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Abstract

Although several efforts produced by new mathematical education approaches for improving education
systems and teaching, yet the results are not sufficient to adsorb the totality of innovations proposed,
both in the contents and management. In this sense constructive debates and new ideas were welcomed
and appreciated upon new aspects of science education, side new learning and Cognitive Modelling,
for our interests. A parallel effort was produced by scientist-epistemologist-historians concerning the
history of science and its foundations in science education. Historical foundations represent the most
important intellectual part of the science, even if sometimes they were avoided or limited to specialist
disciplines such as history of mathematics, history of physics, only. Nevertheless some results, such as the
operative concept of mass by Mach, rather the coherence and validity of an algebraic—geometric group
in a Euclidean geometry and in non-Euclidean geometry was firstly appointed by epistemological point
of view by (e.g.,) Poincaré, etc... Thus, what kind of concrete relationship between science education
(mathematics and physics) and history of science (idem) one can discuss correlated with foundations of
science? and above all, how this relationship can be appointed? The history and epistemology of science
help to understand evolution/involution of mathematical and physical sciences in the interpretation-
modelling of a phenomenon and its interpretation-didactic-modelling, and how the interpretation can
change for a different use of mathematical: e.g., mathematics a la Cauchy, non-standard analysis,
constructive mathematics in physics. Based on previous studies, a discussion concerning mathematics
education and history of science is presented. In our paper we will focus on learning modelling to discuss
its efficacy and power both from educational point of view and the need of mathematics and physics
teachers education. Some case—studies on the relationship between physics and mathematics in the
history are presented, as well. Particularly we focus on a possible learning modelling activity within
physics phenomenology to create a resonance among the above poles and mathematical modelling cycle
to argue its efficacy, power and related with historical foundations of physical, mathematical sciences.
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Introduction

Nowadays the aims stated in curriculum documents from range of countries reveals an
increasing importance given to the role of mathematics in enabling learners to relate to the
world beyond the classroom. This idea is also consistent with the definition of mathematical
literacy (OECD): Mathematical literacy is an individuals capacity to formulate, employ,
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and interpret mathematics in a variety of contexts. It includes reasoning mathematically and
using mathematical concepts, procedures, facts, and tools to describe, explain, and predict
phenomena. It assists individuals to recognize the role that mathematics plays in the world
and to make the well-founded judgments and decisions needed by constructive, engaged and
reflective citizens (OECD, 2012). This very ambitious goal requests a real innovation of education
systems and OECD provides several precious reflections and suggestions for the educational
implementation. Among the others the mathematical modelling cycle is the key feature of the
recent PISA 2012 framework, the new central stream in the recent theoretical framework. In
the earlier frameworks mathematical modelling cycle was used only to describe the stages
individuals go through in solving contextualised problems, while in the new document (draft
PISA 2012) it is used to define the mathematical processes in which students engage as they
solve problems, processes that are being used for the first time in 2012 as a primary reporting
dimension. The solve problems process described by the PISA mathematical cycle includes
something different from the simple solution of word problems, and if we want to avoid the
dangerous to reduce the educational implementation to a PISA test training some different
proposal needed. Of course the first ring of the innovation chain is the teacher education. Within
mathematics teacher education debate a spectrum of reasonable models are presented. In
particular the empirical and theoretical work developed by the research group of Ball and Bass
(Ball Thames, & Phelps 2008; Bass, 2005) starting from the Pedagogical Content Knowledge
(PCK, Shulman, 1986), defined Subject Content Knowledge (SKT), by distinguishing in its
inner several important categories for the mathematical teaching. A new learning modelling
has been proposed: Cognitive Model of Resonance (Guidoni, lannece & Tortora, 2005) that
describes the interaction among the individuals’ natural bent to understand, the official culture
and the real world. Thus, a cognitive dynamics model of resonance works in order to catch in
particular way the relationship among the Subject Matter Knowledge (physics, mathematics)
and Pedagogical Content Knowledge domains. Based on the learning modelling of resonance,
we think that modelling activity within physics phenomenology contexts can create a resonance
among the individual, the culture and the real world and moreover this kind of activities works
consistently with the mathematical modelling cycle proposed in PISA 2012. But to manage
this kind of activity in order to drive the introduction of particular cultural formalization the
teacher needs another kind of knowledge, indeed Boero and Guala proposed another construct
localized into the SKC: the cultural analysis of the mathematical content (CAC). They looked
at mathematics as an evolving discipline, with different levels of rigor both at a specific moment
in history (according to the cultural environment and specific needs), and across history, and
as a domain of culture as a set of interrelated cultural tools and social practices, which can be
inherited over generations (Boero & Guala, 2008) and concerning physics and mathematics
general foundations and specific subject matter in particular. The CAC perspective should need
deeply studies within an integrate history of science and education, particularly competencies
coming from epistemology and history of mathematics. Thus, how is it possible to keep on
teaching sciences being unaware of their conceptual origin/streams, cultural reasons and
eventual conflicts and values? And how is it possible to teach and comment on the contents
and certainties of physics and mathematics as sciences without having first introduced sensible
doubt about the inadequacy and fluidity of such sciences in particular contexts? Particularly,
how history of science works in pedagogical and subject modelling?

History of Science and Science Education
Generally speaking, mathematics and physics education proceeded according to a strict

assumption that in secondary schools the teaching by principles and a major mechanical amount
of exercises only, as well as of mere deductive experiments, are required. In this sense, what
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is the constitutive character and structure (Nagel, 1961) of science that we teach? Is it the
same of the original theories? For example one can see paradox of the formalization of logic
(Carnap 1943) where in order to express the axioms and to construct a meta-discourse about
them, we should use the natural language, which is not-formalized. We cannot formalize it in
advance, because we risk producing a regression to infinitum. Moreover, it is not spontaneous
for a human to state the axioms of logics and then to consequently deduce all the rest from
them (/bidem). In fact, in everyday life that is never done. When we speak, we usually proceed
from temporary premises, and then introduce or remove logical elements of natural language.
That is a natural linguistic inference, which can express both classical and non-classical logics
(Prawitz & Melmnaas 1968). In mathematical-classical logic, so-called well-formed-statements
are assumed to be either true or false, even if we do not have a proof of either. In fact, from an
inferential and classical logic system (e.g. a list of inferential propositions) one can only obtain
a scientific dichotomy of hypothesis-these free-from-self-contradiction and among them, and
a theory to be scientific must be testable, e.g., subject to falsification (Popper 1963). Let us
note that in that kind of system of reasoning', it is not possible to obtain undecidable contents,
e.g. like (apparently) those generated by scientific statements belong to non classical logics.
Particularly, if undecidable contents belong to a given principle of the theory, then we have
an out of the ordinary principle. One may see Euclidean geometry and its relationship with
continuum in mathematics in the history (Szczeciniarz 2005). An ideal images, a body (e.g.,
polygon) is the result of a process of idealization of reality, naturally elaborated by our mind.
The empirical performance in geometry, as Poincaré (1854-1912) thought in the La Science et
la Hypothese, represents but the occasional stimulus required to make the image materialize
(Pisano 2006). In fact, wondering whether the metrics system is true and the old measurement
system is false, is nonsense since it is not possible to choose one type of geometry rather than
another, because there is no such thing as a better geometrical group. Thus, what is the cultural
gap between imaged science and practical education science? Let us think, e.g., about the
lack of a relationship between physics and logic (Pisano & Gaudiello, 2010), the organization
of a scientific theory and its pedagogical aspect based on planned and calculated processes.
Through an intelligent use of pedagogical computing technologies, a kind of teaching might
be accomplished with the model of the prevailing method of the teaching-learning process
mainly related to modelling activities of phenomenology contexts within different paths of
history of science: the statics in Nemore (fl. XIII century) and in Tartaglia® (c.1500-1557),
physics-chemistry by Newton and by Lavoisier (1743-1794), Galileo’s (1564-1642) mechanics
(Pisano 2009a; 2009b), Newton’s (1642-1727) mechanics, L. Carnot’s (1753-1823) mechanics
(Gillispie & Pisano 2012), historical foundations of thermodynamics and thermodynamics in
the textbooks (Pisano, 2010; 2011b). The history and epistemology of science (mathematics,
physics) can be part of a complex cultural modelling proposing evolution/involution of
mathematical and physical sciences in the interpretation-modelling of a phenomenon and its
interpretation-didactic-modelling? And how the interpretation can change for a different use
of mathematical?

A Cognitive Model and its Educational Spin-off

In our opinion every teacher’s action, both in the plan and the practice of a learning
path, is necessary to refer to a model of cognitive dynamics, natural and forced by teaching
mediation, but this reference is often unconscious for the teacher. As we state in the introduction
the particular learning model we are presenting works in order to catch the relationship among
the Subject Matter Knowledge and Pedagogical Content Knowledge domains in the Ball and
Bass’s model and frames the specific role of the history and epistemology of science from the
educational point of view. The Cognitive Model of Resonance is based on the idea of resonance
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dynamics as a root of the learning process (Guidoni, lannece & Tortora, 2005; Mellone,
2008; Tannece & Tortora, 2008). It originally belonged to phenomenological framework and
has recently been validated by research findings in the field of neuroscience. The concept
of resonance is the main idea: metaphorically evoked to describe the basic structure of the
interaction between an individual and the surrounding environment. People produce and use
a variety of mental models and hypotheses that they continually compare with the reality as
perceived through the senses and communication. In other words, the mind of each individual
is constantly exploring the possibilities of resonance between an internal cognitive simulation
and an external perceptive and cultural input. Through this process of trial and error, reinforcing
successes, and removed errors, all humans construct and stabilize mental models that constantly
change and evolve. This kind of model plays for explaining cognitive processes supported
by neurological model proposed by Changeux to account for the structural functioning
of the brain: the learning process stems from a biological aptitude to continuously produce
pre-representations by means of temporary synapses, which can become stable or dissolve
depending on a comparison with the external reality (Changeux, 2002). Since the resonance
modelling between individual cognition and world is not enough for the learning of physics
and mathematics, the individual’s hypotheses and pre-representations are also constantly
confronted with the cultural systematization of the discipline and the social community with
which that individual interacts while developing her/his own knowledge. Within socio-cultural
approach (Vygotskij, 1978), the resonance between individual cognition and cultural context
acts as a dynamic background and support for the development of any kind of knowledge, both
local (in terms of time and contexts) and non-local (long-term and context-free, i.e. abstract).
This model for cognitive processes also outlines a way of looking at learning which allows
correlating conceptual understanding with the motivation to understand: any experience of
actual resonance is directly connected with the sphere of emotions (and of choices), which
produces an immediate feedback in terms of validation and reinforcing: “[...] there are [...]
a world outside (always the same) working in its own way within a non stop interaction with
[...] a world inside (new for each born) trying to understand by mediation of [...] a world of
interface (in constant evolution) named “culture”. (Guidoni, 2008, p. 3). The teacher’s careful
planning should aim to choose suitable contexts and tasks that would allow the students to
experience the resonance between their cognitive needs and the tools that their cultural context
lend to them: how to enhance their ability to mediate among the individuals’ natural bent to
understand the gap in-between culture-foundations and the world in order to recognize pupils’
resources/strategies? And foundations and mathematical physical conceptions in order to let
pupils’ common knowledge resonate with scientific thought? Let us think about the historical
and educational problems on infinitesimal entity in limits operations both mathematics and
physics. Thus a re-invention of mathematics based on physical phenomenology and knowledge
accessible to pupils is necessary: a re-construction of mathematical meanings, in ways as
mathematically stimulating as possible, but assuming only language, knowledge, and skill as
primitive as what is usually available to pupils (Freudenthal, 1973).

Physical and Mathematical Laws in the History

It is note that a physical laws establish a mathematical-physical relationship among
numerical-data and physical magnitudes. One of the laws of the German physicist George
Simon Ohm (1787-1854), we can currently state: /’=R/. That is, V' is equal to the resistance R
multiplied by the current /. In physics, we know that the scientific validity of an affirmation
depends on the physical system, the adopted theoretical-experimental model and the theory’s
field of applicability. F=RI, belonging to physics, expresses a particular logical action
according to which (I, see below) the truth of a conjunction (compared to given model*) would
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imply the truth of both members in V'=RI; while the opposite would not be logically applicable.
Moreover, general speaking, the (I, see below) non-truth of a given proposition does not imply
the truth of its negation. It means that, given two quantities 4 and B, one can write the following
two logical state@ent: (I): (4 B) true @4 true, B true. Thus, A4 true, B true # (4 @ B) true;
(II): — (A)# — —(A). In other words, this result would weakly violate the validity of the
principle of Tertium non datur* Thus, what does it mean measure by V=RI? As a matter
of fact, by considering up above discussion, in order to measure Ohm’s law a simultaneous
measurement of the three quantities V, R, I, should be required. In this sense, in order for (1) to
be experimentally true, it is necessary for three real corresponding numbers a, b, ¢, should exist
respectively for the measurements of V, R, and /. Thus, one can write a=bc. The measurement
is obviously never perfect (experimental data should coincide with the theoretical ones only
within limits of the experimental errors). Therefore, because of the uncertainties of the devices
and error of measurement, in the same range of measurement of a,b,c, it should exist another
real triad a, b’, ¢’ with (a#a), (b'#b), (¢ #c), should exist, so that: a#bc. Both a=bc and its
negation a #b'c would be true with respect to a given experimental situation. The conjunction
of a=bc and a'#b ¢ would not be true, because it should exits a real triad a, b, ¢ so that one
simultaneously should obtain: a=bc @ a#bc which in classical logics is false.’ In the end,
every physical variables should be subjected to its measurement; if not, the scientific content
generates uncertainties in scientific knowledge. These aspects plays have an important role in
science education during, e.g. the shift from laboratory and theoretical lessons.

Final Remarks

From cognitive-epistemological point of view (George & Velleman, 2002), people do
not naturally reason by means of deductive/ inductive processes only. In this regard, scientific
reasoning (Lakoff & Nunez, 2000) is not a part of our common knowledge, although we often
intuitively compare events, tables etc. Instead, is we consider reasoning such as associations of
ideas within resonance dynamics, some concepts are far from the scientific ones and need to put
in resonance with them on dialectic between of scientific and everyday concepts (Vygotskij).
E.g., heat and temperature, mass, weight and force-weights, the solar system and atomic orbital
system in quantum mechanics, the kinetic model of gases and thermodynamics, parallel straight,
material points. An hypothetical proposal, of course not the only one possible, could be the
introduction within the educational plan of reading passages ad hoc centred on mathematics
and physics to be analysed in the classroom main books® by Aristotle’s mechanics (mechanical
problems), Euclid (Elements), Archimedes (On equilibrium of planes), Tartaglia (Quesiti), Galilei
(Discorsi), Torricelli (Opera), Lazare Carnot (Essai) Lavoiser (Traité) Sadi Carnot (Réflexions),
Faraday (Experimental Researches) etc. Reading such passages, together with pre-arranged and
effective work shared by several subjects, 1) the student is placed before a problematic situation
and driven to realise the inadequacy of his/her basic knowledge with regard to problem solving.
2) When the build up of scientific education begins, in order to overcome such difficulties. The
result will be pedagogy according to which science education (Osborne & Collins, 2003; Debru
1997) essentially means setting and solving problems and teaching means re-evaluating the
between theory and experience and between history and foundations. They could come together
with well-structured and practical interdisciplinary work by means of the history of science.
As up above discussed the gap between mathematics/physics teaching and mathematics/
physics such as theories is crucial both for teachers and pupils. The interdisciplinary is in
philosophy, epistemology, logic and the foundations of physical and mathematical sciences.
Thus, the capacity of mathematics to comprise information in abstract-form (Packing) useful
to create theory models and interpretation of physical (/nterpretation) phenomena is a general
disciplinary model. While maths teaching needs a decompression (Unpacking) to explicit
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and re-organize its foundations (Bass, 2005). Nowadays mathematics teacher educators are
mostly interested in developing teachers’ competencies related to pedagogical aspect of the
knowledge, and also their preparation is oriented in the same direction: “Mathematicians who
engage in teacher education do not seem interested in the CAC perspective, and their scientific
career as mathematicians does not depend on CAC competencies. The CAC perspective
needs competencies coming from epistemology of mathematics, history of mathematics, and
philosophy of mathematics” (Boero & Guala, 2008, p. 242). Moreover, we think that it is not
necessary generalize disciplines; it could be - at first step - sufficient to think to re-focus on
historical/interdisciplinary cognitive objectives. It could be interesting to build the capacity of
abstraction in pupils by means of multi-values logics. Thus, according to the Cognitive Model
of Resonance the teacher’s careful planning should aim to choose suitable contexts and tasks
that would allow the students to experience the resonance between their cognitive needs and the
tools that their cultural context lend to them. Thus at school, science education need a strong
effort for an interdisciplinary approach to teach and learn the relationship physics-mathematics
(Pisano 2011a) as a discipline of study (Martinez; Meltzoff, Huhl, Movellan & Sejnowski,
2009). Education needs to revaluate scientific reasoning as an integral part of human (humanistic
and scientific mixed) culture that could build up an autonomous scientific cultural trend in
schools. In this sense, what about the importance of introducing the history of science as an
integral part of the culture of teaching education to the extent of considering such a discipline
- in its turn - as an indissoluble pedagogical element of history and culture? “To foresee the
future of mathematics, the true method is to study its history and present state” (Klein 1980,
p. 3). It would be useful to pay particular attention to the elaboration of the teaching-learning
process and modelling based on the reality observed by students (inductively), by a continuing
critical reflection, e.g. by means of studying the historical foundations of modern physical
and mathematical sciences. Therefore, turning from teaching based on principles to teaching
(also) based on broad and cultural themes would be crucial. In this way, both a student is the
protagonist, and schools training experts teacher (teach, work and publish) to provide a setting
on teaching research aimed at the critical re-construction of scientific meanings along with
ideas and contents.
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(Endnotes)

1 On the foundations of science, model and reasoning see Da Costa and French (Da Costa & French,
2003).

2 Capecchi, D., & Pisano, R. (forthcoming). Niccolo Tartaglia. The science of weighs in XVI
century, Dordrecht: Springer.

3 We only consider situations and models where the magnitudes (S, S ) are physically measurable.

4 On The principle of Tertium non datur see Kolmogorov (Kolmogorov, 1925; see also Hodges
1983).

5 On can also see Newtonian principle of inertia (Newton 1803, I, p. 2, p. 23) where the physical laws
can be expressed by means of a proposition preceded by two universal and existential quantifications: ()
(“for all”) and ( I ) (“there exists” or “for some™).

6 Previously historical reading on the same intends but with different aims were experimented (Boero
1997; Garuti, 1997).
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