graph of P,), G,
(the H-graph of P3) and their union G;UG; are given in Figure 9.
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Figure 9: Skolem difference mean labelings of G;, G, and G;UG;

[lustration 2.9. The skolem difference mean labelings of G; (the H-graph of P,), G,
(the H-graph of Pg) and their union G;UG; are given in Figure 10.

1

1 =5
23 17
15 11 = =
21 15
= i
= 11
15 2
12 13
Ch o,
2 =2
1 =5
249 1=
b= i 33 4 10
22 1s
S 7
=] 1=
3
5 31
20 14

Gy

Figure 10: Skolem difference mean labelings of G;, G, and G;uUG;
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